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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 156 ]. This is test number [ 48 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi % 100. ( 156 ) %0.(0)
Mathematica | % 94.23 (147 ) | % 5.77 (9)
Maple % 87.82 (137 ) | %1218 (19)
Maxima % 38.46 (60 ) | % 61.54 (96)
Fricas % 67.95 (106) | % 32.05 ( 50)
(87)
(47)

Sympy % 44.23 (69 ) | % 55.77
Giac % 69.87 (109 ) | % 30.13

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

11

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 54.49 7.05 32.69 5.77
Maple 41.67 30.77 15.38 12.18
Maxima 28.21 10.26 0. 61.54
Fricas 39.1 28.85 0. 32.05
Sympy 31.41 12.18 0.64 55.77
Giac 51.92 16.67 1.28 30.13
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

 Rubi Mathematlca Maple FriCAS Giac/Xcas Maxima Sympy

mA
EB

B3
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.4 208.71 0.98 153.5 1.
Mathematica 0.78 386.67 1.84 80. 0.96
Maple 0.02 2589.11 116.42 70. 1.24
Maxima 1.2 220.17 10.71 48. 1.39
Fricas 7.77 1867. 23.41 481. 6.52
Sympy 8.86 232.78 8.77 76. 1.
Giac 2.28 429.07 9.99 105. 14
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1.4 list of integrals that has no closed form an-
tiderivative

155 [156)

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}
Mathematica {79}[80}[81}[143] 152153154}

Maple Verification phase not implemented yet.

Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

WoOoNOLHWNE



Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: { [I}[213] 41617} 8 0} 110} 11} 12}13] 1415} 16} 17} 18} [19} 20} 2T} 22} [23| [ 4} [25] [26] 27}
[28,[29,[30}31}32} 33} [34} 35, [36}, [37} [38, [39} [40} 4T} 42} [43) [44} [45}, (4G}, 47} 48, 49} [50} b1} 52, 5.3, (54} 55}
[56} 57, 58} 594160} 61162} 63} 644 [654 66467, 68,694 704 71172} 73, 74} 75176} 77, 78, 79, 80} 81,82} 83,
[84}85}86, 87,188, [8% [90, 913,92} 93} 04} (95} [96}, 97, 98,99} [L00} 10T}, 102} [103} [104} 105} 106}, 107, 108,
[T09} [L10} 111} 112} 113|114} {15} 116} [117} [I18} 119} 120} [121} 122} 123} 124} [125| [126] 127 128} 129,
[L30} (131} 132} [133} 134} 135} [136} 137} (138} [139} [L40} 141} [142} 143} [144} [145] [146} [147} [148} [149} [150}
51} [152)[153] 154} [155] [156]}

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: {[T}[2}[3) [4)[5[6} 7} B} 9} [LO}[11} [20} [21} [22}[32} [44} 46} 53} [55} [61} (62} [63, [64} 65}, 66} [6 7 [68
(6970} (71} [72}[73} [74} [75} 76} [77, [78) 86}, 87, 88} |89} 96}, 100} [104} 105} 106} 107} [L08} 109} 110} 111} [TT2
[T13} 114} 115} 116} 117, [118, 19, 120} 121} 122} 123} 124} [125} 126} 127, 128} [129} 130} 131} 132} [133
134} [135} [136} 137} [141} 144} 149} 152} 153, 154} 155} [156] }

B grade: {[03}[04}[05}07, 98} 99} (101} [102) [103} 142} [143] }

C e (1T 9 T 5 10 75 7 7 0 7 0 5 9
0, A A 38 19, 60, 5T 5B 5360 5768 b3 60 80 BT EL BT
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}
F grade: {[00}[01} 02} [[45} 146} [147} [L48} [150}, L5}

2.1.3 Maple

A grade: { 12,3, 7B 0 T, 12 13) 20121, 22 25 27) 52, 3, B 1) 18 3 !
(65,66, 67 74 86, 105} 106,107, (108} 09} 110} (111} 112} [ 13} 114 G A A0

[122[123)[124] 129} [130} 131} 132} [133] [134][135] [136] 137 [138] [139] [144} [155][156] }

B grade: ([00)35,50) 57, 38) 5910} 112} 7,50} 5 625 689, 70y 71, P2 73, 75
79, 80,51, 62/ 83,8 5,95 04,05, 96,9798 59, 100, 10T} 102 103} 104 125, 126, T2 1128))

C: grade: {[) 55} 7 8 1) 25, 20) 27 25 200 ) 3 1 7 ) 3 [ 57 5, 58 L 40
}
F grade: [57,55} 69, 0 01} 92 L1 47 [ (L4546 (7 1465 49} 150, 157 153 153 15

o

cn
H
B

2.1.4 Maxima

A grade: { [1)0)5)1 20} 21) 22,2327 B2} 53 [°3, 57} 80} 03|57 01 105 [0} 107 108} 10
T3, [T} {115} 116} (117} (121} (122}, 1 23 (.25} 130, 181} (132, 34} (135} (130} .38} (130} (.40} 144 155} 150

B grade: {[07) 07} 08} 09} [02 {03 [0} 1T} (12 ([ .0} 120} 127 126} (27, 128}

C grade: { }

O

F grade: { 7,8} 9% [0} LT} 12, 3} L4} 15, 16} 1718, 19}25} 26 2728, [29, 30, T, B4, 85,36} 7
(38, [39) 0L 4.1} (123, 14 43} 6, (17 45, 9 50, 51] 52} 5,553 56 58, 9%, 603 6162163 6 65366 67
8,69} 70, 71, [72 73, 7 75, 76,77 73, 79, 80, 51, B2 83,51 /85, 87,88, 89} 00, 91,02 06, 100, 107
[129] 133|137 [141] 142|143} 145} 146} [147][148] 149|150 151 152,153, [154] }

21.5 FriCAS

A grade: {[1} 2} 8} [4} 5} [6} [7} O} L0} [LT} [12
lllll@llﬂl_l,m 108, [[13)[L14115)

B grade: {[8]17}[25}[26[27, [28] 29} 30} 3T} [45 [£6} 47} [50} [54} [56} |59 [60} [72} [73} [74) [751[93} 94} [0
[96} 97, 98, 09} L0, 10T} [L02} 103,104, 10 19/l | i

C grade: { }
F grade: { [12)[[5} 6, 8} [0, 55} 36, [57) 38} 9} [0} 1 2} 3} £} 51 67} 68 69} 70 71, 76,77 78,
T4, [143) 145} 126}, 147} 148, T2} [150, 151} 152

=l-ll [B51[87,88, 89,90}, 9T} 92} [141
153}[154]}
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2.1.6 Sympy

A grade: (1,331,567 10 20421} 2 2 2 25 2) 27282050 B 52, 53, B, B 6 7
[38}[39}52} 53} [54}[55} 56 57} [58} 159} 60, 105} [106} 107} [113} 114} 115} [121] [122} 123} [124} [137] }

B grade: { [0} [T0} [T} [44} 93} |04} 95} |07} 98} |09} [T0T} [[0Z} {103} [109} [117} 125} (129}, [133} 138 }

C grade: {[144]}

F grade: {[T2)[[3} 14} [5)[I7, 5} 9, 20} [£2) 3} [£5) 6} 7 48} 29, 50} 51) 6T 62 63} 6765, 65,
(57,168, 69, 70} 71} (72 173, 7, (757G} 77, 76, 79, B0} B, 53, 83} 541 85 6,87, 85} 893,00, 01, 92, 06} 100,
[T0% 108} (110} ([T (L1216} 118, 19} 120} 126, 127} 128} 130} [31] (132} 134} .35} (136} 139, (.40} [T}
(T4, (43} 145, (146, 147, (.5} (149} {50 (51} 152 .53} 154, 155, 156

2.1.7 Giac

A grade: { [I}[2 3[4 )67 8, b} 110} 11} 12}[13} 20} 21} 22} [23} 24} 32} [33} [34} [44} 48| [b2} 53| [54} [55)
(56157, 581604 611,62} 63} [64}[65} 66467 68} [69} 70} 7172} 73} 74} 7576} 77, 78} |86} 105,106, 107, [108,
[T09} [L10} 112} 113} 114} T15} 116} 117} (118} 120} 121} 122} [123| 124} 125} [126} [127} [128} 132}, [136} [137,
[138][139) [140} 144} [155][156]}

B gradte: (27} 26,27} 28,29} B0} 51 50} 93, ) 05, [, 07 8, 90} 00, 0, 02 03 07 29} 130,
[131}[133}[134}[135] }

C grade: {}

F grade: { [L4} 5} 6} [.7,[8} [19) 35 6} (57} (38} (39} 40} 1, 42 43} 15} 7
/54,55, 57, 55} 59, 90, 0] 03, (111} {10} (141} 142, (143 145} (146, 147 148 129}
}

I
k2
=
&3

51,79, 50} BT} B2 B3
50} 151} 152 153157

[\
[S%)
—

2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is
given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — ——— ,
optimal antiderivative leaf size
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Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 163 163 164 169 224 448 187 234
normalized size | 1 1. 1.01 1.04 1.37 2.75 115  1.44
time (sec) N/A 0.185 0.048 0.001 1.006 1139 0.096 1.133
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 135 135 135 136 182 360 151 190
normalized size | 1 1. 1. 1.01 1.35 2.67 1.12 1.41
time (sec) N/A 0.125 0.036 0.001 0983 1164 0.089 1.114
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 103 103 104 103 138 282 117 147
normalized size | 1 1. 1.01 1. 1.34 2.74 1.14 1.43
time (sec) N/A 0.097 0.029 0.002 1.063 1157 0.082 1.077
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 73 73 73 70 93 192 75 103
normalized size | 1 1. 1. 0.96 1.27 2.63 1.03 141
time (sec) N/A 0.062 0.022 0. 0962  1.097 0.075 1.162
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 42 42 42 37 49 107 39 58
normalized size | 1 1. 1. 0.88 1.17 2.55 0.93 1.38
time (sec) N/A 0.028 0.009 0. 1.058 1128 0.063 1.099
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Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 188 188 176 313 0 1096 175 279
normalized size | 1 1. 0.94 1.66 0. 5.83 0.93 1.48
time (sec) N/A 0.211 0.155 0.004 0. 1.433 1.07 1.103
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 213 213 199 345 0 1548 206 306
normalized size | 1 1. 0.93 1.62 0. 7.27 097 144
time (sec) N/A 0.226 0.199 0.008 0. 1.389 1984 1.122
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 242 242 209 362 0 2067 246 340
normalized size | 1 1. 0.86 1.5 0. 8.54 1.02 1.4
time (sec) N/A 0.262 0.271 0.01 0. 1.398 7.551 1.145
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 132 132 126 260 0 902 619 177
normalized size | 1 1. 0.95 1.97 0. 6.83 469 1.34
time (sec) N/A 0.218 0.065 0.004 0. 3.254 15.002 1.361
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 97 97 93 175 0 664 434 128
normalized size | 1 1. 0.96 1.8 0. 6.85 447  1.32
time (sec) N/A 0.12 0.07 0.003 0. 1.928 9.096 1.35
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Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 72 72 71 99 0 481 287 95
normalized size | 1 1. 0.99 1.38 0. 6.68 3.99 1.32
time (sec) N/A 0.073 0.05 0.002 0. 1.445 4.389 1.375
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 78 78 80 106 0 556 0 103
normalized size | 1 1. 1.03 1.36 0. 7.13 0. 1.32
time (sec) N/A 0.128 0.034 0.006 0. 2.198 0. 1.384
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 112 112 130 191 0 845 0 173
normalized size | 1 1. 1.16 1.71 0. 7.54 0. 1.54
time (sec) N/A 0.197 0.052 0.009 0. 4111 0. 1.366
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F(1) F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 723 723 88 70 0 0 0 0
normalized size | 1 1. 0.12 0.1 0. 0. 0. 0.
time (sec) N/A 1.813 0.049 0.007 0. 0. 0. 0.
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F(1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 718 718 88 67 0 0 0 0
normalized size | 1 1. 0.12 0.09 0. 0. 0. 0.
time (sec) N/A 1.457 0.052 0.006 0. 0. 0. 0.




25
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 634 634 59 49 0 0 920 0
normalized size | 1 1. 0.09 0.08 0. 0. 1.45 0.
time (sec) N/A 0.728 0.031 0.002 0. 0. 133.311 0.
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 634 634 61 47 0 28045 0 0
normalized size | 1 1. 0.1 0.07 0. 44.24 0. 0.
time (sec) N/A 0.654 0.031 0.003 0. 108.462 0. 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F(-1) F(-1) F(F1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 653 653 85 70 0 0 0 0
normalized size | 1 1. 0.13 0.11 0. 0. 0. 0.
time (sec) N/A 1.175 0.049 0.006 0. 0. 0. 0.
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F(-1) F(-1) F(1) F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 655 655 89 68 0 0 0 0
normalized size | 1 1. 0.14 0.1 0. 0. 0. 0.
time (sec) N/A 1.11 0.048 0.006 0. 0. 0. 0.
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 46 46 46 38 50 109 42 50
normalized size | 1 1. 1. 0.83 1.09 2.37 091  1.09
time (sec) N/A 0.058 0.016 0.003 1491 1778 015 111




26

Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 31 31 31 25 32 76 32 32
normalized size | 1 1. 1. 0.81 1.03 2.45 1.03 1.03
time (sec) N/A 0.035 0.008 0.003 1.457 1.8 0126 1.167
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 39 39 39 33 43 95 37 43
normalized size | 1 1. 1. 0.85 1.1 2.44 0.95 11
time (sec) N/A 0.04 0.009 0.002 1.507 1.681 014 1.146
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 41 41 44 35 51 108 41 47
normalized size | 1 1. 1.07 0.85 1.24 2.63 1. 1.15
time (sec) N/A 0.055 0.013 0.005 1.458 1.766 0.154 1.11
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 31 31 45 25 32 84 36 32
normalized size | 1 1. 1.45 0.81 1.03 2.71 116  1.03
time (sec) N/A 0.045 0.013 0.004 1.526  1.352 0.158 1.106
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 418 418 47 46 0 3918 31 867
normalized size | 1 1. 0.11 0.11 0. 9.37 0.07  2.07
time (sec) N/A 0.538 0.011 0.006 0. 1.607 0.177 1.168
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Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 382 382 48 44 0 5949 32 1103
normalized size | 1 1. 0.13 0.12 0. 15.57 0.08 2.89
time (sec) N/A 0.328 0.014 0.004 0. 1.942 0193 1.16
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 378 378 46 41 0 3906 24 853
normalized size | 1 1. 0.12 0.11 0. 10.33  0.06  2.26
time (sec) N/A 0.259 0.013 0.004 0. 1.673 0179 1.178
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 411 411 55 44 0 5936 22 1108
normalized size | 1 1. 0.13 0.11 0. 14.44  0.05 2.7
time (sec) N/A 0.276 0.012 0.006 0. 2.013 0.183 1.196
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 411 411 57 44 0 3903 26 860
normalized size | 1 1. 0.14 0.11 0. 9.5 0.06  2.09
time (sec) N/A 0.277 0.012 0.004 0. 1.639 0185 1.195
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 416 416 47 46 0 5952 31 1119
normalized size | 1 1. 0.11 0.11 0. 1431  0.07  2.69
time (sec) N/A 0.275 0.014 0.006 0. 1.937 019 1.157
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Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 418 418 47 46 0 3945 32 867
normalized size | 1 1. 0.11 0.11 0. 9.44 0.08  2.07
time (sec) N/A 0.359 0.012 0.006 0. 1.626 0.2 1.164
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 36 36 37 33 43 96 37 43
normalized size | 1 1. 1.03 0.92 1.19 2.67 1.03 119
time (sec) N/A 0.039 0.01 0.003 1.5 1.276  0.136 1.171
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 39 39 55 35 51 107 41 47
normalized size | 1 1. 1.41 0.9 1.31 2.74 1.05 1.21
time (sec) N/A 0.056 0.014 0.006 1.486  1.476 0.143 1.128
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 39 39 55 35 0 107 41 47
normalized size | 1 1. 1.41 0.9 0. 2.74 1.05 1.21
time (sec) N/A 0.063 0.01 0.004 0. 1.498 0.148 1.094
Problem 35, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 396 396 103 1070 0 0 400 0
normalized size | 1 1. 0.26 2.7 0. 0. 1.01 0.
time (sec) N/A 0.416 0.179 0.161 0. 0. 10.083 0.
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Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 356 356 101 1010 0 0 257 0
normalized size | 1 1. 0.28 2.84 0. 0. 0.72 0.
time (sec) N/A 0.311 0.153 0.029 0. 0. 5.848 0.
Problem 37, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 316 316 98 956 0 0 124 0
normalized size | 1 1. 0.31 3.03 0. 0. 0.39 0.
time (sec) N/A 0.246 0.134 0.027 0. 0. 3.115 0.
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 278 278 98 907 0 0 119 0
normalized size | 1 1. 0.35 3.26 0. 0. 0.43 0.
time (sec) N/A 0.182 0.091 0.028 0. 0. 2.629 0.
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F A F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 289 289 102 934 0 0 119 0
normalized size | 1 1. 0.35 3.23 0. 0. 0.41 0.
time (sec) N/A 0.189 0.106 0.038 0. 0. 18.698 0.
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 309 309 129 1005 0 0 0 0
normalized size | 1 1. 0.42 3.25 0. 0. 0. 0.
time (sec) N/A 0.211 0.139 0.042 0. 0. 0. 0.
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Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 349 349 166 1095 0 0 0 0
normalized size | 1 1. 0.48 3.14 0. 0. 0 0
time (sec) N/A 0.324 0.191 0.043 0. 0. 0 0
Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 389 389 200 1182 0 0 0 0
normalized size | 1 1. 0.51 3.04 0. 0. 0 0
time (sec) N/A 0.395 0.243 0.048 0. 0. 0 0
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F(1) F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 433 433 88 67 0 0 0 0
normalized size | 1 1. 0.2 0.15 0. 0. 0 0
time (sec) N/A 1.132 0.075 0.004 0. 0. 0 0
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 72 72 71 99 0 481 287 95
normalized size | 1 1. 0.99 1.38 0. 6.68 399 132
time (sec) N/A 0.072 0.056 0.003 0. 2224 7.519 6.167
Problem 45| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B F(-1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 375 375 59 51 0 26996 0 0
normalized size | 1 1. 0.16 0.14 0. 71.99 0. 0.
time (sec) N/A 0.456 0.047 0.003 0. 97.806 0. 0.
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Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F B F(-1) C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 184 184 179 340 0 3077 0 6484
normalized size | 1 1. 0.97 1.85 0. 16.72 0. 35.24
time (sec) N/A 0.213 0.156 0.022 0. 2.278 0. 7.939
Problem 47, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B F(-1) F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 375 375 61 47 0 26437 0 0
normalized size | 1 1. 0.16 0.13 0. 70.5 0. 0.
time (sec) N/A 0.351 0.048 0.003 0. 20.939 0. 0.
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 78 78 80 106 0 556 0 105
normalized size | 1 1. 1.03 1.36 0. 7.13 0. 1.35
time (sec) N/A 0.126 0.034 0.007 0. 4.899 0. 6.592
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F(-1) F(-1) F(1) F(-2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 392 392 85 72 0 0 0 0
normalized size | 1 1. 0.22 0.18 0. 0. 0. 0.
time (sec) N/A 0.683 0.065 0.006 0. 0. 0. 0.
Problem 50 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F(-1) C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 199 199 89 365 0 5485 0 2365
normalized size | 1 1. 0.45 1.83 0. 27.56 0. 11.88
time (sec) N/A 0.311 0.049 0.02 0. 5.412 0. 7.081




32

Problem 51 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F(1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 394 394 86 68 0 0 0 0
normalized size | 1 1. 0.22 0.17 0. 0. 0. 0.
time (sec) N/A 0.625 0.074 0.007 0. 0. 0. 0.
Problem 52 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 278 278 46 34 0 613 170 281
normalized size | 1 1. 0.17 0.12 0. 2.21 0.61 1.01
time (sec) N/A 0.3 0.016 0.006 0. 1.832 0.328 1.151
Problem 53 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 39 39 39 33 43 96 37 43
normalized size | 1 1. 1. 0.85 1.1 2.46 0.95 1.1
time (sec) N/A 0.042 0.013 0.004 1.487 1.752 0.182 1.119
Problem 54 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 355 355 55 46 0 2313 27 342
normalized size | 1 1. 0.15 0.13 0. 6.52 0.08  0.96
time (sec) N/A 0.289 0.016 0.007 0. 2.07 1.35 114
Problem 55 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 50 50 44 39 0 104 42 42
normalized size | 1 1. 0.88 0.78 0. 2.08 0.84  0.84
time (sec) N/A 0.04 0.016 0.012 0. 1.726  0.162 1.112
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Problem 56 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 355 355 57 44 0 2313 26 342
normalized size | 1 1. 0.16 0.12 0. 6.52 0.07  0.96
time (sec) N/A 0.216 0.013 0. 0. 1.868 1.542 1.127
Problem 57, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 41 41 44 35 51 109 41 51
normalized size | 1 1. 1.07 0.85 1.24 2.66 1. 1.24
time (sec) N/A 0.053 0.013 0.006  1.545 1466 0.201 1.108
Problem 58 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 280 280 47 38 0 617 168 284
normalized size | 1 1. 0.17 0.14 0. 2.2 0.6 1.01
time (sec) N/A 0.208 0.016 0.007 0. 1.629 0.306 1.135
Problem 59 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F B A B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 89 89 49 70 0 566 76 348
normalized size | 1 1. 0.55 0.79 0. 6.36 085 391
time (sec) N/A 0.09 0.016 0.01 0. 1.569 0.263 1.263
Problem 60 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 370 370 47 46 0 1962 32 348
normalized size | 1 1. 0.13 0.12 0. 5.3 0.09 094
time (sec) N/A 0.269 0.015 0.01 0. 1.798 1599 117
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Problem 61 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 280 280 283 662 0 2079 0 398
normalized size | 1 1. 1.01 2.36 0. 7.42 0. 1.42
time (sec) N/A 0.597 0.241 0.014 0. 137.062 0. 1.108
Problem 62 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 218 218 218 512 0 1623 0 302
normalized size | 1 1. 1. 2.35 0. 7.44 0. 1.39
time (sec) N/A 0.395 0.181 0.006 0. 84.083 0. 1.115
Problem 63 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 176 176 178 388 0 1237 0 250
normalized size | 1 1. 1.01 2.2 0. 7.03 0. 1.42
time (sec) N/A 0.285 0.187 0.007 0. 30.694 0. 1.096
Problem 64 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 149 149 132 275 0 872 0 201
normalized size | 1 1. 0.89 1.85 0. 5.85 0. 1.35
time (sec) N/A 0.21 0.128 0.007 0. 9.367 0. 1.117
Problem 65| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 124 124 107 169 0 694 0 171
normalized size | 1 1. 0.86 1.36 0. 5.6 0. 1.38
time (sec) N/A 0.145 0.079 0.003 0. 3.256 0. 1.109
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Problem 66 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 123 123 105 168 0 697 0 170
normalized size | 1 1. 0.85 1.37 0. 5.67 0. 1.38
time (sec) N/A 0.107 0.077 0.006 0. 3.293 0. 1.096
Problem 67, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) F(-1) F(1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 158 159 152 285 0 0 0 221
normalized size | 1 1.01 0.96 1.8 0. 0. 0. 1.4
time (sec) N/A 0.271 0.189 0.008 0. 0. 0. 1.104
Problem 68 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F@1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 193 193 194 412 0 0 0 284
normalized size | 1 1. 1.01 2.13 0. 0. 0. 1.47
time (sec) N/A 0.343 0.178 0.011 0. 0. 0. 1.108
Problem 69 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 252 252 252 562 0 0 0 377
normalized size | 1 1. 1. 2.23 0. 0. 0. 1.5
time (sec) N/A 0.428 0.234 0.012 0. 0. 0. 1.099
Problem 70 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 343 343 338 943 0 0 0 763
normalized size | 1 1. 0.99 2.75 0. 0. 0. 2.22
time (sec) N/A 0.907 0.38 0.012 0. 0. 0. 1.134
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Problem 71 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 274 274 269 765 0 0 0 643
normalized size | 1 1. 0.98 2.79 0. 0. 0. 2.35
time (sec) N/A 0.563 0.316 0.012 0. 0. 0. 1.131
Problem 72 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 246 246 207 580 0 3005 0 556
normalized size | 1 1. 0.84 2.36 0. 12.22 0. 2.26
time (sec) N/A 0.395 0.248 0.007 0. 110.084 0. 1.117
Problem 73 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 194 194 159 389 0 2365 0 455
normalized size | 1 1. 0.82 2.01 0. 12.19 0. 2.35
time (sec) N/A 0.306 0.24 0.008 0. 36.977 0. 1.122
Problem 74 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 183 183 148 328 0 2217 0 441
normalized size | 1 1. 0.81 1.79 0. 12.11 0. 241
time (sec) N/A 0.236 0.262 0.007 0. 31.559 0. 1.136
Problem 75 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 189 189 151 386 0 2295 0 447
normalized size | 1 1. 0.8 2.04 0. 12.14 0. 2.37
time (sec) N/A 0.305 0.226 0.009 0. 17.499 0. 1.112
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Problem 76 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(1) A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 248 249 246 589 0 0 0 528
normalized size | 1 1. 0.99 2.38 0. 0. 0. 2.13
time (sec) N/A 0.409 0.285 0.013 0. 0. 0. 1.136
Problem 77, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F(1) A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 291 291 287 791 0 0 0 657
normalized size | 1 1. 0.99 2.72 0. 0. 0. 2.26
time (sec) N/A 0.563 0.381 0.016 0. 0. 0. 1.109
Problem 78 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) F(-1) F@1) A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 372 372 370 993 0 0 0 792
normalized size | 1 1. 0.99 2.67 0. 0. 0. 2.13
time (sec) N/A 0.851 0.468 0.019 0. 0. 0. 1.119
Problem 79 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 981 981 10904 11938 0 0 0 0

normalized size | 1 1. 11.12 12.17 0. 0. 0. 0.

time (sec) N/A 6.172 14.328 0.148 0. 0. 0. 0.

Problem 80 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 778 778 7531 9182 0 0 0 0

normalized size | 1 1. 9.68 11.8 0. 0. 0. 0.

time (sec) N/A 2.349 13.756 0.062 0. 0. 0. 0.
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Problem 81 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F(1)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 636 636 5350 6302 0 0 0 0
normalized size | 1 1. 8.41 9.91 0. 0. 0. 0.
time (sec) N/A 0.993 13.094 0.049 0. 0. 0. 0.
Problem 82 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 550 550 693 4361 0 0 0 0
normalized size | 1 1. 1.26 7.93 0. 0. 0. 0.
time (sec) N/A 0.655 12.161 0.045 0. 0. 0. 0.
Problem 83 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 955 955 1258 3023 0 0 0 0
normalized size | 1 1. 1.32 3.17 0. 0. 0. 0.
time (sec) N/A 3.313 10.681 0.048 0. 0. 0. 0.
Problem 84 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 929 929 1372 3553 0 0 0 0
normalized size | 1 1. 1.48 3.82 0. 0. 0. 0.
time (sec) N/A 2.725 11.486 0.045 0. 0. 0. 0.
Problem 85, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) FE1) FED)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 1287 1287 811 4957 0 0 0 0
normalized size | 1 1. 0.63 3.85 0. 0. 0. 0.
time (sec) N/A 5.302 12.653 0.051 0. 0. 0. 0.
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Problem 86 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 28 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.019 0.191 0.424 0. 0. 0. 0.
Problem 87, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 358 358 249 0 0 0 0 0
normalized size | 1 1. 0.7 0. 0. 0. 0. 0.
time (sec) N/A 0.237 0.314 0.074 0. 0. 0. 0.
Problem 88 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 262 262 189 0 0 0 0 0
normalized size | 1 1. 0.72 0. 0. 0. 0. 0.
time (sec) N/A 0.16 0.168 0.075 0. 0. 0. 0.
Problem 89 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 166 166 136 0 0 0 0 0
normalized size | 1 1. 0.82 0. 0. 0. 0. 0.
time (sec) N/A 0.095 0.076 0.073 0. 0. 0. 0.
Problem 90 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 194 194 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.224 0.116 0.094 0. 0. 0. 0.
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Problem 91 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 302 302 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.333 0.163 0.094 0. 0. 0 0.
Problem 92 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 412 412 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0 0.
time (sec) N/A 0.449 0.607 0.092 0. 0. 0 0.
Problem 93 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B A B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 16 16 201 46548 19 3474 1326 1952
normalized size | 1 1. 12.56 2909.25 1.19 21712 82.88  122.
time (sec) N/A 0.06 0.169 0.004 1.036 0936 0.305 1.113
Problem 94 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 18 18 233 46552 1674 3578 1384 1963
normalized size | 1 1. 12.94 2586.22 93. 198.78 76.89  109.06
time (sec) N/A 0.329 0.174 0.003 1.037 0893 0.307 1.15
Problem 95 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 18 18 233 46552 1674 3594 1394 1963
normalized size | 1 1. 12.94 2586.22 93. 199.67 77.44 109.06
time (sec) N/A 0.302 0.179 0.003 1.07 0.927 0.305 1.147
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Problem 96 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 23 23 22 2042 0 2969 0 2286
normalized size | 1 1. 0.96 88.78 0. 129.09 0. 99.39
time (sec) N/A 0.056 0.068 0.062 0. 1.298 0. 1.291
Problem 97, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B A B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 18 18 201 47685 22 3474 1326 1958
normalized size | 1 1. 11.17 2649.17 1.22 193. 73.67 108.78
time (sec) N/A 0.069 0.173 0.006 1.23 0.808 0.313 111
Problem 98 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 20 20 233 47688 1677 3578 1384 1963
normalized size | 1 1. 11.65 23844 8385 1789 69.2 9815
time (sec) N/A 0.322 0.168 0.002 1.054 0.86 0311 1.146
Problem 99 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 20 20 233 47688 1677 3594 1394 1963
normalized size | 1 1. 11.65 2384.4 8385 179.7 69.7 9815
time (sec) N/A 0.31 0.165 0.001 1.062 0968 0321 1.14
Problem 100 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 25 25 24 2046 0 2969 0 2286
normalized size | 1 1. 0.96 81.84 0. 118.76 0. 91.44
time (sec) N/A 0.06 0.056 0.06 0. 1.358 0. 1.287
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Problem 101 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B A B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 15 15 172 155 18 387 175 208
normalized size | 1 1. 11.47 10.33 1.2 258 11.67 13.87
time (sec) N/A 0.014 0.005 0.003 1.002 0937 0.118 1.088
Problem 102 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 16 16 182 157 211 402 182 211
normalized size | 1 1. 11.38 9.81 1319 2512 11.38 13.19
time (sec) N/A 0.054 0.006 0.004 1134 0.897 0.157 1.089
Problem 103 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B B B B B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 16 16 186 157 211 408 185 211
normalized size | 1 1. 11.62 9.81 13.19 25,5 11.56 13.19
time (sec) N/A 0.056 0.006 0.004 1.17 0.818 0.121 1.094
Problem 104 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B F(-2) B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 21 21 21 230 0 467 0 255
normalized size | 1 1. 1. 10.95 0. 22.24 0. 12.14
time (sec) N/A 0.033 0.118 0.033 0. 1.103 0. 1.132
Problem 105 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 11 11 10 12 15 30 10 15
normalized size | 1 1. 0.91 1.09 1.36 2.73 091  1.36
time (sec) N/A 0.004 0.003 0.001 1138 0979 0.297 1.096
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Problem 106 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 16 20 38 14 20
normalized size | 1 1. 1. 0.94 1.18 2.24 0.82 1.18
time (sec) N/A 0.019 0.006 0. 1139 0995 0418 1.137
Problem 107 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 17 17 17 16 20 38 14 20
normalized size | 1 1. 1. 0.94 1.18 2.24 0.82 1.18
time (sec) N/A 0.024 0.007 0.002 1.03 0988 0.53 1.368
Problem 108 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 19 19 19 24 31 41 0 26
normalized size | 1 1. 1. 1.26 1.63 2.16 0. 1.37
time (sec) N/A 0.027 0.109 0.019 1161  1.109 0. 1.082
Problem 109 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 16 16 15 15 19 737 359 19
normalized size | 1 1. 0.94 0.94 1.19 46.06 2244 119
time (sec) N/A 0.005 0.011 0. 1.031 1.236 51.451 1.141
Problem 110 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 18 18 18 17 475 748 0 22
normalized size | 1 1. 1. 0.94 26.39  41.56 0. 1.22
time (sec) N/A 0.02 0.014 0.002 1.673  1.244 0. 50.318
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Problem 111 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 18 18 18 17 475 749 0 0
normalized size | 1 1. 1. 0.94 26.39  41.61 0. 0.
time (sec) N/A 0.023 0.013 0.001 1.705  1.268 0. 0.
Problem 112 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 23 23 22 22 562 851 0 28
normalized size | 1 1. 0.96 0.96 24.43 37. 0. 1.22
time (sec) N/A 0.027 0.062 0.059 3203  1.356 0. 1.183
Problem 113 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 13 13 12 14 18 30 10 18
normalized size | 1 1. 0.92 1.08 1.38 2.31 0.77  1.38
time (sec) N/A 0.005 0.005 0. 1.186 095 0393 1121
Problem 114 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 19 19 19 18 23 38 14 23
normalized size | 1 1. 1. 0.95 1.21 2. 074 121
time (sec) N/A 0.019 0.007 0.003 1.014 1.038 0.418 1.158
Problem 115 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 19 19 19 18 23 38 14 23
normalized size | 1 1. 1. 0.95 1.21 2. 0.74 1.21
time (sec) N/A 0.024 0.006 0. 0979 1.016 0.512 1.332
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Problem 116 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 21 21 21 26 34 41 0 28
normalized size | 1 1. 1. 1.24 1.62 1.95 0. 1.33
time (sec) N/A 0.029 0.114 0.02 1.148  1.208 0. 1.095
Problem 117 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 18 18 16 17 22 737 359 22
normalized size | 1 1. 0.89 0.94 1.22 4094 1994 1.22
time (sec) N/A 0.004 0.013 0.002 1.006  1.318 55.204 1.109
Problem 118 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 20 20 20 19 481 748 0 24
normalized size | 1 1. 1. 0.95 24.05 37.4 0. 1.2
time (sec) N/A 0.02 0.017 0.001 1.481  1.324 0. 55.488
Problem 119 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F(-1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 20 20 20 19 481 749 0 0
normalized size | 1 1. 1. 0.95 24.05 3745 0. 0.
time (sec) N/A 0.024 0.017 0. 1.531  1.327 0. 0.
Problem 120 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 25 25 23 24 566 851 0 31
normalized size | 1 1. 0.92 0.96 22.64  34.04 0. 1.24
time (sec) N/A 0.029 0.068 0.059 2891 1.513 0. 1.238
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Problem 121 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 10 10 9 9 14 24 8 15
normalized size | 1 1. 0.9 0.9 1.4 2.4 0.8 1.5
time (sec) N/A 0.004 0.004 0.002 1.026 1.096 0.353 1.096
Problem 122 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 16 15 15 14 23 39 12 20
normalized size | 1 0.94 0.94 0.88 1.44 2.44 0.75  1.25
time (sec) N/A 0.024 0.006 0.004 0997 1.021 0.324 1.097
Problem 123 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 16 15 15 14 23 39 12 20
normalized size | 1 0.94 0.94 0.88 1.44 2.44 0.75 1.25
time (sec) N/A 0.03 0.007 0.006 1.202 1168 0.348 1.121
Problem 124 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 15 15 15 18 63 42 48 23
normalized size | 1 1. 1. 1.2 4.2 2.8 3.2 1.53
time (sec) N/A 0.035 0.012 0.018 1.028  1.086 134.943 1.091
Problem 125 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 15 15 14 177 18 171 87 18
normalized size | 1 1. 0.93 11.8 1.2 11.4 5.8 1.2
time (sec) N/A 0.004 0.02 0.017 0981 1189 4.082 1.112
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Problem 126 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 16 16 16 197 109 177 0 20
normalized size | 1 1. 1. 12.31 6.81 11.06 0. 1.25
time (sec) N/A 0.021 0.028 0.019 1.038 1.05 0. 1.125
Problem 127 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 16 16 16 197 109 177 0 20
normalized size | 1 1. 1. 12.31 6.81 11.06 0. 1.25
time (sec) N/A 0.025 0.035 0.013 1.086  1.138 0. 1.121
Problem 128 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 21 21 21 203 826 236 0 27
normalized size | 1 1. 1. 9.67 39.33  11.24 0. 1.29
time (sec) N/A 0.032 0.181 0.05 1.215  1.315 0. 1.139
Problem 129 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 20 20 19 21 0 63 104 72
normalized size | 1 1. 0.95 1.05 0. 3.15 5.2 3.6
time (sec) N/A 0.005 0.008 0.004 0. 1.078 51.315 1.118
Problem 130 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 25 25 25 24 45 74 0 84
normalized size | 1 1. 1. 0.96 1.8 2.96 0. 3.36
time (sec) N/A 0.019 0.011 0.003 1163  1.188 0. 1.143
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Problem 131 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 25 25 25 24 45 74 0 84
normalized size | 1 1. 1. 0.96 1.8 2.96 0. 3.36
time (sec) N/A 0.024 0.012 0.006 1.191  1.089 0. 1.158
Problem 132 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 27 27 26 40 53 82 0 36
normalized size | 1 1. 0.96 1.48 1.96 3.04 0. 1.33
time (sec) N/A 0.028 0.034 0.055 1.29 1.18 0. 1.152
Problem 133 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 22 22 21 23 0 63 104 81
normalized size | 1 1. 0.95 1.05 0. 2.86 473  3.68
time (sec) N/A 0.005 0.011 0.003 0. 1.08 51.531 1.083
Problem 134 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 27 27 27 26 50 74 0 93
normalized size | 1 1. 1. 0.96 1.85 2.74 0. 3.44
time (sec) N/A 0.02 0.014 0.003 1.168  1.079 0. 1.151
Problem 135 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 27 27 27 26 50 74 0 93
normalized size | 1 1. 1. 0.96 1.85 2.74 0. 3.44
time (sec) N/A 0.025 0.016 0.004 1.215  1.062 0. 1.148
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Problem 136 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 29 29 28 45 58 82 0 39
normalized size | 1 1. 0.97 1.55 2. 2.83 0. 1.34
time (sec) N/A 0.028 0.035 0.057  1.253  1.054 0. 1.189
Problem 137 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 19 19 17 24 0 53 46 50
normalized size | 1 1. 0.89 1.26 0. 2.79 242 2.63
time (sec) N/A 0.004 0.01 0.004 0. 1.005 0.577 1.112
Problem 138 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A B A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 24 24 97 31 47 63 85 59
normalized size | 1 1. 4.04 1.29 1.96 2.62 3.54 246
time (sec) N/A 0.014 0.074 0.005 1156  1.084 20.152 1.146
Problem 139 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 24 24 97 31 47 63 0 59
normalized size | 1 1. 4.04 1.29 1.96 2.62 0. 2.46
time (sec) N/A 0.02 0.076 0.004 1181  1.299 0. 1.125
Problem 140 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C A A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 26 26 111 155 54 72 0 35
normalized size | 1 1. 4.27 5.96 2.08 2.77 0. 1.35
time (sec) N/A 0.079 0.13 0.098 1.322 1.29 0. 1.145
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Problem 141 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 196 196 158 0 0 0 0 0
normalized size | 1 1. 0.81 0. 0. 0. 0. 0.
time (sec) N/A 0.289 0.308 0.031 0. 0. 0. 0.
Problem 142 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 374 374 2305 0 0 0 0 0
normalized size | 1 1. 6.16 0. 0. 0. 0. 0.
time (sec) N/A 1.38 4.304 0.039 0. 0. 0. 0.
Problem 143 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A B F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 816 816 13117 0 0 0 0 0
normalized size | 1 1. 16.07 0. 0. 0. 0. 0.
time (sec) N/A 4.552 7.357 0.055 0. 0. 0. 0.
Problem 144 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A C A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 47 47 47 36 46 109 126 46
normalized size | 1 1. 1. 0.77 0.98 2.32 2.68 098
time (sec) N/A 0.062 0.02 0.003 1.063  1.385 7148 1.161
Problem 145 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 245 245 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.54 0.175 0.076 0. 0. 0. 0.
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Problem 146 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 210 210 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.501 0.187 0.054 0. 0. 0. 0.
Problem 147 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 206 206 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.376 0.138 0.055 0. 0. 0. 0.
Problem 148 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 194 194 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.3 0.084 0.052 0. 0. 0. 0.
Problem 149 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 263 263 218 0 0 0 0 0
normalized size | 1 1. 0.83 0. 0. 0. 0. 0.
time (sec) N/A 0.734 0.728 0.079 0. 0. 0. 0.
Problem 150 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 212 212 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.489 0.142 0.053 0. 0. 0. 0.
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Problem 151 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 210 210 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.476 0.128 0.053 0. 0. 0. 0.
Problem 152 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F(2)
verified N/A Yes NO TBD TBD TBD TBD TBD
size 498 498 391 0 0 0 0 0
normalized size | 1 1. 0.79 0. 0. 0. 0. 0.
time (sec) N/A 0.609 1.167 0.054 0. 0. 0. 0.
Problem 153 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 323 323 273 0 0 0 0 0
normalized size | 1 1. 0.85 0. 0. 0. 0. 0.
time (sec) N/A 0.371 0.633 0.049 0. 0. 0. 0.
Problem 154 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 158 158 181 0 0 0 0 0
normalized size | 1 1. 1.15 0. 0. 0. 0. 0.
time (sec) N/A 0.124 0.331 0.05 0. 0. 0. 0.
Problem 155 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 33 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.026 0.208 0.073 0. 0. 0. 0.
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Problem 156 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 33 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.025 0.285 0.074 0. 0. 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

number of rules .

the integrand. Finally the ratio —

integrand size

is given. The larger this ratio is, the harder the

integral was to solve. In this test, problem number [83] had the largest ratio of [ 0.4231 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand —
# grade steps unique antideri\./ative leaf size Tategrand leaf size
used rules leaf size

1 A 2 1 1. 22 0.045

2 A 2 1 1. 22 0.045

3 A 2 1 1. 22 0.045

4 A 2 1 1. 22 0.045

5 A 2 1 1. 20 0.05

6 A 8 8 1. 22 0.364

7 A 8 8 1. 22 0.364

3 A 8 8 1. 22 0.364

9 A 7 6 1. 25 0.24

10 A 6 6 1. 25 0.24

11 A 5 5 1. 25 0.2

12 A 7 6 1. 25 0.24

13 A 7 6 1. 25 0.24

14 A 14 8 1. 25 0.32

15 A 14 8 1. 25 0.32
Continued on next page




Table 2.1 — continued from previous page

number of num?Der of no_rmaflize.d integrand number of rules
o grade | steps umique | anudervative |y | msgrand s
used rules leaf size

16 A 13 7 1. 23 0.304
17 A 13 7 1. 22 0.318
18 A 14 8 1. 25 0.32
19 A 14 8 1. 25 0.32
20 A 7 6 1. 23 0.261
21 A 4 4 1. 23 0.174
22 A 5 5 1. 23 0.217
23 A 7 6 1. 23 0.261
24 A 5 4 1. 23 0.174
25 A 15 9 1. 23 0.391
26 A 15 9 1. 23 0.391
27 A 14 8 1. 23 0.348
28 A 13 7 1. 21 0.333
29 A 13 7 1. 20 0.35
30 A 14 8 1. 23 0.348
31 A 15 9 1. 23 0.391
32 A 5 5 1. 21 0.238
33 A 7 6 1. 21 0.286
34 A 8 7 1. 18 0.389
35 A 6 4 1. 24 0.167
36 A 5 4 1. 24 0.167
37 A 4 4 1. 24 0.167
38 A 3 3 1. 24 0.125
39 A 3 3 1. 24 0.125
40 A 3 3 1. 24 0.125
41 A 4 4 1. 24 0.167
42 A 5 4 1. 24 0.167
43 A 8 5 1. 25 0.2
44 A 5 5 1. 25 0.2
45 A 7 4 1. 25 0.16
46 A 4 3 1. 23 0.13
47 A 7 4 1. 22 0.182

Continued on next page
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Table 2.1 — continued from previous page

number of num?Der of no_rmaflize.d integrand number of rules
o grade | steps umique | anudevative |y | egrand s
used rules leaf size

48 A 7 6 1. 25 0.24
49 A 8 5 1. 25 0.2
50 A 5 4 1. 25 0.16
51 A 8 5 1. 25 0.2
52 A 20 7 1. 23 0.304
53 A 5 5 1. 23 0.217
54 A 21 7 1. 23 0.304
55 A 4 3 1. 21 0.143
56 A 19 6 1. 20 0.3
57 A 7 6 1. 23 0.261
58 A 20 7 1. 23 0.304
59 A 11 8 1. 23 0.348
60 A 21 9 1. 23 0.391
61 A 7 6 1. 25 0.24
62 A 7 6 1. 25 0.24
63 A 7 6 1. 23 0.261
64 A 7 6 1. 22 0.273
65 A 7 6 1. 25 0.24
66 A 7 7 1. 25 0.28
67 A 7 6 1.01 25 0.24
68 A 7 6 1. 25 0.24
69 A 7 6 1. 25 0.24
70 A 7 6 1. 25 0.24
71 A 7 6 1. 25 0.24
72 A 7 6 1. 23 0.261
73 A 7 6 1. 22 0.273
74 A 7 6 1. 25 0.24
75 A 8 7 1. 25 0.28
76 A 7 6 1. 25 0.24
77 A 7 6 1. 25 0.24
78 A 7 6 1. 25 0.24
79 A 11 7 1. 29 0.241

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma,.lize.d integrand S
# grade steps unique antldem‘zatlve leaf size togrand leaf size
used rules leaf size

80 A 10 7 1. 29 0.241
81 A 8 7 1. 29 0.241
82 A 8 7 1. 27 0.259
83 A 16 11 1. 26 0.423
84 A 16 11 1. 29 0.379
85 A 24 12 1. 29 0.414
86 A 0 0 0. 0 0.
37 A 13 4 1. 26 0.154
38 A 10 4 1. 26 0.154
89 A 7 4 1. 24 0.167
90 A 6 3 1. 26 0.115
91 A 8 3 1. 26 0.115
92 A 10 3 1. 26 0.115
93 A 1 1 1. 19 0.053
94 A 2 2 1. 24 0.083
95 A 2 2 1. 26 0.077
96 A 2 2 1. 30 0.067
97 A 1 1 1. 21 0.048
98 A 2 2 1. 26 0.077
99 A 2 2 1. 28 0.071
100 A 2 2 1. 32 0.062
101 A 1 1 1. 18 0.056
102 A 3 3 1. 23 0.13
103 A 3 3 1. 25 0.12
104 A 3 3 1. 29 0.103
105 A 1 1 1. 19 0.053
106 A 2 2 1. 24 0.083
107 A 2 2 1. 26 0.077
108 A 2 2 1. 30 0.067
109 A 1 1 1. 19 0.053
110 A 2 2 1. 24 0.083
111 A 2 2 1. 26 0.077

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized .
# grade steps unique antiderivative litzfg;i;d %
used rules leaf size
112 A 2 2 1. 30 0.067
113 A 1 1 1. 21 0.048
114 A 2 2 1. 26 0.077
115 A 2 2 1. 28 0.071
116 A 2 2 1. 32 0.062
117 A 1 1 1. 21 0.048
118 A 2 2 1. 26 0.077
119 A 2 2 1. 28 0.071
120 A 2 2 1. 32 0.062
121 A 1 1 1. 18 0.056
122 A 4 3 0.9 23 0.13
123 A 4 3 0.94 25 0.12
124 A 4 3 1. 29 0.103
125 A 1 1 1. 18 0.056
126 A 3 3 1. 23 0.13
127 A 3 3 1. 25 0.12
128 A 3 3 1. 29 0.103
129 A 1 1 1. 19 0.053
130 A 2 2 1. 24 0.083
131 A 2 2 1. 26 0.077
132 A 2 2 1. 30 0.067
133 A 1 1 1. 21 0.048
134 A 2 2 1. 26 0.077
135 A 2 2 1. 28 0.071
136 A 2 2 1. 32 0.062
137 A 1 1 1. 18 0.056
138 A 1 1 1. 23 0.043
139 A 1 1 1. 25 0.04
140 A 2 2 1. 29 0.069
141 A 4 2 1. 29 0.069
142 A 5 3 1. 29 0.103
143 A 6 3 1. 29 0.103

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized .
# grade steps unique antiderivative I?etzfg:;d %
used rules leaf size

144 A 3 3 1. 59 0.051
145 A 5 3 1. 31 0.097
146 A 5 3 1. 29 0.103
147) A 5 3 1. 27 0.111
148 A 5 3 1. 26 0.115
149 A 8 5 1. 29 0.172
150 A 5 3 1. 29 0.103
151 A 5 3 1. 29 0.103
152 A 10 4 1. 31 0.129
153 A 7 4 1. 29 0.138
154 A 2 2 1. 22 0.091
155 A 0 0 0. 0 0.
156 A 0 0 0. 0 0.
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Chapter 3

Listing of integrals

5
3.1 f (d + ex3) (a + bxd + cx6) dx
Optimal. Leaf size=163

1 5 1 1
3,16 2 2,13 2 2,10 2 3,7
166 X (e(ae + 5bd) + 10cd ) + 13de X (e(ae + 2bd) + 2cd ) + Ed ex (Ze(ae + bd) + cd ) + ;d X (Se(Zae + bd) +

[Out] a*xd”™5*x + (d~4*(b*d + 5*axe)*x"4)/4 + (d"3*(c*xd"2 + 5xex(b*d + 2*a*xe))*x77)
/T + (A" 2*%ex(cxd™2 + 2xex(bxd + axe))*x”10)/2 + (5xd*xe”2x(2xc*xd™2 + e*x(2*b*

d + a*xe))*x713)/13 + (e73*%(10*c*d"2 + ex(5xbxd + axe))*x~16)/16 + (e 4x*x(5*xc

*d + b*xe)*x719)/19 + (c*xe”5*x722)/22

Rubi [A] time = 0.185171, antiderivative size = 163, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 22, e e .

integrand size
0.045, Rules used = {1407}

1 5 1 1
3,16 2 2,13 2 2,110 2 3,7
166 X (e(ae + 5bd) + 10cd ) + 13de X (e(ae + 2bd) + 2cd ) + Ed ex (Ze(ae + bd) + cd ) + ;d X (56(2{16 + bd) +

Antiderivative was successfully verified.

[In] Int[(d + e*x"3)"5*x(a + b*x~3 + c*x76),x]

[Out] a*d~5*x + (d74*(bxd + b*axe)*x"4)/4 + (d~3*x(c*xd”2 + 5xex(bxd + 2%a*e))*x"7)
/7 + (d72%e*x(c*xd™2 + 2%ex(bxd + a*xe))*x"10)/2 + (5*xd*xe 2% (2xc*d~2 + e*x(2%bx
d + axe))*x"13)/13 + (e73*x(10*c*d™2 + ex(5xbxd + a*xe))*x"16)/16 + (e"4*(b*c
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*d + b*e)*x719)/19 + (cxe"5*x"22)/22
Rule 1407
Int[((d) + (e_)*(x )" ))"(q_)*((a)) + (b_D)*(x_)"(n) + (c_.)*x(x_)"(n2
_)), x_Symbol] :> Int[ExpandIntegrand[(d + e*x™n) q*(a + b*x™n + c*x~(2+%n))

, xJ, x] /; FreeQ[{a, b, c, d, e, n}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xax*c
, 0] &% NeQ[c*d™2 - bxd*xe + axe”2, 0] &% IGtQ[q, O]

Rubi steps

f (d + ex3)5 (a + b3 + cx6) dx = f (ad5 + d*(bd + 5ae)x® + d° (cd2 + 5e(bd + 2ae)) x® + 5d% (cd2 + 2e(bd + ae)) x? +

1 1 1
= ad®x + K_Ld4(bd + 5ae)x* + §d3 (cd2 + 5e(bd + Zae)) x7 + Edze (cd2 + 2e(bd + ae)) x10

Mathematica [A] time = 0.0481313, size = 164, normalized size = 1.01

1 5 1 1
— 316 (aez + 5bde + 100d2) + —de?x13 (ae2 + 2bde + 2cd2) + —d?ex10 (2ae2 + 2bde + cdz) + —d3x7 (1011@2 + 5bde + cc
16 13 2 7

Antiderivative was successfully verified.

[In] Integrate[(d + exx"3)75kx(a + b*x"3 + c*x76),x]

[Out] a*xd”™5*x + (d~4*(bxd + 5*axe)*x"4)/4 + (d"3*(c*xd"2 + 5xb*d*xe + 10*a*xe”2)*x"7
/T + (d72*%ex(c*d™2 + 2*bxd¥e + 2xa*e”2)*x710)/2 + (5xd*e” 2% (2*c*xd™2 + 2xb*

d*e + a*xe”™2)*x713)/13 + (e73*%(10*c*d™2 + Bxbxd*e + axe”2)*x716)/16 + (e 4x*(

5%cxd + b*xe)*x”19)/19 + (c*xe”5*xx722)/22

Maple [A] time = 0.001, size = 169, normalized size = 1.

ce®x22 (e5b +5 de4c) x1? (e5a +5de*b +10 dze3c) x1o (5 de*a +10d%¢3b + 10 d3ezc) x13 (10 d%e3a +104%e%b +
+ + + +
22 19 16 13 10

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x~3+d) "5*(c*xx"6+b*x"3+a) ,x)
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[Out] 1/22%c*xe”5*xx"22+1/19*(b*e~5+b*cxd*e™4)*x~19+1/16* (a*xe”5+5xb*xd*xe”~4+10*c*xd~2x*
e 3)*x716+1/13* (5xaxd*e~4+10*b*xd " 2*e " 3+10*c*d"3*e~2) *x~13+1/10*% (10*a*xd~2*e”
3+10*%b*d"3%e"2+5xcxd ~4x*xe) *x~10+1/7* (10*a*xd " 3*e”2+5xb*xd"4*e+c*d~5) *x~7+1/4x*(

S5xa*xd~4*xe+bxd”5) *x"4+a*xd " 5xx

Maxima [A] time = 1.00563, size = 224, normalized size = 1.37

— X+ —

1 1 1 5 1 ,
5,22 4 5)..19 2.3 4 5)..16 3,2 2,3 4)..13 4 ;
> T (5cde + be )x + (10cde + 5bde* + ae )x +13 (2cde + 2 bd4e® + ade )x +§(cd e+2bd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~3+d) “6x(c*x~6+b*x~3+a),x, algorithm="maxima")

[Out] 1/22*c*e”5*x722 + 1/19%(5*c*d*e”4 + b*e”5)*x719 + 1/16%(10*c*d"2*%e”3 + b5x*xbx*
d*e”4 + a*xe”b5)*x716 + 5/13*%(2*c*kd"3*e”2 + 2xb*xd"2*xe”3 + axd*e”4)*x"13 + 1/2
*(c*xd"4*e + 2*b*d"3*e”2 + 2*xa*xd"2%e"3)*x"10 + 1/7*(c*d”5 + 5xbxd~4*e + 10*a
*d"3*%e"2)*x"7 + axd"h*x + 1/4*%(b*d”5 + 5*axd"4xe)*x"4

Fricas [A] time = 1.13949, size = 448, normalized size = 2.75

1 5 1 5 5 1 10 10 5 1
—x2265c + —xV%4dc + —x1%%b + —x10e3d2c + —x10etdb + —x1%e%0 + —x13e2d3c + —x13e3d%2b + —x13e*da + =2
22 19 19 16 16 13 13 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d) 5% (c*x~6+b*x~3+a),x, algorithm="fricas")

[Out] 1/22*x722*%e”b*c + 5/19%x"19%e"4*xd*c + 1/19%x719*e~5%b + 5/8*x"16*e”3*d"2*c
+ 5/16*x716*%e”~4xd*b + 1/16%x"16%e"b*a + 10/13*x713%xe"2%d"3*c + 10/13*x"13*e
“3%d"2%b + 5/13*x713%e"4*xd*a + 1/2*%x"10%e*xd"4*c + x"10%e”2%d"3*b + x"10%e”3
*d"2%a + 1/7*x"7*d"b*c + 5/7*x"T*exd"4*b + 10/7*x"7*xe"2*xd"3*a + 1/4*x"4*d"5

*b + 5/4%xx"4*xexd"4*a + x*d"b*a

Sympy [A] time = 0.095765, size = 187, normalized size = 1.15

ce’x? o (be5 5cde4) L6 (ae5 5bde* 5Cd2€3) 1 (5ade4 10bd?e> . 100d3ez) 0 (a 254

6 16 8

5 _
ax+ —> 9 " 19 B 13 13
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**3+d)**5* (ckxx**6+b*x*x*3+a) ,x)

[Out] axd**5*x + ckxexx5xx*x%22/22 + x**x19*(b*ex*5/19 + Sxcxd*e**4/19) + x*k*x16*(a*e
*xx5/16 + Bxbkxd*ex*4/16 + Bxckd*x*x2*xexx3/8) + x*x13* (5xa*xdxe*x*4/13 + 10*bxd*x*
2xex*x3/13 + 10*c*kd**x3xex*x2/13) + x*x*x10% (axd**2ke*x*3 + bkd*x*3%e*x*x2 + cxkxd**x4x
e/2) + xxk7T*x(10*%axd*x*3*ke*x*x2/7 + bxbkxd*xx4xe/7 + c*xd*x*5/7) + xx*x4x(5kxaxd*x*x4xe

/4 + bxdxx5/4)

Giac [A] time = 1.13347, size = 234, normalized size = 1.44

1 5 1 5 5 1 10 10 5
> cx?2ed + 5 cdx19%e* + 5 bx19e5 + 5 cd?x16e3 + I bdx'e* + = ax'ee® + 3 cd3x13e2 + 3 bd?x13¢3 + 3 adx3e* +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x”3+d) "5k (c*x~6+b*x~3+a),x, algorithm="giac")

[Out] 1/22*%c*x"22*%e”5 + 5/19*%cxd*x"19*%e”4 + 1/19*b*x~19*%e”™5 + 5/8%c*d”"2*xx"16*e”3
+ 5/16*%b*d*x"16*e"4 + 1/16*a*x"16*%e”5 + 10/13*c*xd~3*x~13*%e”2 + 10/13*b*xd"~2x*
x"13%e”3 + 5/13%a*d*x"13*%e”4 + 1/2%c*d"4*xx"10%e + b*d~3*x"10*%e”2 + a*xd " 2*x”
10%e”™3 + 1/7*c*d"5*x~7 + 5/7*bxd~4*xx"7*xe + 10/7*a*xd"3*x"7*e”2 + 1/4xbxd~5*x

4 + 5/4*axd”4*xx"4*xe + axd"5*x
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4
32 (d + ex3) (a +bx® + cx6) dx
Optimal. Leaf size=135

1 1 1 1
Eezx13 (e(ae + 4bd) + 6cd2) + §d2x7 (6an + 4bde + cdz) + gdex10 (e(2ae + 3bd) + 2cd2) + Zd3x4(4ae + bd) + ad*x +

[Out] a*d~4xx + (d73*(bxd + 4xaxe)*x"4)/4 + (d"2x(c*xd”2 + 4xbxdxe + 6G*axe”2)*x77)
/7 + (d*ex(2*%xc*d"2 + e*x(3*bxd + 2*axe))*x"10)/5 + (e72%(6*c*xd”2 + ex(4*xbxd
+ a*e))*x~13)/13 + (e"3x(4*xc*d + bxe)*x"16)/16 + (c*xe”4*xx~19)/19

Rubi [A] time = 0.125073, antiderivative size = 135, normalized size of antiderivative

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 22, e -

0.045, Rules used = {1407}

integrand size

1 1 1 1
Eezx13 (e(ae + 4bd) + 6cd2) + §d2x7 (6ae2 + 4bde + cdz) + gdexlo (e(Zae + 3bd) + 2cd2) + L—ld3x4(4ae + bd) + ad*x +

Antiderivative was successfully verified.

[In] Int[(d + e*x"3) " 4x(a + b*x~3 + c*xx76),x]

[Out] a*d~4*x + (d"3x(bxd + 4*axe)*x"4)/4 + (d"2%x(c*d~2 + 4xb*xdxe + 6G*axe”2)*x"7)
/7 + (d¥ex(2*xc*d™2 + e*x(3*bxd + 2*axe))*x"10)/5 + (e72%(6*c*xd”2 + ex(4*xb*d
+ axe))*x713)/13 + (e"3x(4*xc*d + bxe)*x"16)/16 + (c*xe”4*xx~19)/19

Rule 1407

Int[((d_) + (e_)*(x_)"(n_))"(q_)*((a_) + (b_)*(x_D"(n_) + (c_.)*(x_)"(n2
_)), x_Symbol] :> Int[ExpandIntegrand[(d + e*x"n) gq*(a + b*x™n + c*x~(2+%n))
, x], x] /; FreeQ[{a, b, c, d, e, n}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4*axc
, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] &% IGtQ[q, O]

Rubi steps

f (d + ex3)4 (a + b3 + cx6) dx = f (ad4 +d®(bd + 4ae)x® + d? (cd2 + 4bde + 6an) x® + 2de (2cd2 +e(3bd + 2ae)) x°

1 1 1
= ad*x + Zd3 (bd + 4ae)x* + §d2 (cd2 + 4bde + 6aez) x7 + gde (2cd2 +e(3bd + Zae)) )
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Mathematica [A] time = 0.0361796, size = 135, normalized size = 1.

1 1 1 1
2,13 (.2 2 10 2 2 2.7 2 2 3.4 4
136 X (ae + 4bde + 6¢d ) + gdex (Zae + 3bde + 2cd ) + ;d X (6ae + 4bde + cd ) + L_Ld x*(4ae + bd) + ad*x + T

Antiderivative was successfully verified.

[In] Integrate[(d + exx"3) 4*x(a + b*x"3 + c*x76),x]

[Out] a*d~4*x + (d"3x(bxd + 4*axe)*x”4)/4 + (d"2%x(c*xd~2 + 4xb*xdxe + 6G*axe”2)*x"7)
/7 + (d*ex(2*c*d™2 + 3*bxd*xe + 2*a*xe”2)*x"10)/5 + (e72%(6*c*xd”2 + 4*xbkxdxe +
axe”2)*x713) /13 + (e 3*%(4*xcxd + bxe)*x"16)/16 + (cxe™4%xx"19)/19

Maple [A] time = 0.001, size = 136, normalized size = 1.

oty 19 (e4b +4 de3c) x16 (e4a +4de*b+6 ezdzc) x13 (4 dela + 6e2d%b + 4 d3ec) x10 (6 e2d%a + 4 d%eb + cd4) x7
+ + + +
19 16 13 10 7

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x~3+d) "4*(c*x~6+b*x~3+a) ,x)

[Out] 1/19%c*xe”4*xx"19+1/16*(b*e~4+4xcxd*e”3)*x~16+1/13* (a*xe ™ 4+4*xb*xd*xe” 3+6xc*d " 2*e
“2)*x713+1/10% (4dxa*d*xe”3+6*xb*xd"2%e"2+4*xcxd " 3*e) *x~10+1/7* (6xa*d~2*xe~2+4xb*xd
“3xe+cxd"4) *x"T+1/4% (4%axd” 3*ke+b*d~4) xx"4+a*xd " 4*x

Maxima [A] time = 0.98309, size = 182, normalized size = 1.35

1 1 1 1 1
— ety + — (4 cde® + be4)x16 + — (6 cd?e? + 4 bde® + ae4)x13 + = (2 cd3e + 3bd%e? + 2 ade3)x10 + = (cd4 +4bd%e +
19 16 5 7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x”3+d) “4*(c*x 6+b*x~3+a),x, algorithm="maxima")

[Out] 1/19%c*xe”4*xx"19 + 1/16%(4dxcxd*e”3 + b*e"4)*x"16 + 1/13%x(6xc*d"2%e”2 + 4x*xbxd
*¥e73 + axe”4)*xx"13 + 1/5%(2%xc*kd"3*e + 3*bxd"2*%e”2 + 2xaxd*e”3)*x"10 + 1/7*(
c*d~4 + 4xb*xd"3%e + 6xaxd"2*%e”2)*x"7 + a*xd"4*xx + 1/4%(b*d~4 + 4*xa*xd”3%e)*x”

4
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Fricas [A] time =1.16381, size = 360, normalized size = 2.67

1 1 1 6 4 1 2 3 2 1
—xB%4c + —x10e3dc + —x10eth + —x13e2d2%c + —x1363db + —x13e%a + =xW0ed3c + =x1%2d%b + Zx193da + =x7d*c
19 4 16 13 13 13 5 5 5 7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx~3+d) ~4*(c*x~6+b*x~3+a),x, algorithm="fricas")

[Out] 1/19*%x719*%e"4*xc + 1/4*x"16%e"3*d*c + 1/16*x"16*e"4*b + 6/13*x"13*e”2*d"2*c
+ 4/13*x"13*%e”3*d*b + 1/13*%x"13*%e"4*a + 2/5*x"10*%e*d"3*c + 3/5*x"10*e”2*xd"2

*b + 2/5*%x710*%e”3*xd*a + 1/7xx"7*d"4*c + 4/7*x"7T*xexd"3*b + 6/7xx"T+e~2+%d"2*a

+ 1/4*%x74*xd"4*b + x"4*xexd"3*a + x*d"4*a

Sympy [A] time = 0.089108, size = 151, normalized size = 1.12

B3 13 T

ce*x1? be* cde® ae*  4bde®  6cd?e? 2ade®  3bd%e?  2cde 6ad%e?  4bd
ad*x + —— + x| — + — | + x13 + x10 + + +x/ +—
19 16 4 5 5 5 7 7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**3+d)**4* (ckx**6+b*x*x*3+a) ,x)

[Out] axd*x*x4d*xx + cxexx4dxx*%x19/19 + xk*16*(b*ex*4/16 + cxd*e**x3/4) + x*k*x13*x(a*xex*x4
/13 + 4xb*xd*e*x*3/13 + Gxcxd*x*x2%xe*x*2/13) + xkkx10*(2*xaxd*ex*x3/5 + 3*xb*xd**2*ex*

*2/5 + 2xckd*x*3*%e/5) + x*kx7*(6xaxdx*x2kxe*x*2/7 + 4xbxd*x*3%e/7 + cxd*x*4/7) + x

xx4x (axd*x*3xe + bxd*x*x4/4)

Giac [A] time = 1.11388, size = 190, normalized size = 1.41

1 1 1 6 4 1 2 3 2 1
) cxl9e* + 1 cdxl0e® + T bxloe* + E cd?x13e% + 3 bdx3e® + 3 axi3et + 5 cd®x% + 5 bd?x102 + s adx19¢3 + = C

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d) ~4*(c*x~6+b*x~3+a),x, algorithm="giac")

[Out] 1/19%c*x"19%e”4 + 1/4*c*d*x"16%e”3 + 1/16*b*x"16%e"4 + 6/13*c*xd"2%x"13%e”"2
+ 4/13%bxd*x"13*%e”3 + 1/13*%a*x"13*e"4 + 2/5%c*d”"3*x"10%e + 3/5xb*d"2%x"10*e
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~2 + 2/B%axd*x"10%e”3 + 1/7*cxd~4*x"7 + 4/7*b*xd"3*xx"T*e + 6/7*axd”2*x"7*xe"2
+ 1/4%b*d"4*xx"4 + a*d"3*x"4*e + axd"4x*xx
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3
3.3 f (d + ex3) (a + bx3 + cx6) dx
Optimal. Leaf size=103

1 1 1 1 1
10 2\ . L a7 2\, L 2.4 3 213 3..16
—1Oex (e(ae + 3bd) + 3cd ) + 7dx (3e(ae + bd) + cd ) + 4d x*(3ae + bd) + ad°x + 1—36 x+°(be + 3cd) + 16ce X

[Out] a*d~3*x + (d"2%(b*d + 3*axe)*x"4)/4 + (d*(cxd"2 + 3*ex(bxd + a*e))*x~7)/7 +
(ex(3*%c*xd™2 + ex(3xbxd + axe))*x710)/10 + (e”2*x(3*c*d + b*xe)*x"13)/13 + (c
*e"3%xx716)/16

Rubi [A] time = 0.0969754, antiderivative size = 103, normalized size of antiderivative

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 22, LT

0.045, Rules used = {1407}

integrand size

1 1 1 1 1
10 2\ o 2.7 2) L D 2.4 3 2,13 3,16
1Oex (e(ae + 3bd) + 3cd )+ 7dx (36({16 + bd) + cd )+ 4d x*(3ae + bd) + ad°x + 136 x"°(be + 3cd) + 16C€ X

Antiderivative was successfully verified.

[In] Int[(d + e*x"3)"3*(a + b*x~3 + c*x76),x]

[Out] a*d"3*x + (d"2*(bxd + 3*axe)*x"4)/4 + (d*(cxd”2 + 3xex(bxd + axe))*x"7)/7 +
(ex(3*%cxd"2 + ex(3xbxd + a*e))*x"10)/10 + (e”2%(3*c*d + bxe)*x"13)/13 + (c
*e"~3%x"16)/16

Rule 1407

Int[((d) + (e_)*x(x )" (n_))"(q_)*((a_) + (b_)*(x_)"(n_) + (c_.)*x(x_)"(n2
_)), x_Symbol] :> Int[ExpandIntegrand[(d + e*x"n) g*(a + b*x"n + c*x~(2+%n))
, x]1, x] /; FreeQ[{a, b, ¢, d, e, n}, x] & EqQ[n2, 2*n] && NeQ[b~2 - 4xa*c
, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && IGtQ[q, O]

Rubi steps

f (d + ex3)3 (a + b3 + cx6) dx = f (ad3 + d?(bd + 3ae)x® + d (cd2 + 3e(bd + ae)) X0 +e (3cd2 +e(3bd + ae)) x? + %

1 1 1
— 3 2 4 2 7 2 10
= adx + S d(bd + 3ac)x* + —d (cd? + 3e(bd + ae)) x7 + e (3cd? + e(3bd + ac)) x
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Mathematica [A] time = 0.0285729, size = 104, normalized size = 1.01

1 1 1 1 1
10 (2 2\ o T 9.7 2 2\ L L 2.4 3 2.13 3..16
1Oex (ae + 3bde + 3cd ) + 7dx (3ae + 3bde + cd ) + 401 x*(3ae + bd) + ad°x + 136 x*°(be + 3cd) + 16ce x

Antiderivative was successfully verified.

[In] Integratel[(d + e*xx"3)73*%(a + b*x~3 + c*x76),x]

[Out] a*d~3*x + (d~2%(bxd + 3*xaxe)*x”"4)/4 + (d*(c*xd™2 + 3xbkxd*xe + 3*xaxe~2)*x"7)/7
+ (ex(3%cxd"2 + 3*bkxd*e + axe”2)*x710)/10 + (e”2*x(3*xc*d + b*xe)*x~13)/13 +
(c*xe™3%x"16) /16

Maple [A] time = 0.002, size = 103, normalized size = 1.

ce3x16 (e3b +3 cdez) x13 (e3a +3de?b +3 dzec) x10 (3 ade? + 3 bd%e + cd3) x7 (3 d%ea + d3b) x4
6 13 i 10 " 7 " 4 +adx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x~3+d) "3*(c*x " 6+b*x"3+a) ,x)

[Out] 1/16%c*xe”3%x"16+1/13*%(b*e~3+3%c*xd*e”2)*x~13+1/10* (a*e”~3+3*b*d*xe " 2+3*c*d " 2*e
)*x710+1/7* (3*a*xd*xe”2+3*xbxd"2%e+c*xd"3) *x"7+1/4* (3*xa*d 2*xe+b*d~3) *x"4+axd 3%

X

Maxima [A] time = 1.05264, size = 138, normalized size = 1.34

1 1 1 1 1
T cex1o + — (3 cde® + be3)x13 + — (3 cd?e + 3 bde® + ae3)x10 + - (cd3 +3bd%e + 3 adez)x7 + ad®x + 1 (bd3 +3 adze]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d) " 3*(c*x”~6+b*x~3+a),x, algorithm="maxima"

[Out] 1/16%c*xe”3*x"16 + 1/13%(3*cxd*e”™2 + b*e"3)*x"13 + 1/10*%(3*c*d"2*e + 3*b*xdxe
"2 + axe”3)*x710 + 1/7%(c*d”3 + 3*b*xd"2*e + 3xaxdxe”2)*x”7 + axd"3*xx + 1/4x%
(bxd~3 + 3xaxd~2%e)*x"4
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Fricas [A] time = 1.15749, size = 282, normalized size = 2.74

1 3 1 3 3 1 1 3 3 1 3
—x16e3c + —x13e2dc + —x13e3h + —x0ed?c + —x102db + —x10e3a + —x7d3¢c + =x7ed?b + =x"e?da + —x*d%b + =
16 13 13 10 10 10 7 7 7 4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~3+d) "3*(c*x~6+b*x~3+a),x, algorithm="fricas")

[Out] 1/16%x"16%e~3*%c + 3/13%x"13*%e"2xd*c + 1/13%x"13%e”3%b + 3/10%x"10%e*xd " 2%c +
3/10%x"10%e"2%d*b + 1/10%x”10%e~3%a + 1/7*x"7*d"3%c + 3/7*x"T*exd"2xb + 3/
Txx"Txe”"2xd*a + 1/4*xx"4xd"3%b + 3/4*x"4*exd”2%a + x*xd~3*a

Sympy [A] time = 0.082, size = 117, normalized size = 1.14

ad®x +

— + + +
16 13 13 10 10 10 7 7 7 4 4

cex (be3 3cde? ) 10 (ae3 3bde? 3Cd2€) ; (311d€2 3bd%e  cd® ) . (Badze bd® )
—— x| =+ +x + +x — |+ + —
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**3+d)**3* (ckxx**6+b*x**3+a) ,x)

[Out] a*d**3%x + cxe**3*x**x16/16 + x**x13*(b*e*x*3/13 + 3*kcxd*e**2/13) + x**x10*(axe
*%x3/10 + 3xbxd*ex*x2/10 + 3kxcxd*x*x2%xe/10) + x**7x(3xaxdxe*x*x2/7 + 3xbxd*x*2%xe/7
+ cxd*x*3/7) + xx*x4x(3kaxd**x2xe/4 + b*xd**x3/4)

Giac [A] time = 1.07675, size = 147, normalized size = 1.43

1 3 1 3 3 1 1 3 3 1
— cxt0e® + — cdx1B3e? + — bal3e® + — cd?x% + — bdx1%? + — ax193 + = cd®x7 + = bd%x7e + = adx”e? + = bd3x*
16 13 13 10 10 10

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x”3+d) "3x(c*x 6+b*x"3+a),x, algorithm="giac")

[Out] 1/16%c*xx"16%e”3 + 3/13%cxd*x"13*%e”2 + 1/13%b*x"13%e”3 + 3/10%c*d"2*x"10%e +
3/10*%b*xd*x~10%e”2 + 1/10%a*xx”10%e”3 + 1/7*xc*d"3*x~7 + 3/7*b*xd"2%x"7xe + 3/
Txaxdxx"7*e”2 + 1/4%b*d"3*x"4 + 3/4xa*xd"2*x"4*e + a*xd 3*x
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2
3.4 f (d + ex3) (a + bx + cx6) dx
Optimal. Leaf size=73

1 1 1 1
=47 AN 2. 4 = .10 252,13
7x (e(ae+2bd)+cd )+ 4dx (2ae + bd) + ad“x + 1Oex (be + 2cd) + 13ce X

[Out] a*d™2*x + (d*(b*d + 2*axe)*x"4)/4 + ((c*xd"2 + ex(2xbxd + a*xe))*x"7)/7 + (ex
(2%c*d + b*xe)*x"10)/10 + (c*xe™2*xx"13)/13

Rubi [A] time = 0.0622015, antiderivative size = 73, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 22, L

integrand size
0.045, Rules used = {1407}

1 1 1 1
2,7 2\ o L .4 2.0 = 5210 - 213
7x (e(ae + 2bd) + cd ) + 4dx (2ae + bd) + ad“x + 1Oex (be + 2cd) + 1?’ce X

Antiderivative was successfully verified.

[In] Int[(d + e*xx"3)"2%(a + b*x~3 + c*x76),x]

[Out] a*d™2*x + (d*(b*xd + 2*axe)*x"4)/4 + ((c*xd™2 + ex(2xbxd + a*e))*x"7)/7 + (ex
(2%c*d + b*xe)*x”10)/10 + (c*xe™2%xx"13)/13

Rule 1407

Int[((d_) + (e_)*(x )" (n_))"(q_)*((a_) + (b_D)*(x_)"(n) + (c_.)*x(x_)"(n2
_)), x_Symbol] :> Int[ExpandIntegrand[(d + e*x"n)~g*(a + b*x"n + c*x~(2+%n))
, x], x] /; FreeQ[{a, b, ¢, d, e, n}, x] & EqQ[n2, 2*n] && NeQ[b~2 - 4xax*c
, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && IGtQ[q, O]

Rubi steps

f (d + ex3)2 (a + b3 + cx6) dx = f (adz +d(bd + 2ae)x® + (cal2 +e(2bd + ae)) x® + e(2cd + be)x® + celez) dx

1 1 1 1
= ad®x + A_Ld(bd + 2ae)x* + - (cd2 +e(2bd + ae)) x7 + Ee(ch + be)x10 + Ecezx13

Mathematica [A] time = 0.0218051, size = 73, normalized size = 1.

1 1 1 1
A ) 2\ L T 7.4 2 10 2,13
7x (ae + 2bde + cd )+ 4dx (2ae + bd) + ad x+1oex (be+2cd)+13ce X
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Antiderivative was successfully verified.

[In] Integrate[(d + exx"3)"2*x(a + b*x"3 + c*x76),x]

[Out] a*d™2*x + (d*(b*d + 2*a*xe)*x~4)/4 + ((c*xd™2 + 2xbkxd*e + axe™2)*x"7)/7 + (ex
(2%c*d + b*xe)*x710)/10 + (c*xe™2*xx"13)/13

Maple [A] time = 0., size = 70, normalized size = 1.

2413 (b€2 + Zdec) 210 ) (an + 2 bde + cdz) 7 . (2 dea + bdZ) x oo

3 10 7 1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x”3+d) " 2*(c*x~6+b*x~3+a) ,x)

[Out] 1/13%c*xe”2xx"13+1/10%(b*e~2+2xc*xd*e)*x~10+1/7* (a*e”2+2xb*xd*xe+c*d”~2) *x~7+1/4

* (2%axd*e+b*d~2) *x"4+a*xd "~ 2*x

Maxima [A] time = 0.962235, size = 93, normalized size = 1.27

1 1 1 1
3 ce?x13 + 0 (2 cde + bez)xlo + = (cd2 +2bde + aez)x7 + 1 (bd2 +2 ade)x4 + ad?x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~3+d) "2x(c*x~6+b*x~3+a),x, algorithm="maxima")

[Out] 1/13%c*xe”2%xx"13 + 1/10%(2xc*xd*e + b*xe"2)*x"10 + 1/7*(cxd”2 + 2xbxd*e + axe”
2)*%x”7 + 1/4%x(b*d~2 + 2%a*xd*xe)*x"4 + axd " 2%x

Fricas [A] time = 1.09655, size = 192, normalized size = 2.63

—xvec+ =x

1 1 1 1 2 1 1 1
3 132 z Wedc + 1—0X1062b + =x7d%c + =x7edb + §x7eza + Zx4d2b + Ex‘leda + xd?a

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((exx~3+d) 2% (c*x~6+b*x"3+a),x, algorithm="fricas")

[Out] 1/13%x"13%e"2%xc + 1/5%x"10%exd*c + 1/10%x"10%e”2%b + 1/7*x"7*d"2%c + 2/7*x"
Txexdxb + 1/7*x"7T*e"2%a + 1/4*xx"4*xd"2%b + 1/2%x"4xexd*a + x*xd 2*a

Sympy [A] time = 0.074794, size = 75, normalized size = 1.03

, el be?  cde ,(ae®  2bde  cd? . [ade  bd?
ad?x + —— — 7 — + Y+ )+t — =
13 7 7 7 2 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx**3+d)**2% (ckx*k*6+bkx**3+a) ,x)

[Out] a*d*x*2%xx + ckex*2xx**x13/13 + x**x10*%(b*ex*2/10 + cxd*e/5) + x¥xxT7T*x(axex*2/7 +
2xbkdxe/7 + c*xd*x*x2/7) + x*xx4x(axdxe/2 + bxd*xx2/4)

Giac [A] time = 1.16215, size = 103, normalized size = 1.41

1 1 1 2 1 1 1
3 21362 + = cdxlOe + — bx102 + = cd?x7 + = bdx"e + 5 ax’e? + 1 bd?x* + 5 adx*e + ad?x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x”3+d) "2x(c*x 6+b*x~3+a),x, algorithm="giac")

[Out] 1/13%c*xx"13%e”2 + 1/5*%c*kd*x"10%e + 1/10%b*x~10%e”2 + 1/7*xc*d”"2*x"7 + 2/7*xbx*
d*xx"7xe + 1/7T*axx"7xe”2 + 1/4%xb*xd"2*x"4 + 1/2%axd*x"4*e + axd”~2*x
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3.5 f (d + ex3) (a +bx® + cx6) dx
Optimal. Leaf size=42
13c4(ae + bd) + adx + 1x7(be +cd) + lcex10
4 7 10

[Out] a*d*x + ((b*d + axe)*x"4)/4 + ((c*d + b*xe)*x"7)/7 + (cxexx~10)/10

Rubi [A] time = 0.0278242, antiderivative size = 42, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 2, number of rules used = 1, integrand size = 20, "> "% _

integrand size
0.05, Rules used = {1407}

1 1 1
py! -7 P 1)
i (ae + bd) + adx + T (be + cd) + 1Ocex

Antiderivative was successfully verified.

[In] Int[(d + exx"3)*(a + b*x~3 + c*x76),x]

[Out] axd*x + ((bxd + axe)*x74)/4 + ((c*d + b*e)*x77)/7 + (c*xe*xx~10)/10
Rule 1407

Int[((d_) + (e_)*x(x )" (n_))"(q_.)*((a_) + (b_D)*(x_)"(n_) + (c_.)*x(x_)"(n2
_)), x_Symbol] :> Int[ExpandIntegrand[(d + e*x"n)~g*(a + b*x"n + c*x~(2+%n))

, x], x] /; FreeQ[{a, b, c, d, e, n}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc
, 0] && NeQ[c*d~2 - bxdxe + axe”2, 0] && IGtQ[q, O]

Rubi steps

f(d + ex3) (a + b3 + cxé) dx = f(ad + (bd + ae)x® + (cd + be)x® + cex9) dx

1 1 1
= adx + Z(bd + ae)x* + 7(Cd + be)x” + Ecex10

Mathematica [A] time = 0.0085175, size = 42, normalized size = 1.

1 1 1
py” 2.7 = 10
4x (ae + bd) + adx + 7x (be + cd) + 1Ocex



Antiderivative was successfully verified.

[In] Integrate[(d + exx"3)*(a + b*x~3 + c*x"6),x]

[Out] a*d*x + ((bxd + axe)*x~4)/4 + ((c*d + b*xe)*x"7)/7 + (cxe*xx~10)/10

74

Maple [A] time = 0., size = 37, normalized size = 0.9

(ae +bd)x*  (be+cd)x” cex!®
+ + +
4 7 10

adx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x”~3+d)*(c*x"6+b*xx"3+a),x)

[Out] a*d*x+1/4*(a*xe+b*xd)*x~4+1/7*(b*e+c*d)*x~7+1/10*%c*exx”10

Maxima [A] time = 1.05804, size = 49, normalized size = 1.17

1 1 1
— cex™ + = (cd + be)x” + = (bd + ae)x* + adx
10 7 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d)*(c*x~6+b*x~3+a),x, algorithm="maxima")

[Out] 1/10%c*xe*xx”~10 + 1/7*(c*d + bxe)*x~7 + 1/4%(b*d + axe)*x"4 + axd*x

Fricas [A] time = 1.12813, size = 107, normalized size = 2.55

1 1 1 1 1
—xW%c + =x7dc + =x"eb + =x*db + =x*ea + xda
10 7 4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d)*(c*x~6+b*x~3+a),x, algorithm="fricas")
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[Out] 1/10%x"10%e*c + 1/7*x"7*d*xc + 1/7*x"T*xexb + 1/4*xx"4xd*b + 1/4*%xx"4*e*xa + x*d

*a

time = 0.062923, size = 39, normalized size = 0.93

d+cex10+7be+cd+4ae+bd
T I 22 B R

Sympy [A]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**3+d)* (ckxx**6+b*x*x*3+a) ,x)

[Out] a*d*x + c*exx**x10/10 + x*x*x7*x(b*xe/7 + c*d/7) + x**x4x(axe/4 + bxd/4)

Giac [A] time = 1.09884, size = 58, normalized size = 1.38

1 1 1 1 1
— cxlO% + = cdx” + = bx’e + = bdx* + = ax*e + adx
10 7 7 4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d)*(c*x~6+b*x~3+a),x, algorithm="giac")

[Out] 1/10%c*x"10%e + 1/7*cxd*x"7 + 1/7*b*x"T7T*xe + 1/4xb*xd*x"4 + 1/4xa*x"4*xe + a*d

*X
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6

3.6  [Uhret g

d+ex3
Optimal. Leaf size=188

1 [ Va-2%e
log (d2/3 — VdJex + ez/3x2) (aez — bde + cdz) log (\% + \S/Ex) (aez — bde + cdz) tan™ (\/5—3\/;) (”ez — bde + cd?
- +

642/3e7/3 3d2/3¢7/3 \[3d2/3¢7/3

[Out] -(((c*d - b*xe)*x)/e"2) + (c*x74)/(4*xe) - ((cxd”2 - bxdxe + a*e”2)*ArcTan[(d
~(1/3) - 2xe~(1/3)*x)/(Sqrt[3]1*d~(1/3))1)/(Sqrt[3]1*d~(2/3)*e~(7/3)) + ((c*d

~2 - bxd*e + axe”2)xLog[d~(1/3) + e~ (1/3)*x])/(3*d~(2/3)*e~(7/3)) - ((c*xd~2

- bxd*xe + a*xe”2)*Logl[d~(2/3) - d~(1/3)*e”(1/3)*x + e~ (2/3)*x72])/(6*xd~(2/3
)xe”(7/3))

Rubi [A] time = 0.211115, antiderivative size = 188, normalized size of antiderivative

. . ber of rul
1., number of steps used = 8, number of rules used = 8, integrand size = 22, L

integrand size
0.364, Rules used = {1411, 388, 200, 31, 634, 617, 204, 628}

1 [ Va-2%e
log (d2/3 — Ndex + ez/3x2) (aez — bde + cdz) log (\3/3 + f/Ex) (aez — bde + cd2) tan”! ( \/5\3/;) (”ez —bde + cd?
— + -

642/3e7/3 3d2/3¢713 \/3d2/3¢7/3

Antiderivative was successfully verified.

[In] Int[(a + b*x~3 + c*x"6)/(d + e*x"3),x]

[Out] -(((cxd - bxe)*x)/e”2) + (c*x74)/(4*xe) - ((c*d”2 - bxd*e + a*e”2)*ArcTan[(d
~(1/3) - 2xe~(1/3)*x)/(Sqrt[31*d~(1/3))]1)/(Sqrt[31*d~(2/3)*e~(7/3)) + ((cxd

"2 - bxdxe + axe”2)*Log[d~(1/3) + e~ (1/3)*x])/(3*xd~(2/3)*e~(7/3)) - ((cxd"2

- bxd*e + axe”2)*Logl[d~(2/3) - d~(1/3)*e~(1/3)*x + e7(2/3)*x"2])/(6%d~(2/3
)*e”~(7/3))

Rule 1411

Int[((d_) + (e_.)*x(x_)"(n_))"(q)*((a_) + (b_)*x_D)"(n_) + (c_.)*(x_)"(n2_
)), x_Symbol] :> Simp[(c*x"(n + 1)*(d + exx™n)"(q + 1))/(ex(n*x(q + 2) + 1))
, x] + Dist[1/(ex(nx(q + 2) + 1)), Int[(d + exx"n) gx(axex(n*(q + 2) + 1) -
(cxd*(n + 1) - bxex(nx(q + 2) + 1))*x"n), x], x] /; FreeQ[{a, b, c, d, e,
n, q}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xa*xc, 0] && NeQ[c*d™2 - bxdxe + axe
~2, 0]
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Rule 388

Int[((a_) + (b_)*x )" (0 )" (p_)*((c_) + (d_)*(x_)"(n_)), x_Symbol] :> Si
mp[(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(a*d - bxc*(n*(
p+ 1)+ 1))/ (bx(nx(p + 1) + 1)), Int[(a + b*xx™n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] &% NeQ[b*c - axd, 0] && NeQ[n*x(p + 1) + 1, 0]

Rule 200

Int[((a_) + (b_.)*(x_)"3)"(-1), x_Symbol] :> Dist[1/(3*Rt[a, 3]172), Int[1/(
Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]172), Int[(2*#Rt[a, 3] - R
t[b, 3]*x)/(Rt[a, 3172 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3]72%x72), x], x] /; F
reeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Distl[e/(2*c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] & NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 628

Int[((d) + (e_)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]
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Rubi steps
a+ bx3 + cx® cx* f 4ae_(3Cd_§b8)_x3
2 T g +ex
f d+exd T he 4e
~ (cd-be)x . cx* . d(cd - be) f 1 i
B e? 4e e? d + exd
d(cd—be) 1 d(cd—be) 23— Yex
__(cd —be)x N ﬁ N (11 T2 )f Y+ Yex dx .\ (ﬂ T2 )fd2/3_§/,§§/gx+62/sxz
B e2 4e 3d2/3 3d2/3
373 2/3
2 2 - \/t_i\/z+2€ 3y
(cd—be)x cx* (cdz — bde + aez) log (\3/3 + \3/Ex) (Cd bde + ae ) f 23— Yox+e23:2 dx
- o2 + 4o + 342/3,7/3 - 642/307/3

(cd—be)x cx* (cd2 — bde + aez) log (\3/3 + \3/Ex) (cd2 — bde + uez) log (d2/3 — Ndfex + e
=TT 2 T T 3423073 - 6423073

2 _ 2 1 [ Va-2%ex
 (cd-box ot (cd? — bde + ae®) tan ( N T ) . (cd? — bde + ae?) log (Vd + ex)  (c
B e? 4e \/3d%3¢7/3 3423673

Mathematica [A] time = 0.15456, size = 176, normalized size = 0.94

1_2 %/Ex
|
443 tan N (e(ae—bd)+cd2)
2 10g(d2/3— %/E %x+ez/3x2)(e(ae—bd)+cd2) 4 log( %+ io’/Ex) (e(ue—bd)+cd2) 5 434
- o + i - Yo +12+/ex(be — cd) + 3ce*x

12673
Antiderivative was successfully verified.

[In] Integratel[(a + b*x~3 + c*x76)/(d + e*xx~3),x]

[Out] (12*%e~(1/3)*(-(c*d) + b*e)*x + 3*kcxe”(4/3)*x"4 - (4xSqrt[3]*(c*d”2 + ex(-(b
xd) + axe))*ArcTan[(1 - (2%e”(1/3)*x)/d~(1/3))/Sqrt[3]1])/d~(2/3) + (4*(c*d”

2 + ex(-(bxd) + axe))*Logld~(1/3) + e~ (1/3)*x])/d~(2/3) - (2x(cxd"2 + ex*x(-(

bxd) + axe))*Logl[d~(2/3) - d~(1/3)*e”(1/3)*x + e~ (2/3)*x72])/d"~(2/3))/(12%e
~(7/3))
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Maple [B] time = 0.004, size = 313, normalized size = 1.7

2 2 2
cxt bx cdx a sfd)(d\ 3 bd sfd)(d\ 3 cd? 3(d)(d\ 3 a , 3/d
— +———+ —Inlx++/-|l-] —-—In|lx++/-l-] +—=In|lx++/-||-] -—In|x?-/-x+
4e e ez 3e elle 3e2 elle 3e3 elle 6e e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"6+b*x"3+a)/(e*xx~3+d) ,x)

[Out] 1/4*c*x"4/e+1/exbxx-1/e " 2%c*xd*x+1/3/e/(d/e)”(2/3)*1n(x+(d/e)~(1/3))*a-1/3/e
~2/(d/e)~(2/3) *1n(x+(d/e)~(1/3) ) *b*xd+1/3/e~3/(d/e) ~(2/3) *1n(x+(d/e)~(1/3) ) *
cxd~2-1/6/e/(d/e)~(2/3)*1n(x"2-(d/e)~(1/3)*x+(d/e) ~(2/3))*a+1/6/e~2/(d/e) " (
2/3)*1n(x"2-(d/e) " (1/3)*x+(d/e) ~(2/3) ) *xb*xd-1/6/e~3/(d/e) ~(2/3)*1n(x"2-(d/e)
~(1/3)*x+(d/e)~(2/3))*c*xd~2+1/3/e/(d/e) " (2/3)*3~(1/2) *arctan(1/3*3" (1/2) * (2
/(d/e)”(1/3)*x-1))*a-1/3/e"2/(d/e) " (2/3)*3"(1/2)*arctan(1/3*%3~(1/2)*(2/(d/e

)~ (1/3)*x-1))*bxd+1/3/e~3/(d/e) " (2/3)*37(1/2)*arctan(1/3*3~(1/2)*(2/(d/e) ~(

1/3) *x-1) ) *c*xd”2

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~6+b*x"~3+a)/(e*x"3+d),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.43311, size = 1096, normalized size = 5.83

1

1 2 1 3

( dze) % 2dex3-3 (dze) 3dx—d2+3 \/g [2 dex2+(d2e) 3 x—(dze) 3 d} - (#2)3
3cd?e?xt + 6 \/g (cd3e — bd?e? + ade3) ———log

ex3+d
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~6+b*x~3+a)/(e*x”~3+d),x, algorithm="fricas")

[Out] [1/12%(3*c*d"2xe”2*x"4 + 6*sqrt(1/3)*(cxd"3%e - b*d"2%e”2 + axdxe”3)*sqrt (-
(d"2%e) " (1/3) /e) xlog ((2xd*e*x~3 - 3*(d"2*e) " (1/3)*d*x - d~2 + 3*sqrt(1/3)x*(
2%dxexx”2 + (d"2xe)”(2/3)*x - (d"2%e)”(1/3)*d)*sqrt(-(d~2*e)~(1/3)/e))/(e*xx
"3 + d)) - 2%(c*d”2 - bxdxe + axe”2)*x(d"2%e)”(2/3)*log(dxexx”"2 - (d"2%e) (2
/3)*xx + (d72%e)~(1/3)*d) + 4*(c*d”2 - bxd*e + axe”2)*(d"2*e) " (2/3)*1log(d*ex
x + (d72*%e)~(2/3)) - 12*%(c*d"3*e - b*xd"2*xe"2)*x)/(d"2%e"3), 1/12*(3*c*xd"2*e
T2%x74 + 12%sqrt(1/3)*(cxd"3%e - b*d"2*e”2 + axd*e”3)*sqrt((d"2*xe)”~(1/3)/e)
*xarctan(sqrt (1/3)*(2x(d"2%e) " (2/3)*x - (d"2%e) ~(1/3)*d)*sqrt((d~2*e)~(1/3)/
e)/d”2) - 2x(cxd”2 - bxd*e + axe”2)*(d"2*xe)”(2/3)*log(d*e*xx~2 - (d"2xe)~(2/
3)*x + (d72%xe)~(1/3)*d) + 4x(c*xd”2 - bxdxe + axe”2)*(d"2xe)”(2/3)*log(d*exx
+ (d72%e)~(2/3)) - 12x(c*d"3*e - b*d"2*xe"2)*x)/(d"2*e”3)]

Sympy [A] time = 1.07036, size = 175, normalized size = 0.93

4
% + RootSum | 27£3d%e” — a®e® + 3abde® — 3a%cd?e* — 3abd?e* + 6abcd®e® — 3ac?d*e® + VPd>e® — 3b%cd*e? + 3bc2d°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x**6+b*x**3+a)/(exx**3+d),x)

[Out] cxx**4/(4%e) + RootSum(27*_t**3xd*x*2xe*x*7 — a*xx3ke*x*x6 + 3xa*x*2xbkxd*e*x*5 - 3
xakk2kckxdkk2kexk4 — 3kgxbkk2kd*x*k2kexx4d + Okakbkxckd*kk3kex*x3 — IkgkckkDkdkk4x

ex*2 + Db**x3kd**k3ke*x*3 — 3xbkkx2kckdxkdkxe*x*x2 + Ixbkck*k2xd*xxHke - C**3*d**6, L
ambda(_t, _t*log(3*_t*xd*ex*2/(a*xe*x*2 - b*xd*e + c*d*x2) + x))) + xx(b*e - c*

d) /ex*2

Giac [A] time = 1.10266, size = 279, normalized size = 1.48

1

\/g[m(_dm)é]

1 1 1
@((—dez) 3 cd? - (—dez)3 bde + (—dez)3 aez) arctan " T 3 (26" — bde® + ac¥) (e (_1))§ Dlog ‘
3d B 3d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((cxx”6+b*x"3+a)/(e*x"3+d),x, algorithm="giac")

[Out] 1/3*sqrt(3)*((-d*e”2)7(1/3)*c*d”2 - (-d*e~2)7(1/3)*b*xdxe + (-d*e~2)7(1/3)*a
xe~2)*arctan(1/3*sqrt(3)*(2xx + (-d*e”(-1))~(1/3))/(-d*e~(-1))~(1/3))*e~ (-3

)/d - 1/3x(cxd"2%e”2 - bxd*e”3 + axe~4)*(-dxe”(-1))~(1/3)*e”(-4)*log(abs(x

- (md*xe”(-1))7(1/3)))/d + 1/4x(c*x"4%e™3 - 4dkxckd*x*ke™2 + 4*xb*x*e”3)*e” (-4)

+ 1/6%((-d*e”2) 7 (1/3)*c*d”2 - (-d*e”2)~(1/3)*bxd*e + (-d*e”~2)~(1/3)*axe”2)x
e”(-3)*log(x72 + (-d*e”(-1))7(1/3)*x + (-d*e~(-1))~(2/3))/d
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6

a+bx3+cx
3.7 L[‘—a;;;;gyz'CZkf

Optimal. Leaf size=213

x (ae2 — bde + cdz) log (dz/ 3 _ Jdfex + ¥ 3x2) (4cd2 — e(2ae + bd)) log (\3/3 + \3/Ex) (4cd2 — e(2ae + bd)) tan™

+
3d62(d-+ex3) 18d°3¢713 94513073 +

[Out] (c*x)/e”2 + ((c*d™2 - b*xd*xe + axe”2)*x)/(3*d*e”2x(d + e*x73)) + ((4*c*xd™2 -
ex(bxd + 2xaxe))*ArcTan[(d~(1/3) - 2xe~(1/3)*x)/(Sqrt[3]1*d~(1/3))]1)/(3*Sqr
t[31*%d~(5/3)*e~(7/3)) - ((4*c*d™2 - ex(bxd + 2*xaxe))*Log[d~(1/3) + e~ (1/3)*
x])/(9%d~(5/3)*%e~(7/3)) + ((4*c*d™2 - ex(bxd + 2xaxe))*Log[d~(2/3) - d47(1/3
)xe”(1/3)*x + e7(2/3)*x72])/(18+d™(5/3)*e~(7/3))

Rubi [A] time = 0.225653, antiderivative size = 213, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 8, integrand size = 22, number of rules _

integrand size
0.364, Rules used = {1409, 388, 200, 31, 634, 617, 204, 628}

X (ae2 — bde + cdz) log (dz/ 3 — dRJex + ez/3x2) (4cd2 — e(2ae + bd)) log (\3/3 + \3/Ex) (4cd2 — e(2ae + bd)) tan™

+
3de2(d-+ex3) 1853713 94536713 +

Antiderivative was successfully verified.

[In] Int[(a + b*x"3 + c*x76)/(d + exx"3)"2,x]

[Out] (c*x)/e”2 + ((c*xd”™2 - b*d*e + axe”2)xx)/(3*d*e”2*x(d + e*x73)) + ((4xc*d~2 -
ex(b*xd + 2*xaxe))*ArcTan[(d~(1/3) - 2*e~(1/3)*x)/(Sqrt[3]1*d~(1/3))]1)/(3*Sqr
t[31%d~(5/3)*%e~(7/3)) - ((4*c*d™2 - ex(bxd + 2xaxe))*Log[d~(1/3) + e~ (1/3)*
x])/(9%d~(5/3)*%e~(7/3)) + ((4*c*d™2 - ex(bxd + 2xaxe))*Log[d~(2/3) - d47(1/3
)xe”(1/3)*x + e7(2/3)*x72])/(18*d~(5/3)*e”(7/3))

Rule 1409

Int[((d_) + (e_.)*x(x_)"(n_))"(q)*((a_) + (b_)*x_D)"(n_) + (c_.)*x(x_)"(n2_
)), x_Symbol] :> -Simp[((c*d"2 - b*d*e + axe”2)*xx(d + exx"n) (q + 1))/(dx*e
“2#«n*x(q + 1)), x] + Dist[1/(n*x(q + 1)*d*e”2), Int[(d + exx"n) (q + 1)*Simp[
c*d”2 - bxd*e + axe”2*x(n*(q + 1) + 1) + c*d*exn*(q + 1)*x"n, x], x], x] /;

FreeQ[{a, b, c, d, e, n}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc, 0] && NeQ[
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c¥d”2 - bxdxe + axe”2, 0] && LtQ[q, -1]

Rule 388

Int[((a_) + (b_)*(x_)" (0 )) " (p)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp[(d*x*(a + bxx™n) " (p + 1))/ (bx(nx(p + 1) + 1)), x] - Dist[(a*d - b*xcx(n*(
p+ 1)+ 1))/(bx(ax(p + 1) + 1)), Int[(a + b*x™n)"p, x], x] /; FreeQl{a, Db,
c, d, n}t, x] &% NeQ[b*c - axd, 0] && NeQ[n*(p + 1) + 1, 0]

Rule 200

Int[((a_) + (b_.)*(x_)"3)"(-1), x_Symbol] :> Dist[1/(3*Rt[a, 3]172), Int[1/(
Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]72), Int[(2*#Rt[a, 3] - R
t[b, 3]*x)/(@Rtla, 3172 - Rt[a, 3]1*Rt[b, 3]*x + Rt[b, 31"2*x"2), x], x] /; F
reeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2%c), Int[1/(a + b*x + c*x"2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2xc*d - bxe, 0] && NeQ[b~2 - 4xaxc, 0] && !'NiceSqrtQ[b~2 - 4xaxc]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2xc*x)/Db
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4x*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQla/b] && (LtQ[
a, 01 || LtQ[b, 01)

Rule 628

Int[((d_) + (e_)x(x_))/((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*xx~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
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e}, x] &% EqQ[2*cxd - bxe, 0]

Rubi steps

2 3
5 cd“—e(bd+2ae)—3cdex
f 24 b3 + cx (cd2 — bde + ae )x f Tod dx

e T ) e
Cox (cd-bde+a?)x  (4cd? — e(bd + 2ae)) [
T e " 3de? (d + ex3) - 3de?
V-
o (cd2 ~ bde + aez) X (4cd2 —e(bd + Zae)) f %%\%x dx (4cd2 —e(bd + 2ae)) f dm_ﬂ—\/;\/{;:
T2 3de? (d + ex3) - 9d5/3¢2 - 94532
V¥
cx (cd2 — bde + aez) x (4cd2 —e(bd + Zae)) log (\3/3 + \3/Ex) (4Cd2 —e(bd + 2‘16)) J 25 Yd
T2 s (dred) o3¢ * 18453675

cx (cd2 — bde + aez) x (4cd2 —e(bd + Zae)) log (\3/3 + %x) (4cd2 —e(bd + Zue)) log (d2/3 :
= + — +

3 3de? (d + ex3) 94d53¢7/3 1845/3¢7/3
2 _ -1 %—2 \3/Ex
cx (cd2 — bde + aez) x (4Cd e(bd + 2ae)) tan ( N7 ) (4cd2 —e(bd + 2ae)) log (\3/3
7 3de? (d + ex3) * 3+/3d5/3¢7/3 B 94536713

Mathematica [A] time = 0.19949, size = 199, normalized size = 0.93

1_2 §/Ex
2v3tan! T‘/E (4cd2—e(2ae+bd))
log(d2/3— \3/3%x+62/3x2)(4cd2—e(2ae+bd)) 6 %x(e(ae—bd)ﬂdz) 2 log( %+ %x) (4cd2—e(2ae+bd))
d5/3 * d(d+ex?) B &5/ + FEg
18¢7/3

+ 18¢-

Antiderivative was successfully verified.

[In] Integrate[(a + b*x~3 + c*x76)/(d + e*x”3)72,x]

[Out] (18*c*xe”(1/3)*x + (6%e~(1/3)*(c*d”2 + ex(-(bxd) + axe))*x)/(d*x(d + exx"3))
+ (2*%Sqrt [3]*(4xc*xd™2 - ex(bxd + 2%a*e))*ArcTan[(1 - (2*xe~(1/3)*x)/d~(1/3))
/Sqrt[3]11)/d”~(6/3) - (2x(4xcxd™2 - ex(bxd + 2*axe))*Logl[d~(1/3) + e~ (1/3)*x
1)/d7(6/3) + ((4*%c*xd™2 - ex(b*d + 2*axe))*Logl[d~(2/3) - d~(1/3)*e”(1/3)*x +
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e~ (2/3)*x72])/d"(5/3))/(18%e~(7/3))

Maple [A] time = 0.008, size = 345, normalized size = 1.6

2 2
cx+ ax bx . dxc . 2a 1 x+i/E (d)_5 . b In x+i/g (d)_5 4Cdln .
— — — n — J— — — — —_— — -
e? 3d(ex3+d) 3e(ex3+d) 32 (ex3+d) 9de el\e 9e2 elle 9¢3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"6+b*x~3+a)/(e*x”3+d)"2,x)

[Out] c*x/e”2+1/3/d*x/(exx~3+d)*a-1/3/e*xx/(exx~3+d) *b+1/3/e"2*d*x/ (e*x~3+d) *c+2/9
/e/d/(d/e)”(2/3)*1n(x+(d/e)~(1/3))*a+1/9/e~2/(d/e) " (2/3)*1n(x+(d/e)~(1/3))*
b-4/9/e~3*xd/(d/e)~(2/3)*x1n(x+(d/e)~(1/3))*c-1/9/e/d/(d/e) " (2/3)*1n(x"2-(d/e

)~ (1/3)*x+(d/e)~(2/3))*a-1/18/e"2/(d/e)~(2/3)*1n(x~2-(d/e) ~(1/3) *x+(d/e) " (2
/3))*b+2/9/e73xd/(d/e) " (2/3)*1n(x"2-(d/e) "~ (1/3)*x+(d/e) ~(2/3) )*xc+2/9/e/d/(d
/e)”(2/3)*37(1/2)*arctan(1/3*x3°(1/2)*(2/(d/e)~(1/3)*x-1))*a+1/9/e"2/(d/e) " (
2/3)*37(1/2)*arctan(1/3*%37(1/2)*(2/(d/e)~(1/3) *x-1) ) *b-4/9/e~3xd/(d/e) ~(2/3
Y*x37(1/2)*arctan(1/3*x3~(1/2)*x(2/(d/e) "~ (1/3)*x-1) ) *c

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~6+b*x~3+a)/(exx~3+d)~2,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 1.38885, size = 1548, normalized size = 7.27

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((c*x~6+b*x~3+a)/(e*xx”~3+d)~2,x, algorithm="fricas")

[Out] [1/18%(18%cxd~3*e~2*x"4 - 3*sqrt(1/3)*(4*c*d"4*e - b*d"3*e”2 - 2%a*xd~2xe”3
+ (4xc*d”"3%e”2 - b*d"2*e”3 - 2xaxd*xe”4)*x"3)*sqrt(-(d"2*e)~(1/3)/e)*Log((2x*
dxexx~3 - 3%(d"2%e) " (1/3)xd*x - d72 + 3*sqrt(1/3)*(2xd*xe*xx”2 + (d"2xe)~(2/3
)xx - (d72%e) " (1/3)*d)*sqrt (-(d"2%e)~(1/3)/e))/(exx"3 + d)) + (4*cxd™3 - bx
d"2%e - 2*axd*e”2 + (4*cxd"2%e - bxd*e”2 - 2*xaxe”3)*x"3)*(d"2*e) " (2/3)*1log(
dxexx”2 - (d™2%e)~(2/3)*x + (d72%e)~(1/3)*d) - 2%(4*cxd”3 - b*d"2%e - 2*axd
xe”2 + (4xckxd"2%e - bkxdxe”2 - 2*axe”3)*x73)x(d"2*e)”(2/3)*Llog(dxe*xx + (d~2%
e)~(2/3)) + 6%(4d*xc*kd"4xe - b*d"3*e”2 + axd"2xe”3)*x)/(d"3*%e"4xx"3 + d"4xe”3
), 1/18%(18*c*d~3*e"2*x"4 - 6xsqrt(1/3)*(4d*cxd"4*e - b*xd"3*e”2 - 2%a*xd~2*e”
3 + (4*xcxd"3%e”2 - bxd"2%e”3 - 2xaxd*e”4)*x"3)*sqrt((d~2*e)~(1/3)/e)*arctan
(sqrt(1/3)*x(2x(d"2%e) " (2/3)*x - (d"2%e)~(1/3)*d) *sqrt((d"2xe)~(1/3)/e)/d"2)
+ (4%c*d”3 - bxd"2xe - 2xa*xd*e”2 + (4xc*d"2%e - b*d*e”2 - 2*axe”3)*x73)*(d
~2xe) " (2/3)*log(dxexx"2 - (d"2%e)~(2/3)*x + (d"2%e)~(1/3)*d) - 2x(4*c*xd~3 -
b*d"2xe - 2%axdxe”2 + (4*ckd"2%e - bkxdxe”2 - 2*axe”3)*x73)*(d"2%e) " (2/3)*1
og(dxexx + (d72*xe)~(2/3)) + 6%(4d*c*d"4*xe - b*d"3*e”2 + axd™2*e”3)*x)/(d"3*e
“4*xx~3 + d74*e”3)]

Sympy [A] time = 1.98364, size = 206, normalized size = 0.97

cx X (aez — bde + cdz)

=+
e? 3d2e2 + 3de3x3

+ RootSum (729t3d5e7 — 8a%¢° — 12a%bde® + 48a2cd?e* — 6ab?d?e* + 48abcd’e® — 96acd*e? -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x**x6+b*x**3+a)/(exx**3+d)**2,x)

[Out] c*x/e*x*2 + x*x(axexx2 - bxd*e + c*xd**2)/(3xd*x*2xex*x2 + 3*xd*e**3*x**3) + Root
Sum(729% _t**3*xd**5kex*7 — Bxaxx3kex*6 — 12%ar*2xbxdkex*5 + 4A8*ax*2xckdx*2xe

xk4 — 6kgkxbkk2kd*xk2ke*x*k4d + 48kakbkckdkk3kekx*k3 — 96kakckk2kdkkdkekk?2 — bkk3kx
dx*3*kex*3 + 12*¥b**2kckdr*d*ex*2 — AB*bkc**2xd**5xe + 64*cx*x3*xdx*6, Lambda(

t, _txlog(9x_txd**2kxex*x2/(2%a*xex*2 + bkxd¥e — 4*ckxd**2) + x)))

Giac [A] time = 1.12166, size = 306, normalized size = 1.44
1
v€[2x+(—da—n)3]
1 e(_3)
3(~de(-D)3 (4 cd? — bde - 2 ae?) (~de"

cxel™? — oy o+

1 1

\/5(4 (—dez)5 cd? - (—dez)§ bde -2 (—clez)é aez) arctan
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~6+b*x~3+a)/(e*x~3+d)~2,x, algorithm="giac")

[Out] c*x*e”™(-2) - 1/9%sqrt(3)*(4*x(-d*e”2)~(1/3)*cxd"2 - (-d*e~2)~(1/3)*b*d*e - 2
*x(-d*e”~2) "~ (1/3)*a*xe”2)*arctan(1/3*sqrt (3) *(2*x + (-d*e~(-1))"(1/3))/(-d*e"(
-1))7(1/3))*%e~(=3)/d"2 + 1/9%(4*cxd”2 - b*dxe - 2xa*xe”2)*(-dxe”(-1))~(1/3)*
e”(-2)*log(abs(x - (-d*xe~(-1))"(1/3)))/d"2 - 1/18x(4*x(-d*e~2)~(1/3)*c*d"2 -
(-d*e~2)~(1/3) *bxd*xe - 2*(-d*e”2)~(1/3)*a*xe”2)*e” (-3)*log(x~2 + (-d*e~(-1)
)T(1/3)*x + (—d*e”(-1))7(2/3))/d"2 + 1/3%(c*d"2*x - bxd*x*e + axx*e”2)xe” (-
2)/((x73xe + d)*d)
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6

a+bx3+cx
3.8 L[‘—a;;;;gyg'CZkf

Optimal. Leaf size=242

x (7cd2 — e(5ae + bd)) x (aez — bde + cdz) log (d2/3 — NdJex + ez/3x2) (e(5ae +bd) + 2cd2) log (\3/3 + %x) (e(E
1842 (d + ex?) ' 6d€2(d-+ex3)2 ) 54483713 " 274853

[Out] ((c*d™2 - b*d*e + a*xe™2)*x)/(6xd*xe"2x(d + e*xx~3)72) - ((7*c*xd~2 - ex(b*d +

5xaxe))*x)/(18*d"2xe"2x(d + exx"3)) - ((2*%c*d"2 + ex(bxd + 5*xaxe))*ArcTan[(

d~(1/3) - 2xe~(1/3)*x)/(Sqrt[3]1*d~(1/3))]1)/(9*Sqrt [3]*d~(8/3)*e~(7/3)) + ((

2%c*d”2 + ex(bxd + 5xaxe))*Logl[d™(1/3) + e (1/3)*x])/(27*d~(8/3)*e~(7/3)) -
((2%c*d™2 + ex(bxd + 5¥axe))*Logld~(2/3) - d~(1/3)*e~(1/3)*x + e~ (2/3)*x"2

1)/ (54%d~(8/3)*e~(7/3))

Rubi [A] time = 0.262446, antiderivative size = 242, normalized size of antiderivative

. . b f rul
1., number of steps used = 8, number of rules used = 8, integrand size = 22, T

0.364, Rules used = {1409, 385, 200, 31, 634, 617, 204, 628}

integrand size

x (7cd2 — e(5ae + bd)) x (aez — bde + cdz) log (d2/3 — VdJex + ez/3x2) (6(5116 +bd) + 2cd2) log ({’/E + \B’/Ex) (e(E
182 (d + ex3) ’ 6de? (d + ex3)2 B 5448/3¢713 " 27d8/3

Antiderivative was successfully verified.

[In] Int[(a + b*x"3 + c*x76)/(d + exx~3)"3,x]

[Out] ((c*d~™2 - bxd*e + axe~2)*x)/(6*%d*e”2*x(d + exx~3)"2) - ((7*c*d~2 - e*x(b*xd +

Bkaxe))*x)/(18%d"2%e"2%(d + e*x~3)) - ((2%c*xd"2 + ex(b*d + 5*axe))*ArcTanl[(

d~(1/3) - 2xe~(1/3)*x)/(Sqrt[3]1*d~(1/3))]1)/(9*Sqrt [3]*d~(8/3)*e~(7/3)) + ((

2%c*d"2 + ex(bxd + 5*xaxe))*Logl[d~(1/3) + e~ (1/3)*x])/(27+%d~(8/3)*e~(7/3)) -
((2%c*d~2 + ex(b*d + 5%axe))*Logl[d~(2/3) - d~(1/3)*e”(1/3)*x + e~ (2/3)*x"2

1)/ (54xd~(8/3)*e~(7/3))

Rule 1409

Int[((d)) + (e_)*x(x_)"(n_)) (g )*((a_) + (b_)*(x_)"(n_) + (c_)*(x_) " (n2_
)), x_Symbol] :> -Simp[((c*d”2 - b*d*e + axe”2)*xx(d + exx™n) (q + 1))/(dx*e
“2xn*(q + 1)), x] + Dist[1/(n*x(q + 1)*d*e”2), Int[(d + e*x"n)~(q + 1)*Simpl[
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c*d”2 - bxd*e + axe”2x(nx(q + 1) + 1) + ckxd*exn*x(q + 1)*x"n, x], x], x] /;
FreeQ[{a, b, ¢, d, e, n}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc, 0] && NeQ[
c*d”2 - bxd*e + axe”2, 0] && LtQ[q, -1]

Rule 385

Int[((a_) + (b_)*(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> -8
imp[((b*c - axd)*x*(a + b*x™n) " (p + 1))/(axb*nx(p + 1)), x] - Dist[(axd - b
xck(nx(p + 1) + 1))/(axb*xnx(p + 1)), Int[(a + b*x™n)~(p + 1), x], x] /; Fre
eQ[{a, b, c, d, n, p}, x] && NeQ[b*c - a*xd, 0] && (LtQlp, -11 || ILtQ[1/n +
p, 01)

Rule 200

Int[((a_) + (b_.)*(x_)~3)~(-1), x_Symbol] :> Dist[1/(3*Rt[a, 3]172), Int[1/(
Rtl[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]172), Int[(2*#Rt[a, 3] - R
t[b, 31*x)/(Rt[a, 3172 - Rtl[a, 3]1*Rt[b, 3]*x + Rt[b, 3172*x72), x], x] /; F
reeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]11/b, x] /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2xc), Int[1/(a + b*x + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] & NeQ[b~2 - 4x*axc, O]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])
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Rule 628
Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S

imp[(d*Log[RemoveContent [a + b*x + c*xx~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

cd?—e(bd+5ae)—6cdexd

f a+ bx® + cx® = (ccl2 — bde + an) x f (d+ex3)2 ax
(d + ex3)3 6de? (d + ex3)2 6de?
_ (cd? — bde + ae?) x ) (7cd? - e(bd + 5ae)) x N (2cd? + e(bd + Sae)) i d+1ex3
6de? (d + ex3)2 1842¢2 (d + ex3) 9d2¢2

(cd2 — bde + aez) x (7cd2 —e(bd + 5ae)) X (2cd2 + e(bd + 5ae)) f %%%x dx (chz +e(bd -
6de? (d + ex3)2 1822 (d + ex3) * 27d83¢2 +

(cd? - bde + ae?)x  (7cd? - e(bd + 5ae)) x  (2cd? + e(bd + 5ac)) log (Vd + vex) (20 + e(
6de? (cl + ex3)2 B 18d2¢2 (d + ex3) " 27d8/3¢7/3 -

(cd2 — bde + aez) X (7cd2 —e(bd + Sae)) x (chz +e(bd + 5ae)) log (\3/3 + \3/Ex) (2cd2 + el
6de? (d + ex3)2 ) 1842¢2 (d + ex3) " 27483713 a

\3/3—2 %/Zx

e () e
+

(cd2 — bde + aez) x (7cd2 — e(bd + 5ae)
6de? (d + ex3)2 18422 (d + ex3) - 9+/3d%/3¢7/3

Mathematica [A] time = 0.271054, size = 209, normalized size = 0.86

3423 %x(cdz (4d+7ex3)—e(ae(8d+5f3x3)+bd(ex3—2d)))

(d+ex3)2

~log (d2/3 — NdJex + eZ/SxZ) (e(Sae + bd) + 2cd2) -

+2log (\3/3 + %x) (e(5¢

5418/3¢7/3
Antiderivative was successfully verified.

[In] Integrate[(a + b*x"3 + c*x76)/(d + e*x"3)73,x]
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[Out] ((=3%d"(2/3)*e~(1/3)*xx*(c*d 2% (4*d + T*exx"3) - ex(bxd*(-2*d + e*x"3) + axe
*x(8xd + b*e*xx73))))/(d + exx"3)72 - 2*x3qrt[3]*(2%c*xd"2 + ex(b*d + Bkaxe))*A
rcTan[(1 - (2%e”(1/3)*x)/d~(1/3))/Sqrt[3]] + 2% (2%c*d”2 + ex(b*d + b*axe))*
Logl[d™(1/3) + e~ (1/3)*x] - (2%c*d"2 + ex(b*d + 5*axe))*Logl[d~(2/3) - d47(1/3
Yke”(1/3)*x + e7(2/3)*x72])/(54*d"(8/3)*e”(7/3))

Maple [A] time = 0.01, size = 362, normalized size = 1.5

1 (5aez+bde—7cd2)x4 (4aez—bde—2cd2)x 54 s[d)(d\ 3 b s[d
5 > + > + —Infx+4/- (—) + sInfx+4/- (
(ex3 +d) 18 d%e 9de 27 d%e ell\e 27 de e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x~6+b*x~3+a)/(e*x”~3+d)"3,x)

[Out] (1/18*%(5*xaxe”2+bxd*e-T*c*d"2)/d"2/e*xx"4+1/9* (dxaxe”2-b*xd*e-2*c*d"2)/d/e”2*x
)/ (exx~3+d) ~2+5/27/e/d~2/(d/e) " (2/3)*x1n(x+(d/e) ~(1/3))*a+1/27/e~2/d/(d/e) ~(
2/3)*1n(x+(d/e)~(1/3))*b+2/27/e73/(d/e) "~ (2/3) *1n(x+(d/e) ~(1/3))*c-5/54/e/d"
2/(d/e)”~(2/3)*1n(x"2-(d/e) " (1/3) *x+(d/e)~(2/3))*a-1/54/e~2/d/(d/e)~(2/3) *1n
(x"2-(d/e)~(1/3)*x+(d/e)~(2/3))*b-1/27/e"3/(d/e) ~(2/3)*1n(x"2-(d/e) " (1/3) *x
+(d/e)”(2/3))*c+5/27/e/d"2/(d/e) ~(2/3)*3~(1/2) *arctan(1/3*x3~(1/2)*(2/(d/e) "
(1/3)*x-1))*a+1/27/e~2/d/(d/e) " (2/3)*3~(1/2)*arctan(1/3*3"(1/2)*(2/(d/e) " (1
/3)*x-1)) *¥b+2/27/e~3/(d/e) " (2/3)*3” (1/2)*arctan(1/3*3~(1/2)*(2/(d/e) ~(1/3)*
x-1))*c

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~6+b*x~3+a)/(exx~3+d)~3,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [B] time = 1.39834, size = 2067, normalized size = 8.54

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~6+b*x~3+a)/(exx~3+d)~3,x, algorithm="fricas")

[Out] [-1/54%(3*(7*xcxd"4*e”2 - b*d~3%e”3 - b¥xa*xd™2*xe"4)*x"4 - 3*sqrt(1/3)*(2%c*d”
ke + bxd"4*xe”2 + b*xaxd"3xe”3 + (2%cxd"3%e”3 + b*d"2*e”4 + bxaxd*e”5)*x"6 +
2% (2xc*d"4*e”2 + b*d"3*e”3 + bxaxd"2xe”4)*x"3)*sqrt(-(d"2*e) " (1/3)/e)*1log(
(2%d*exx~3 - 3*%(d"2xe) " (1/3)*d*x - d72 + 3*sqrt(1/3)*(2*d*exx”2 + (d"2*e) (
2/3)*x - (d™2xe)~(1/3)*d) *sqrt(-(d"2xe)~(1/3)/e))/(exx”"3 + d)) + ((2%c*xd~2x
e”2 + bxd*e”3 + bkxaxe"4)*x"6 + 2xc*d"4 + bxd"3xe + bxaxd"2xe”2 + 2% (2*xc*xd”3
*e + b*d"2%e”2 + Bkakdxe”3)*x73)*(d"2%e) " (2/3)*log(d*exx”2 - (d"2%e)~(2/3)*
x + (d72xe)"(1/3)*d) - 2% ((2xc*d"2xe”2 + b*d*e”3 + Bkaxe”4)*x"6 + 2xc*d"4 +
b*d"3*e + b*xaxd"2*e”2 + 2x(2xc*d"3*e + b*d"2%e”2 + Bkxaxd*e”3)*x"3)*(d"2xe)
~(2/3)*log(d*exx + (d"2xe)~(2/3)) + 6%(2xc*d"bxe + bxd~4*e”2 - 4*axd~3*e”3)
*x)/(d"4%e"5*x"6 + 2*xd"b*e"4*xx"3 + d"6%e"3), -1/54*(3*x(7*cxd"4*e”2 - b*d 3%
e”3 - bxaxd"2xe"4)*x74 - 6%sqrt(1/3)*(2%c*d"5*e + b*d"4*e”2 + Bxaxd"3*e”3 +
(2%xc*xd"3%e”3 + b*d"2%e”4 + bkxaxd*e"5)*x"6 + 2%(2%c*kd"4*e”2 + b*d"3%e”3 + 5
xa*xd"2xe”4) *x"3) *sqrt ((d"2x*e) ~(1/3) /e) *arctan(sqrt (1/3) * (2% (d"2xe) ~(2/3) *x
- (d72xe) " (1/3)*d) *sqrt ((d"2*e)~(1/3)/e)/d"2) + ((2*c*xd"2*e”2 + bxd*e”3 + 5
*xaxe”4)*x"6 + 2xcxd”4 + bxd"3%e + bkaxd"24e”2 + 2x(2xcxd"3*e + bxd"2%e”2 +
Bxaxd*e”3)*x"3) *(d"2%e) ~(2/3) *log(d*xe*x~2 - (d~2%e)~(2/3)*x + (d"2%e)~(1/3)
xd) - 2x((2%cxd"2*e”2 + b*d*e”3 + bkaxe”4)*x”"6 + 2*xc*d"4 + bxd"3%e + 5xaxd”
2%e”2 + 2% (2%c*xd"3%e + b*d"2*e”2 + bxakxdxe”3)*x73)*(d"2%e) " (2/3)*Llog(d*xe*x
+ (d72%e)~(2/3)) + 6%(2%c*d"b*e + b*d"4*e”2 - 4xa*xd”3*e”3)*x)/(d"4*e”5xx"6
+ 2%d"5xe”4*x"3 + d"6%e"3)]

Sympy [A] time = 7.55052, size = 246, normalized size = 1.02

x* (5ae3 + bde? - 7cdze) +x (8ade2 — 2bd?%e - 4cd3)
18d4e2 + 3643e3x3 + 18d42%¢4x®

+ RootSum (19683t3d837 —125a%¢® — 75a?bde® — 150a%cd?e* — 15¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx**6+bxx**3+a)/ (e*x**3+d)**3,x)

[Out] (x*x*4x*(5xaxex*3 + bkxdxex*x2 — Txckxdxx2ke) + x*(8kaxdke*x*2 — 2xbkxd**2xe — 4x*c
*d*%3) ) / (18*d*x*dxex*2 + 36xd**3*ke*x*3*x**3 + 18*d**2kexx4xx*x*x6) + RootSum(19

683* _t**3xd**8kex*7 — 125*a*x*3xe*xx6 — THxaxx2xbkd*e**5 — 150*a*x*2*xckd**2kex*

%4 — 15%axbkxk2kd*x*k2ke*x*x4d — 60*kakxbkckd*xk3ke*x*x3 — 60kakckk2kd*kk4dkex*x?2 — bkk3kx
dx*3xe*x*x3 — Gxbk*k2kckxd*k*dkex*2 — 12¥bkck*x2*xd**5xe — 8xc**x3*xd**6, Lambda( t,
_t*log(27*_t*dx*3xe*xx2/ (bkaxe*x*x2 + bkdke + 2kckxd**2) + x)))
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Giac [A] time = 1.14512, size = 340, normalized size = 1.4

1 1

. . ! @[2x+(_de<—l>)§]
\/5(2 (—dez)3 cd? + (—d62)3 bde + 5 (—dez)3 aez) arctan

e(_3) 1

3 (—de(‘l))% (2 cd? + bde + 5 aez) (_de(—l))é ol

27 d3 27 d3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~6+b*x~3+a)/(e*xx~3+d)~3,x, algorithm="giac")

[Out] 1/27*sqrt(3)*(2x(-d*e”~2)~(1/3)*c*d"2 + (-d*e”2)~(1/3)*bxd*e + 5*x(-d*e”2)~ (1

/3)*a*xe”2)*arctan(1/3*sqrt (3) *(2*x + (-d*xe~(-1))~(1/3))/(-d*e”(-1))~(1/3))*

e~ (-3)/d"3 - 1/27*(2xc*d”~2 + bxd*e + b*axe~2)*(-dxe”(-1))~(1/3)*e~(-2)*Llog(

abs(x - (-d*xe”(-1))"(1/3)))/d"3 + 1/54*(2x(-d*e~2)~(1/3)*c*d"2 + (-d*e~2)"(

1/3) ¥b*xd*e + b5k (-d*e”2) 7 (1/3)*axe”2)*e”(-3)*log(x"2 + (-d*e”(-1))7(1/3)*x +
(—d*e”~(-1))7(2/3))/d"3 - 1/18*(T*cxd"2+x"4*e - bxd*x"4*e”2 - b¥a*xx 4*xe”3 +
4xc*kd"3*x + 2%b*xd"2*x*e - 8xaxdxx*e”2)*e”(-2)/((x"3*%e + d)7"2xd"2)
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X8 ex3
39 [

a+bx3+cx6
Optimal. Leaf size=132

1 b+2ex®
_(ace + bZ(_e) + de) log (LZ + b3 + Cx6) ) (3abce —2ac%d + b?cd + b3(—€)) tanh (\/ﬁ) N x3(cd — be) . ﬁ
6¢3 33Vh2 — 4ac 3c? 6c

[Out] ((c*d - bxe)*x73)/(3*%c™2) + (e*x76)/(6%c) - ((b72%ckd - 2%a*c™2*d - b™3*e +
3*axbxcke)*ArcTanh[(b + 2*c*x~3)/Sqrt[b~2 - 4*a*xc]])/(3*c~3*Sqrt[b~2 - 4x*a
*xc]) - ((bxc*d - b™2*%e + axckxe)*Logla + bxx~3 + c*x76])/(6*c~3)

Rubi [A] time = 0.217983, antiderivative size = 132, normalized size of antiderivative =

. . b f rul
1., number of steps used = 7, number of rules used = 6, integrand size = 25, T

integrand size
0.24, Rules used = {1474, 800, 634, 618, 206, 628}

1 b+2ex®
_(ace + bZ(_e) + bcd) log (tl + b3+ cx6) ) (3abce —2ac%d + bPcd + b3(—e)) tanh (\/%) .\ x3(cd — be) .\ @
6c3 3c3Vh? — dac 3¢? bc

Antiderivative was successfully verified.

[In] Int[(x"8%(d + e*x"3))/(a + b*x"3 + c*x76),x]

[Out] ((c*d - b*e)*x73)/(3*c™2) + (exx76)/(6%c) - ((b72%c*d - 2%axc”2xd - b7 3*xe +
3xaxbxc*e)*ArcTanh[(b + 2*c*xx~3)/Sqrt[b~2 - 4*axc]])/(3*c"3xSqrt[b~2 - 4*a
xc]) - ((bxc*d - b~™2%e + axc*e)*Logla + b*x"3 + c*xx"6])/(6%c”3)

Rule 1474

Int[(x )" (m_.)*((a_) + (c_D)*(x_)"(m2_.) + (b_)*(x_)"(n_)) (p_.)*x((d_) + (
e_.)*x(x_)"(n_))"(q_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)
/n] - 1)x(d + exx)"gx(a + b*x + c*x~2)7p, x], x, x"nl], x] /; FreeQ[{a, b, ¢
, d, e, m, n, p, q}, x] && EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

Rule 800

Int [(C(d_.) + (e_.)*(x_))"(m_)*((£f_.) + (g_.)*(x_)))/((a_.) + (b_.)*x(x_) +
(c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[((d + ex*x) mx(f + g*x))/(a
+ bxx + c*x72), x], x] /; FreeQ[{a, b, ¢, d, e, f, g}, x] && NeQ[b~2 - 4x*ax
c, 0] && NeQ[cxd~2 - bxdxe + a*e”2, 0] && IntegerQ[m]
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Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*xc*xd - bxe)/(2%c), Int[1/(a + b*x + c*x"2), x], x] + Distl[e/(2%c), In
t[(b + 2%c*x)/(a + b*¥x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x~2, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] || LtQ[b, 01)

Rule 628

Int[((d) + (e_)*(x ))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent[a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]

Rubi steps
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8 3
fde: %Subst(fmdx xx3)

a+ bx3 + cx® a+bx+cx2

1 d—b a(cd — be) + (bed — b2e + ace) x
= —SubSt f —C ) ¢ +g_ ( ) ( ) dx/x/x3
3 c c c? (a+bx+cx2)

Subst (f a(cd—be)+(bcd—bze+uce)x dx, X, x3)

_ (cd - be)x3 N ex® a+bx+ex?

- 32 6¢ 3c?

~ (cd - bo)® . ext (bcd — b2+ ace) Subst (f % dx, x, x3) . (bzcd —2ac%d - be + 3abce)

3¢ 6c 6c3 6¢
(cd - be)x®  ex® (bcd - b%+ ace) log (a +bx3 + cx6) (szd —2ac*d - be + 3ﬂbC€) Subst (

T T2 e 6c3 - 3c3

1 b+2ex3
~ (cd - be)x3 . exd (bzcd —2ac?d - bPe + 3abce) tanh (\/%) (bcd b+ ace) log (a +h

3c? 6c 33vVh2 — 4ac 6¢c3

Mathematica [A] time = 0.0654022, size = 126, normalized size = 0.95

2(3abce—21zczal+bzcd+b3 (—e)) tan™! (

Vdac-b?

b+2cx3 )

Viac-b2

+ (—ace + b%e — bcd) log (a +bx® + cx6) + 2cx3(cd — be) + c?ex®

6¢3
Antiderivative was successfully verified.

[In] Integrate[(x78%(d + e*x73))/(a + b*x"3 + c*x76),x]

[Out] (2%c*x(c*kd - b*e)*x™3 + c™2xexx™6 + (2%(b72*ckxd - 2*%axc™2xd - b™3%e + 3kaxbx
cxe)*ArcTan[(b + 2%c*x"3)/Sqrt[-b~2 + 4xaxc]])/Sqrt[-b~2 + 4*axc] + (-(b*cx
d) + b"2%e - axcxe)*Logla + b*x"3 + c*x76])/(6%c”3)

Maple [B] time = 0.004, size = 260, normalized size = 2.

ex®  bex® dyd In (cx6 +bx3 + a) ae In (cx6 +bx3 + a) b’e In (cx6 +bx® + a) bd  abe e 4 b
-+ — - + - + — arct +b)—
6c 3¢ 3¢ 62 6c3 6¢2 2 ¢ an(( cx )\/4—

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(x"8*(e*xx”~3+d)/(c*x~6+b*x~3+a),x)

[Out] 1/6*e*xx"6/c—1/3/c”2xb*e*x~3+1/3/c*d*x"3-1/6/c"2*x1n(c*x~6+b*x~3+a) *a*xe+1/6/c
~3*1n(c*x"6+bxx”"3+a) *b"2xe-1/6/c”2*1n(c*xx~6+b*x~3+a) *b*d+1/c~2/ (4*a*c-b~2) "
(1/2)*arctan((2*xc*x~3+b) / (d*xaxc-b"2) " (1/2)) *a*b*e-2/3/c/ (d*xaxc-b"2) " (1/2) *a
rctan ((2xc*x~3+b) / (4d*axc-b~2) " (1/2))*a*xd-1/3/c~3/ (4*axc-b~2) " (1/2) *arctan ((
2%c*xx~3+b) / (4*axc-b~2) " (1/2) ) *b~3*e+1/3/c”2/ (4*axc-b"2) " (1/2) *arctan ((2*c*x

~3+b) / (d*axc-b"2) " (1/2) ) *b~2x*d

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x™8*(e*xx~3+d)/(c*x"6+b*x~3+a),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 3.25384, size = 902, normalized size = 6.83

(bzc2 -4 ac3)ex6 +2 ((b2 24 ac3)d - (b3c —4 abcz)e)x3 + Vb2 -4 ac((bzc -2 acz)d - (b3 -3 abc)e) log

6 (b2C3 -4 ac4)

( 2 c2x0+2 bex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~8*(exx~3+d)/(c*x~6+b*x~3+a),x, algorithm="fricas")

[Out] [1/6%((b72%c™2 - 4xa*xc”3)*e*xx"6 + 2x((b"2xc™2 - 4*axc”3)*d - (b~3*%c - 4xaxb
xC"2)*%e)*x”3 + sqrt (b2 - 4xaxc)*((b~2*c - 2%axc”2)*d - (b~3 - 3*axb*c)*e)*
log((2*%c™2*x"6 + 2*b*cxx~3 + D72 - 2%a*xc - (2*%c*x"3 + b)*sqrt(b~2 - 4*axc))
/(c*x76 + b*x"3 + a)) - ((b73%c - 4xaxbxc”2)*d - (b~4 - bxaxb™2xc + 4*xa”2*c
~2)xe)*log(c*x™6 + b*x"3 + a))/(b72%c”3 - 4xaxc”4), 1/6%((b72%c”2 - 4*a*xc”3
)*kexx”6 + 2% ((b~2*%c™2 - 4xa*xc”3)xd - (b73*c - 4*axbxc”2)*e)*x"3 - 2*sqrt(-b

T2 + 4xaxc)*((b7™2xc - 2xaxc”2)*d - (b~3 - 3*axb*c)*e)*arctan(-(2*c*x~3 + b)

*sqrt (-b72 + 4xaxc)/(b72 - 4*axc)) - ((b7™3*%c - 4xa*xbxc™2)*d - (b™4 - 5*xa*b”

2%c + 4¥a”2xc”2)*e)*log(c*x"6 + b*xx"3 + a))/(b"2*c”3 - 4xaxc”4)]
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Sympy [B] time = 15.0021, size = 619, normalized size = 4.69

V—4ac+b? (3abce—2a

2a%ce — ab®e + abced + 12ac® (—
6c3(4ac—

V—4ac + b2 (Babce —2ac’d - be + bzcd) ace — b%e + bed
6¢3 (4ac - bz) 6c3

log|x® +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x*x8* (e*x**3+d)/(c*x**6+bxx**3+a) ,x)

[Out] (-sqrt(-4xaxc + b**2)*(3xaxb*cke - 2xaxc**x2+d - b**3*e + b¥*2xcxd)/ (6kcx*3x*
(4*axc - b*x*2)) - (axckxe — b*x2%e + bkxcxd)/(6%c**3))*log(x**3 + (2kax*2xcke
- axb**2%e + axbkxckd + 12*axc**3*(-sqrt(-4*akxc + bx*2)*(3xaxbkcxe — 2%a*ck
*2%d - b**3xe + b¥xx2xckd)/(6xckx*x3x (4dxaxc — b**x2)) — (akxcke - b**x2xe + b*xcxd
)/ (B6*%c**3)) — 3xbx*2kck*x2x (—sqrt (-4xaxc + bx*2)*(3*axb*cke - 2%a*xc**2xd - b
*x3%e + b*x2xcxd)/ (6kck*x3% (4dxaxc — b*x*2)) - (akxcke - bx*2xe + bxcxd)/(6*c*x*
3)))/ (3*xaxbkxcke — 2*akxck*2*xd — bx*3xe + b*x2xc*xd)) + (sqrt(-4*axc + bx*2)*(
3xaxbkckxe — 2kaxcx*2*xd — b*x3ke + b**2xc*d)/(6*%cx*3*(4d*xaxc — b*x2)) - (axcx
e — b*x2%e + bkxcxd)/(6*c**3))*log(x**x3 + (2xa*xx2*cke — axb*x2*e + axbxc*xd +
12*%axcx*3*% (sqrt (—4*a*xc + b**2)*(3xaxb*cke — 2xaxc*x2xd - b**3%e + b¥x*2xcxd
)/ (6kc*kx3% (4xaxc — bx*2)) - (akxcke - bx*2kxe + bxcxd)/(6*c**x3)) — 3xb*k*x2kck*
2% (sqrt (-4*xaxc + b**2)*x(3kaxbxckxe — 2kaxc**2xd — b**3%e + bx*2kckxd)/ (6*c*x*3
x(4d*xaxc - bx*2)) - (axcke — b*x*2kxe + bkxcxd)/(6xc**3)))/(3xa*xbxcke — 2kaxckx*
2xd — b**3xe + bx*2xcxd)) + exxx*6/(6xc) — x**3*x(b*xe - cxd)/(3xc**2)

Giac [A] time = 1.36096, size = 177, normalized size = 1.34

5 2 3 2cx3+b
cxfe 42 cdx® — 2 be . (bcd _ e+ ace) log (Cx6 b3+ a) . (b cd —2ac*d-b’e+3 abce) arctan (m)

6¢c 6c° 3V-b? +4accd

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~8*(exx~3+d)/(c*x~6+b*x~3+a),x, algorithm="giac")

[Out] 1/6*(c*x"6%e + 2%cxd*x”~3 - 2*%b*x"3*e)/c”2 - 1/6x(b*xc*d - b"2xe + axc*e)x*log
(c*x76 + b*x~3 + a)/c”3 + 1/3x(b"2%cxd - 2xa*c™2+d - b~3%e + 3*xaxbkcxe)*arc
tan((2*%c*xx™3 + b)/sqrt(-b~2 + 4xax*c))/(sqrt(-b~2 + 4*axc)*c”3)
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x5 ex3
310 [te) g

a+bx3+cx

Optimal. Leaf size=97

1 b+2ex®
(Zace + BP(=e) + bcd) tanh ( \/ﬁ) (cd - be) log (a b4 Cxe) o3
3c2Vb? - 4ac " 6¢2 " 3¢

[Out] (exx~3)/(3*c) + ((bxc*d - b"2xe + 2*axckxe)*ArcTanh[(b + 2*c*x~3)/Sqrt[b~2 -
4xaxc]])/(3xc~2xSqrt[b~2 - 4xaxc]) + ((cxd - b*e)*Logla + b*x”3 + c*xx"6])/
(6%c™2)

Rubi [A] time = 0.119684, antiderivative size = 97, normalized size of antiderivative =

. . b f rul
1., number of steps used = 6, number of rules used = 6, integrand size = 25, T

integrand size
0.24, Rules used = {1474, 773, 634, 618, 206, 628}

1 b+2cx®
(Zuce + b (—e) + bcd) tanh (\/%) (cd - be) log (a b3+ Cx6) o3
+ +—
3c2Vb? - 4ac 6¢2 3c

Antiderivative was successfully verified.

[In] Int[(x"5%(d + e*x"3))/(a + b*x"3 + c*x"6),x]

[Out] (exx~3)/(3*c) + ((bxcxd - b~2xe + 2*axcke)*ArcTanh[(b + 2*c*x~3)/Sqrt[b~2 -
4dxaxc]])/(3xc™2*Sqrt[b~2 - 4xaxc]) + ((cxd - bxe)*Logla + b*x"3 + c*x76])/
(6%c™2)

Rule 1474

Int[(x_ )" (m_.)*((a_) + (c_D)*(x_)"(m2_.) + (b_)*(x_)"(n_)) (p_.)*x((d_) + (
e_.)*x(x_)"(n_))"(q_.), x_Symbol] :> Dist[1/n, Subst[Int[x”(Simplify[(m + 1)
/n] - 1)x(d + exx)"gx(a + b*x + c*x~2)7p, x], x, x"nl], x] /; FreeQ[{a, b, ¢
, d, e, m, n, p, q}, x] && EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

Rule 773

Int [(((d_.) + (e_)*(x_))*((f_) + (g_.)*(x_)))/((a_.) + (b_.)*(x_) + (c_.)*
(x_)72), x_Symbol] :> Simp[(exg*x)/c, x] + Dist[1/c, Int[(cxd*f - a*xexg + (
cxexf + ckxdxg - bxexg)*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e
, T, g}, x] && NeQ[b~2 - 4xaxc, 0]
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Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*xc*xd - bxe)/(2%c), Int[1/(a + b*x + c*x"2), x], x] + Distl[e/(2%c), In
t[(b + 2%c*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] || LtQ[b, 0])

Rule 628

Int[((d) + (e_)*(x ))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent[a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

5 3
fde: %Subst(fmdx xx3)

a+ bx3 + cx® a+bx+cx2

3 Subst (IM dx, x, x3)

ex a+bx+cx?
= —+
3c 3c
b+2cx 3 2 3
B ox3 N (cd — be) Subst ( f —— dx, x, x ) (bcd —b%e + 2ace) Subst ( f — dx, x,x )
~ 3¢ 6c2 6c2
1
e . (cd — be) log (a b+ Cx6) . (bcd - PPe+ 2ace) Subst (f 2 A, x, b+ 2cx3)
~ 3¢ 6c2 3¢?

b+2cx3

-1
ox3 (bcd — b2 + 2uce) tanh (m) (cd - be) log (a b3+ cx6)
T 3c2Vb? - 4ac ’ 6c?
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Mathematica [A]

time = 0.0702844, size = 93, normalized size = 0.96

3
2(—2ace+bze—hcd) tan_l(%) s . s
e +(cd—be)log(a+bx + cx )+2cex
4ac—
62

Antiderivative was successfully verified.

[In] Integrate[(x75*(d + exx”3))/(a + b*x"3 + c*x76),x]

[Out] (2*xcxe*xx”3 + (2x(-(b*c*d) + b~2xe - 2xa*xcxe)*ArcTan[(b + 2*c*x73)/Sqrt[-b~2
+ 4xaxc]])/Sqrt[-b"2 + 4xa*xc] + (cxd - bxe)*Logla + b*x"3 + c*x76])/(6xc”2
)

Maple [A]

time = 0.003, size = 175, normalized size = 1.8

3 In(cx®*+bx®+a)be In(cx®+bx3+a)d 2
o ( ) + ( ) _ 2% arctan (2cx® +b)
3¢ 6 c2 6¢ 3¢

) ! + e t (2
—— arctan
Vaac— 2] Vaac— 12 3¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"5*(e*x”~3+d)/(c*x~6+b*x"3+a),x)

[Out] 1/3%e*xx"3/c-1/6/c”2*x1n(c*xx"6+b*x"3+a)*b*e+1/6/cx1n(c*x"6+bxx"3+a)*d-2/3/c/(
4xaxc-b~2) " (1/2)*arctan((2xc*xx~3+b)/(4*axc-b~2) " (1/2))*a*xe+1/3/c"2/ (4d*xa*xc-b

~2)"(1/2)*arctan ((2*c*x~3+b) / (d*a*xc-b"2) " (1/2) ) *b~2%xe-1/3/c/ (d*axc-b~2) "~ (1/
2)*arctan((2*xc*x~3+b) / (4d*axc-b"2) ~(1/2)) *xb*xd

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5*(e*x~3+d)/(c*x " 6+b*x"3+a),x, algorithm="maxima")

[Out] Exception raised: ValueError
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Fricas [A] time = 1.92803, size = 664, normalized size = 6.85

2 2x0+2 bex3+b2-2 ac+(2 cx3+b)\/ b2—4 ac

cxb+bx3+a

6 (b2c2 -4 ac3)

2 (bzc -4 acz)ex3 + (bcd -~ (b2 -2 ac)e)\/bz —4aclog (

) +((v?c - 4ac?)d - (b - 4al

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5*(e*xx~3+d)/(c*x~6+b*x~3+a),x, algorithm="fricas")

[Out] [1/6%(2%(b"2%c - 4xaxc”2)*exx”3 + (b*cxd - (b72 - 2%axc)*e)*sqrt(b™2 - 4*ax
c)*log((2xc™2*%x"6 + 2%b*c*xx”3 + b72 - 2%a*xc + (2%c*x"3 + b)*sqrt(b™2 - 4*ax
c))/(cxx™6 + b*x"3 + a)) + ((b™2xc - 4xa*xc”2)xd - (b~3 - 4xaxbxc)*e)*log(c*

X"6 + b*x"3 + a))/(b"2%c”2 - 4*xaxc”3), 1/6x(2%(b"2%c - 4*axc”2)*e*xx"3 + 2% (

b*xcxd - (b72 - 2%axc)*e)*sqrt(-b~2 + 4xaxc)*arctan(-(2xc*x~3 + b)*sqrt(-b~2

+ 4xaxc)/(b72 - 4xaxc)) + ((b72%c - 4xaxc”2)*d - (b™3 - 4xaxb*c)*e)*log(ck

X6 + b*x”"3 + a))/(b"2%c”2 - 4*axc”3)]

Sympy [B] time = 9.09558, size = 434, normalized size = 4.47

be — 12ac2 v —4uc+b2(2ace—bze+bcd) be—cd 2acd + 312 V-
V—4ac + b? (Zace — b2 + bcd) be — cd | s —abe— laac | = 6c2(4ac—1?) T ez | TAaca+obTc |- —
- - +
6c2(4ac—'b2) 6z | 5| 2ace — b2e + bed

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**5* (exx**3+d)/(cxx**6+b*x**3+a) ,x)

[Out] (-sqrt(-4*axc + b**2)*(2xa*xcke — bx*2xe + bxckd)/(6xc*x*2x(4d*axc — b**2)) -
(bxe - c*d)/(6*xcx*2))*log(x**3 + (-—axbkxe - 12xa*cx*2x(-sqrt(-4*xa*xc + b**2)x*
(2*%axcxe - b**2ke + bxcxd)/(6*cx*2%(4d*axc - b**x2)) - (b*e - c*xd)/(6*cx*2))

+ 2xaxc*xd + 3xbx*2kxcx(—sqrt(-4*xaxc + b**2)x(2xaxckxe - b**2*e + bxcxd)/(6*xcx

*x2% (4xaxc — bx*x2)) - (bxe - c*d)/(6*c**2)))/(2xa*xckxe — bx*2xe + bxckxd)) + (

sqrt (-4*xaxc + b*x2)*(2%akxcxe — b**2%e + bkxcxd)/(6xc**2* (4*axc - b*xx2)) - (b

xe — cxd)/(6*xc*x*2))*log(x**3 + (—axbxe - 12xa*xcx*2*x(sqrt(-4xa*xc + b*x*2)* (2%
axckxe — b**2kxe + bkxckxd)/(6xcx*x2%(dxaxc — b**2)) - (bxe - c*d)/(6*c*x2)) + 2
xaxckxd + 3xbx*k2xcx(sqrt(-4*axc + b¥*2)*(2%a*xcke - b¥*2xe + bkckxd)/ (6xck*2x(
4xaxc - b**2)) - (bxe - c*d)/(6*xcx*2)))/(2%a*xcke — b**2xe + bkckxd)) + e*x*x
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3/(3%*c)

Giac [A] time = 1.35018, size = 128, normalized size = 1.32

2 2cx3+4b
e (cd—be)log (Cx6 + b3+ a) (bcd - b%e+ Zace) arctan (m)

_+ —_
3¢ 6¢2 3V-b2 + 4 acc?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x”5*(e*x~3+d)/(c*x~6+b*x~3+a),x, algorithm="giac")

[Out] 1/3*x73%e/c + 1/6%(c*d - b*e)*log(c*x~6 + b*x"3 + a)/c”2 - 1/3*%(b*cxd - b~2
*xe + 2%axckxe)*arctan((2*xc*xx~3 + b)/sqrt(-b~2 + 4xa*xc))/(sqrt(-b~2 + 4*axc)x*

c”2)
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x2 ex3
311 [t g

a+bx3+cx6
Optimal. Leaf size=72

1 { b+2cxB
€10g (61 + b3 + cx6) B (ZCd - be) tanh (m)
6c 3cVb? - 4ac

[Out] -((2%c*d - bxe)*ArcTanh[(b + 2%c*x"3)/Sqrt[b~2 - 4*axc]])/(3*c*Sqrt[b™2 - 4
xaxc]) + (exLogla + b*x~3 + c*x76])/(6%*c)

Rubi [A] time = 0.0731691, antiderivative size = 72, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 25, e =

integrand size
0.2, Rules used = {1468, 634, 618, 206, 628}

1 { b+2cx3
elog (a + bx® + cxf) B (2¢d — be) tanh (\/&)
6c 3cVb? - 4ac

Antiderivative was successfully verified.

[In] Int[(x"2%(d + exx"3))/(a + b*x"3 + c*x76),x]

[Out] -((2%cxd - b¥e)*ArcTanh[(b + 2%c*x~3)/Sqrt[b~2 - 4*axc]])/(3*c*Sqrt[b™2 - 4
xaxc]) + (exLogla + b*x~3 + c*x76])/(6%*c)

Rule 1468

Int[(x_)"(m_.)*((a_) + (c_)*(x_)"(m2_.) + (b_)*(x_)"(m_ D)) (p_.)*((d_) + (
e_)*(x )" (n_))"(q_.), x_Symbol] :> Dist[1/n, Subst[Int[(d + e*x) g*(a + bx
X + ¢c*x"2)7p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q}, x] & E
qQ[n2, 2*n] && EqQ[Simplify[m - n + 1], O]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*d - bxe)/(2*xc), Int[1/(a + b*x + c*xx"2), x], x] + Distl[e/(2*%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618
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Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 628

Int[((d) + (e_)*(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*xx~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

a+ bx3 + cx® a+ bx + cx?

X2 (d + ex® 1
fgdx: ESubst (fm—wdx,x,xg’)

b+2
) e Subst ( f ﬁ dx, x, x3) X (2cd — be) Subst ( f ——dxx, x3)
B 6¢ 6c
elog (,1 + b3+ cx6) (2cd — be) Subst (f m dx,x,b+ 2cx3)
B 6c - 3c
1 b+2ex3
~ (2cd~be)tanh (—bz_m) elog(a+ e+t
3cVb? - 4ac 6¢

Mathematica [A] time = 0.0500176, size = 71, normalized size = 0.99

2(be—2cd) tan_l(

Vdac—b?

b+2cx3 )
Viac-b?

elog (a + bx® + cx6) -

6c

Antiderivative was successfully verified.

[In] Integrate[(x"2*(d + e*x73))/(a + b*x"3 + c*x76),x]
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[Out] ((-2%(-2*c*d + b*e)*ArcTan[(b + 2%c*x73)/Sqrt[-b~2 + 4*axc]])/Sqrt[-b"2 + 4
xaxc] + exLogla + b*x”3 + c*xx"6])/(6%c)

Maple [A] time = 0.002, size = 99, normalized size = 1.4

eln(cx® +bx®>+a) 24
( = ) 5 arctan ((2 cx® 4+ b)

1 1 b 1 1
_ % arctan (2cx3 +b) )
Vaac - b?

Vaac-p?2) Vaac-p?2 3¢ Vdac - 12

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*(e*x~3+d)/(c*x~6+b*xx~3+a) ,x)

[Out] 1/6*ex1ln(cxx~6+b*xx~3+a)/c+2/3/(4xa*xc-b~2) " (1/2)*arctan((2xc*x"3+b)/(4*xa*xc-b
~2)7(1/2))*d-1/3/ (4*a*xc-b~2) " (1/2) *arctan((2*xc*x"3+b) / (4d*xaxc-b~2) ~(1/2) ) *ex
b/c

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(exx~3+d)/(c*x~6+b*x~3+a),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.44533, size = 481, normalized size = 6.68

2 2x042 bex3+b2-2 ac+ (2 ox3 +b) Vbh2—-4 ac

cx6+bx3+a

) (b2 - 4ac)elog (cx6 +b

7

(bz -4 ac)elog (cx6 + b2 + a) — Vb2 —4ac(2cd - be) log (

6 (bzc -4 acz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(exx~3+d)/(c*x~6+b*x~3+a),x, algorithm="fricas")
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[Out] [1/6x((b~2 - 4xaxc)*exlog(c*x™6 + b*x~3 + a) - sqrt(b™2 - 4xaxc)*(2xcxd - b
xe)*x1og ((2%xc™2*%x"6 + 2%bkc*xx™3 + b72 - 2%a*xc + (2%c*x”3 + b)*sqrt(b™2 - 4*a
xc))/(cxx™6 + b*x"3 + a)))/(b"2*%c - 4xaxc”2), 1/6%((b72 - 4xax*c)*exlog(c*x”

6 + b*x"3 + a) - 2*sqrt(-b~2 + 4xaxc)*(2xc*d - b*e)*arctan(-(2%c*x~3 + b)x*s
qrt(-b~2 + 4x*xaxc)/(b~2 - 4xa*xc)))/(b~2%c - 4*axc™2)]

Sympy [B] time = 4.38941, size = 287, normalized size = 3.99

N ayyen _12ac [ £ - YAackPle2ed)) Lo gpe (£ VoAackPle2ed))
e —4ac + b2 (be — 2cd) | 5, 6c 6c(4ac—b?) o oc(dac—1?) . . .
og|x e
° be - 2cd 6c

6c 6¢c (4ac - bz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**2* (e*x**3+d)/(c*xx**6+bxx**3+a) ,x)

[Out] (e/(6%c) - sqrt(-4*a*xc + bxx2)*(b*e - 2xc*d)/(6xck(4dxaxc - b**2)))*log(x**3
+ (-12xaxcx(e/(6xc) - sqrt(-4*axc + b**2)*(b*e - 2*c*d)/(6*c*(dxaxc — b**2

))) + 2%axe + 3xb*x*2%(e/(6%c) - sqrt(-4*xaxc + b**2)*(b*xe - 2%cxd)/(6xc*(4*a

xC — b**2))) - bxd)/(bxe - 2*cxd)) + (e/(6%c) + sqrt(-4*axc + b**2)*(b*xe -
2%c*d) / (6*c* (dxaxc — b**2)))*log(x**3 + (-12*a*xc*(e/(6%c) + sqrt(-4*a*c + b

*x*%2)k (bkxe — 2xc*xd)/(6*cx(4dxaxc — b**2))) + 2*axe + 3xb**x2*(e/(6%c) + sqrt(-

4xaxc + bx*2)*x(bxe — 2xcxd)/(6xcx(4d*xaxc — b*x2))) - b*d)/(b*e - 2%c*d))

Giac [A] time = 1.37539, size = 95, normalized size = 1.32

2ex3+b
elog (Cx6 b3+ a) . (2 cd — be) arctan (\/ﬁ)

6c 3vV-b%+4acc

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(exx~3+d)/(c*x~6+b*x~3+a),x, algorithm="giac")

[Out] 1/6*exlog(c*x”6 + b*xx~3 + a)/c + 1/3%(2xcxd - b*e)*arctan((2*c*x~3 + b)/sqr
t(-b"2 + 4x*axc))/(sqrt(-b~2 + 4*axc)*c)



108

312 [ e gy

a+bx3+cx6)

Optimal. Leaf size=78

1 { b+2cx®
(bd — 2ae) tanh (\/ﬁ) dlog (a +bx® + cxs) . dlog(x)
3aVb? - 4ac 6a ¢

[Out] ((b*d - 2xaxe)*ArcTanh[(b + 2xc*x~3)/Sqrt[b~2 - 4xaxc]])/(3*a*Sqrt[b~2 - 4%
axc]) + (dxLog[x])/a - (d*Logla + b*x~3 + c*xx76])/(6*a)

Rubi [A] time = 0.127953, antiderivative size = 78, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 25, e e =

0.24, Rules used = {1474, 800, 634, 618, 206, 628}

integrand size

1 { b+2cxd
(bd — 2ae) tanh (\/%) dlog (a + bxd + cx6) . dlog(x)
3aVb? - dac 6a 4

Antiderivative was successfully verified.

[In] Int[(d + exx"3)/(x*x(a + b*x"3 + c*x"6)),x]

[Out] ((b*d - 2xaxe)*ArcTanh[(b + 2xc*x~3)/Sqrt[b~2 - 4xaxc]])/(3*a*Sqrt[b~2 - 4%
axc]) + (dxLog[x])/a - (d*Logla + b*x~3 + c*xx~6])/(6*a)

Rule 1474

Int[(x_)"(m_D*((a_) + (c_)*(x_)"(m2_.) + (b_)*(x_)"(m D)) (p_.)*((d_) + (
e_.)x(x_)"(n_))"(q_.), x_Symbol] :> Dist[1/n, Subst[Int[x”(Simplify[(m + 1)
/n] - 1)x(d + exx)"gx(a + b*¥x + c*¥x"2)7p, x], x, x"n], x] /; FreeQ[{a, b, c
, d, e, m, n, p, q}, x] && EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

Rule 800

Int[(((d_.) + (e_)*(x_))"(m )*x((£_.) + (g_.)*(x_)))/((a_.) + (b_.)*(x_) +
(c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[((d + e*x) mx(f + g*x))/(a
+ b*x + c*x72), x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] && NeQ[b~2 - 4x*ax
c, 0] && NeQ[c*d"2 - bxd*e + a*e”2, 0] && IntegerQ[m]

Rule 634
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Int[((d_.) + (e_D)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*c*d - bxe)/(2xc), Int[1/(a + b*x + c*x72), x], x] + Dist[e/(2%c), In
t[(b + 2xc*xx)/(a + bxx + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 628

Int[((d) + (e_.)x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x72, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rubi steps

d 3 1 d
f rex dx = — Subst f rex dx, x, x>
X (a + bad + cx6) 3 X (a + bx + cxz)
1 i —bd+ae—cd
= — Subst f 4 Taraemax dx, x, x3
3 ax g (a +bx + cxz)

—bd+ae—cdx 3
_ dlog(x) N Subst (f a+bx+cx? dx, x, x )

a 3a
b+2cx 3 1 5
_ dlog(x) ) d Subst (f 7 dx, x, x ) . (=bd + 2ae) Subst (f o dx, x, x )
- a 6a 6a
1
dlog(x) dlog (a +bx3 + cx6) (=bd + 2ae) Subst (f P dx,x, b+ 2cx3)
S 6a B 3a

b+2cx3

-1
B (bd — 2ae) tanh (m) , dlog@) _ dlog (a + bx® + cxf)
3aVb? - dac a 6a
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Mathematica [C] time = 0.0336629, size = 80, normalized size = 1.03

#13cd log(x—#1)—ae log(x—#1)+bd log(x—#1) &]

3 6
dlog(x) ) RootSum [#1 b+#1°c+ a&, R

a 3a

Antiderivative was successfully verified.

[In] Integrate[(d + e*x"3)/(x*(a + b*x"3 + c*x76)),x]

[Out] (d*Loglx])/a - RootSum[a + b*#173 + c*#176 & , (bxdxLoglx - #1] - axexLoglx
- #1] + cxd*Loglx - #11*#173)/(b + 2xc*#173) & 1/(3%a)

Maple [A] time = 0.006, size = 106, normalized size = 1.4

dln(x) dln (cx6 + b3 + a) De ( 1 1 (
-~ + —arctan|(2cx® + b) — —arctan|(2cx® + b)———— | —
a 6a 3 Vaac-1?) Vaac-12 3a Vaac-12] .

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx~3+d)/x/(c*x"6+b*x~3+a) ,x)

[Out] d*1n(x)/a-1/6*d*1n(c*x"6+b*x"3+a)/a+2/3/(4d*xaxc-b"2) (1/2)*arctan((2*c*xx~3+b
)/ (dxaxc-b~2)~(1/2))*e-1/3/a/(dxaxc-b~2) " (1/2)*arctan ((2*xc*xx"3+b) / (d*axc-b~
2)7(1/2)) *b*d

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x”3+d)/x/(c*x"6+b*x"3+a),x, algorithm="maxima")

[Out] Exception raised: ValueError
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Fricas [A] time = 2.19806, size = 556, normalized size = 7.13

22x04+2 bex3+b2-2 ac—(Z cx3+b)\/ b2—4ac

cx6+bx3+a

(bz -4 ac)d log (cx6 +bx® + a) -6 (bz -4 ac)d log (x) + Vb2 — 4 ac(bd - 2 ae) log(

6@#—4%@

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~3+d)/x/(c*x”6+b*x~3+a),x, algorithm="fricas")

[Out] [-1/6%((b~2 - 4xaxc)*d*log(c*x™6 + b*x"3 + a) - 6*%(b"2 - 4*axc)*d*xlog(x) +
sqrt(b™2 - 4xaxc)*(bxd - 2xa*e)*log((2*c™2%x"6 + 2*%b*xc*x~3 + b~2 - 2%a*xc -
(2xc*x™3 + b)*sqrt(b™2 - 4xa*xc))/(c*x™6 + b*x"3 + a)))/(a*b™2 - 4*a~2%c), -
1/6%((b7™2 - 4x*axc)*d*log(c*x™6 + b*x"3 + a) - 6%(b"2 - 4*axc)*dxlog(x) - 2%

sqrt (-b~2 + 4x*axc)*(bxd - 2*axe)*arctan(-(2*c*x"3 + b)*sqrt(-b~2 + 4x*axc)/(

b~2 - 4xaxc)))/(axb”2 - 4*a~2x%c)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx**3+d)/x/(cxx**6+b*x**3+a) ,x)

[Out] Timed out

Giac [A] time = 1.38437, size = 103, normalized size = 1.32

2cx3+b
dlog (cx6 b+ a) X dlog (Jx|) ) (bd — 2 ae) arctan( ——b2+4uc)

6a a 3V-b2+4aca

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d)/x/(c*x"6+b*x~3+a),x, algorithm="giac")

[Out] -1/6xd*log(c*x~6 + b*x~3 + a)/a + d*log(abs(x))/a - 1/3*(bxd - 2*axe)*arcta
n((2xc*x"3 + b)/sqrt(-b"2 + 4*a*xc))/(sqrt(-b~2 + 4xaxc)=*a)
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313 [ B gy

a+bx3+cx6)

Optimal. Leaf size=112

2 1 b+2ex®
(_abe - ZIZCd + b d) tanh (m) .\ (bd _ ae) log (ﬂ + bx3 + Cx6) log(x)(bd _ ae) d
322V — dac 62 & 3’

[Out] -d/(3*a*xx~3) - ((b"2*d - 2%a*c*d - axb¥e)*ArcTanh[(b + 2xc*x73)/Sqrt[b”2 -
4xaxc]])/(3*a~2+Sqrt [b~2 - 4xaxc]) - ((bxd - a*e)*Loglx])/a"2 + ((bxd - axe
)xLogl[a + b*x~3 + c*x76])/(6*a~2)

Rubi [A] time = 0.197486, antiderivative size = 112, normalized size of antiderivative =

. . b f rul
1., number of steps used = 7, number of rules used = 6, integrand size = 25, e L

integrand size
0.24, Rules used = {1474, 800, 634, 618, 206, 628}

» 1 b+2cx®
(—ube —2acd + b d) tanh (m) . (bd - ae) log (a b3+ Cx6) log(x)(bd — ae)  d
302V — dac 62 & 307

Antiderivative was successfully verified.

[In] Int[(d + e*xx~3)/(x"4*(a + b*x~3 + c*xx"6)),x]

[Out] -d/(3*a*x73) - ((b~2*d - 2*a*c*d - axb*e)*ArcTanh[(b + 2%c*x~3)/Sqrt[b~2 -
4xaxc]])/(3*xa"2xSqrt[b~2 - 4xaxc]) - ((bxd - axe)*Loglx])/a"2 + ((b*d - axe
)*Logla + b*x"3 + cxx"6])/(6%a"2)

Rule 1474

Int[(x )" (m_.)*((a_) + (c_D)*(x_)"(m2_.) + (b_)*(x_)"(n_)) (p_.)*x((d_) + (
e_.)*x(x_)"(n_))"(q_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)
/n] - 1)x(d + exx)"gx(a + b*x + c*x~2)7p, x], x, x"nl], x] /; FreeQ[{a, b, ¢
, d, e, m, n, p, q}, x] && EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

Rule 800

Int [(C(d_.) + (e_.)*(x_))"(m_)*((£f_.) + (g_.)*(x_)))/((a_.) + (b_.)*x(x_) +
(c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[((d + ex*x) mx(f + g*x))/(a
+ bxx + c*x72), x], x] /; FreeQ[{a, b, ¢, d, e, f, g}, x] && NeQ[b~2 - 4x*ax
c, 0] && NeQ[cxd~2 - bxdxe + a*e”2, 0] && IntegerQ[m]
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Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*xc*xd - bxe)/(2%c), Int[1/(a + b*x + c*x"2), x], x] + Distl[e/(2%c), In
t[(b + 2%c*x)/(a + b*¥x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x~2, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] || LtQ[b, 01)

Rule 628

Int[((d) + (e_)*(x ))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent[a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]

Rubi steps
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d 3 1 d
f rex dx = = Subst f rex dx, x, x3
x4 (a + bad + cx6) 3 x? (a +bx + cxz)

1 - 2d — acd — -
_ Dbt f iz N bd2+ ae N b=d — acd — abe + c(bd — ae)x i, x,
3 ax acx a2 (u +bx + cxz)

b?d—acd—abe+c(bd—ae)x 3
d (bd - 616) log(x) + Subst (f a+bx+cx? dx’ X, X )

T 38 a2 3a2

b+2cx 3 2 7
4 (bd — ae) log(x) . (bd — ae) Subst (f o dx, x, x ) . (b d—2acd — abe) Subs
© 3ax3 a2 642 64-
__ 4 (bd-ae)log(x)  (bd-ac)log (a+b®+cx®) (v7d — 2acd - abe) Subst (f pan
~ 3ax3 a2 642 342

b+2cx3

-1
o d (bZd —2acd - abe) tanh (\/ﬁ) (b - a0) log(x) . (bd - ae) log (a b3+

e 322Vh2 — 4ac a2 6a?

Mathematica [C] time = 0.0521102, size = 130, normalized size = 1.16

~#13ace 10g(x—#1)+#13hcd log(x—#1)—abe log(x—#1)—acd log(x—#1)+b2d log(x—#1) &]
F#ert , log(ae—bd)
3a2 a2 3

RootSum [#13b +#1% + a&,

Antiderivative was successfully verified.

[In] Integratel[(d + e*x"3)/(x"4*(a + b*x"3 + c*x"6)),x]

[Out] -d/(3*%a*xx~3) + ((-(b*d) + akxe)*Logl[x])/a"2 + RootSum[a + b*#173 + c*#176 &
, (b™2xd*Log[x - #1] - a*cxd*Logl[x - #1] - axbkxexLogl[x - #1] + b*ckdxLogl[x
- #1]*#173 - axcxexLoglx - #1]*#173)/(b + 2xc*#173) & ]/(3*a"2)

Maple [A] time = 0.009, size = 191, normalized size = 1.7

1 ) 1
Vdac-1p2) Vaac

d 1 In()d In(cx®+bx3+a)e In(cx®+0bx®+a)bd
- + nwe bln®d ( ) + ( ) —Earctan (2cx® +b)
3ax3 a a? 6a 6 a? 3a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x~3+d)/x"4/(c*x"6+b*x~3+a),x)
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[Out] -1/3*d/a/x"3+1/a*1n(x)*e-1/a"2*1n(x)*b*xd-1/6/a*1ln(c*x"6+b*xx~3+a)*xe+1/6/a" 2%
In(c*x~6+b*x~3+a)*b*d-1/3/a/ (4*a*c-b~2) " (1/2) *arctan ((2*c*x~3+b) / (4*a*c-b~2

)~ (1/2))*b*xe-2/3/a/ (4d*axc-b"2) "~ (1/2)*arctan ((2*c*x~3+b) / (4d*axc-b"2) ~(1/2) ) *
cxd+1/3/a"2/ (4*a*xc-b"2) " (1/2)*arctan((2*c*x"3+b) / (4d*axc-b~2) ~(1/2) ) *b~2*d

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d)/x"4/(c*x~6+b*x~3+a),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 4.11086, size = 845, normalized size = 7.54

(abe —~ (bz -2 ac)d)\/bz — 4 acx®log (ZC2

x0+2 bex3+b2-2 ac+(2 cx3+b)\/b2—4 ac

cxb+bx3+a

) + ((b3 - 4abc)d - (ab2 -4 azc)e)x3 log (cx6 -

6 (a2b2 -4 a3c)x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d)/x"4/(c*x~6+b*x~3+a),x, algorithm="fricas")

[Out] [1/6%((axb*xe - (b~2 - 2*axc)*d)*sqrt(b™2 - 4xax*xc)*x"3*log((2%c™2%xx"6 + 2*bx*
c*x73 + b72 - 2%akxc + (2%c*xx"3 + b)*sqrt(b”2 - 4xaxc))/(c*x"6 + b*xx"3 + a))

+ ((b73 - 4xaxbxc)*d - (a*b™2 - 4*a”2xc)*e)*x"3xlog(c*x™6 + b*x"3 + a) - 6
*((b73 - 4xaxb*xc)*d - (axb”2 - 4xa~2xc)*e)*x"3xlog(x) - 2*x(a*b”™2 - 4xa~2%c)
xd)/((a"2%b72 - 4*%a~3xc)*x73), 1/6*%(2x(axbxe - (b™2 - 2%axc)*d)*sqrt(-b~2 +

4xaxc)*x"3*arctan(-(2xc*x”3 + b)*sqrt(-b~2 + 4xaxc)/(b"2 - 4xaxc)) + ((b~3

- 4xaxbxc)*d - (axb™2 - 4*a~2x*c)*e)*x"3*log(c*x”6 + b*xx~3 + a) - 6%x((b"3 -

4xaxbxc)*d - (axb™2 - 4*a”~2xc)*e)*x"3xlog(x) - 2x(axb™2 - 4*xa~2xc)*d)/((a”
2¥b~2 - 4*a”3%c)*x"3)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**3+d)/x**4/(c*xx**6+bxx**3+a) ,x)

[Out] Timed out

Giac [A] time = 1.36632, size = 173, normalized size = 1.54

2cx3+b

2
(bd — ae) log (cx6 +bx3 + a) (bd — ae) log (|x|) . (b d-2acd - abe) arctan (m) .\ bdx® — ax3e — ad

6 a2 a? 3V_D2 + 4 aca? 3a2x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~3+d)/x~4/(c*x"6+b*x~3+a),x, algorithm="giac")

[Out] 1/6*(b*d - a*e)*log(c*xx™6 + b*x~3 + a)/a"2 - (bxd - axe)*log(abs(x))/a"2 +
1/3%(b"2xd - 2%a*xcxd - axbke)*arctan((2xc*x~3 + b)/sqrt(-b~2 + 4xax*xc))/(sqr
t(-b72 + 4xaxc)*a”2) + 1/3*%(b*d*x"3 - a*x"3%e - axd)/(a"2*x"3)
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x4 ex3
314 [e) g

a+bx3+cx6
Optimal. Leaf size=723

20 3 2/3 2
(—% —be + cd) log (—\3/5\3/535\/17 - Vb2 - dac + (b - Vb2 - 411(:) + 22/3c2/3x2) . (% —be + cd
3
6 2213¢53+]b — Vb2 — dac

[Out] (exx"2)/(2%c) - ((c*d - bxe - (b*cxd - b~2%e + 2%axc*e)/Sqrt[b~2 - 4*axc])x*
ArcTan[(1 - (2%27(1/3)*c™(1/3)*x)/(b - Sqrt[b~2 - 4*a*xc])~(1/3))/Sqrt[3]1)/
(27(2/3)*Sqrt [3]1*xc~(5/3)*(b - Sqrt[b~2 - 4xa*xc])~(1/3)) - ((c*d - bxe + (bx
cxd - b"2xe + 2*axcxe)/Sqrt[b~2 - 4xaxc])*ArcTan[(1 - (2%27(1/3)*c”(1/3)*x)
/(b + Sqrt[b™2 - 4*axc])~(1/3))/Sqrt[3]1]1)/(27(2/3)*Sqrt[3]1*c~(5/3)*(b + Sqr
t[b~2 - 4*xaxc])~(1/3)) - ((cxd - b*xe - (b*cxd - b~2*e + 2xaxc*e)/Sqrt[b~2 -
4xaxc])*Log[(b - Sqrt[b~™2 - 4*a*xc])~(1/3) + 27(1/3)*c~(1/3)*x])/(3*27(2/3)
xc~(5/3)*%(b - Sqrt[b~2 - 4xa*xc])~(1/3)) - ((c*d - b*e + (b*cxd - b~ 2*e + 2%
axckxe)/Sqrt [b™2 - 4xaxc])*Log[(b + Sqrt[b~2 - 4*axc])~(1/3) + 27(1/3)*c”~(1/
3)*xx])/(3%27(2/3)*c”(5/3)*(b + Sqrt[b~2 - 4xaxc])~(1/3)) + ((c*d - bxe - (b
xcxd - b"2%xe + 2%axcke)/Sqrt[b~2 - 4xaxc])*Logl(b - Sqrt[b~2 - 4*axc])~(2/3
) = 27(1/3)*c”(1/3)*(b - Sqrt[b~2 - 4xaxc])~(1/3)*x + 27(2/3)*c”(2/3)*x"2])
/(6%x27(2/3)*c~(5/3)*(b - Sqrt[b~2 - 4*axc])~(1/3)) + ((cxd - bxe + (bxcxd -
b~2%e + 2*axcxe)/Sqrt[b~2 - 4*axc])*Logl[(b + Sqrt[b~2 - 4xaxc])~(2/3) - 2~
(1/3)*c™(1/3)*(b + Sqrt[b™2 - 4xaxc])”~(1/3)*x + 27(2/3)*c”(2/3)*x~2])/(6*2~
(2/3)*c~(5/3)*(b + Sqrt[b~2 - 4xaxc])~(1/3))

Rubi [A] time = 1.81328, antiderivative size = 723, normalized size of antiderivative =
95 number of rules
b

1., number of steps used = 14, number of rules used = 8, integrand size =
0.32, Rules used = {1502, 1510, 292, 31, 634, 617, 204, 628}

integrand size

2 3 23 2_
(——zuCH_:z(_:Z:de —be+ cd) log (—\3/5\3/53(\/17 - Vb? - 4ac + (b - Vb2 - 4ac) + 22/3c2/3x2) . (Zm’ur— ZZ(__;):M —be + cd
3
6 223¢534/b — Vb2 - dac

Antiderivative was successfully verified.

[In] Int[(x"4%(d + e*x"3))/(a + b*x"3 + c*x76),x]
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[Out] (exx™2)/(2%c) - ((c*d - bke - (b*ckd - b™2%e + 2kaxcke)/Sqrt[b~2 - 4xaxc])*
ArcTan[(1 - (2%27(1/3)*c~(1/3)*x)/(b - Sqrt[b™2 - 4*a*c])~(1/3))/Sqrt[311)/
(27(2/3)*Sqrt [3]1*c~(5/3)*(b - Sqrt[b~2 - 4xa*xc])~(1/3)) - ((c*d - b*xe + (bx
cxd - b72xe + 2xaxcxe)/Sqrt[b~2 - 4xaxc])*ArcTan[(1 - (2%x27(1/3)*c”(1/3)*x)
/(b + Sqrt[b~2 - 4xaxc])~(1/3))/Sqrt[311)/(27(2/3)*Sqrt [3]*c~(5/3)*(b + Sqr
t[b~2 - 4xaxc])~(1/3)) - ((cxd - b*e - (b*cxd - b~2*e + 2xaxc*e)/Sqrt[b”2 -
4xaxc])*Log[(b - Sqrt[b~2 - 4*axc])”~(1/3) + 27(1/3)*c~(1/3)*x])/(3%27(2/3)
xc~(5/3)*%(b - Sqrt[b~2 - 4xa*xc])~(1/3)) - ((c*d - b*e + (b*cxd - b~ 2%e + 2%
axcxe) /Sqrt [b~2 - 4xaxc])*Log[(b + Sqrt[b~2 - 4*axc])~(1/3) + 27(1/3)*c~(1/
3)*x])/(3%27(2/3)*c™(5/3)*(b + Sqrt[b~2 - 4xa*xc])~(1/3)) + ((cxd - b*xe - (b
xcxd - b"2%xe + 2%axcxe)/Sqrt[b~2 - 4xaxc])*Logl(b - Sqrt[b~2 - 4*axc])~(2/3
) = 27(1/3)*c”(1/3)*(b - Sqrt[b™2 - 4x*xaxc])~(1/3)*x + 27(2/3)*c™(2/3)*x72])
/(6%27(2/3)*c™(5/3)*(b - Sqrt[b~2 - 4*axc])~(1/3)) + ((cxd - bxe + (bxcxd -
b~2%e + 2%axc*e)/Sqrt[b”2 - 4*axc])*Logl[(b + Sqrt[b~2 - 4xa*xc])~(2/3) - 2~
(1/3)*c™(1/3)*(b + Sqrt[b~2 - 4xaxc])~(1/3)*x + 27(2/3)*c~(2/3)*x"2])/(6%2"
(2/3)*%c”~(5/3)*(b + Sqrt[b~2 - 4x*a*xc])~(1/3))

Rule 1502

Int[((£_)*(x_))"(m_.)*x((d_) + (e_)*x(x_)"(m))*((a_) + (b_)*xx_)"(n_) + (
c_)*(x )"(m2.))"(p_), x_Symbol] :> Simp[(exf~(n - D)*(f*x)"(m - n + 1)*(a

+ bxx"n + cxx~(2%n)) " (p + 1))/(cx(m + nx(2xp + 1) + 1)), x] - Dist[f n/(c*(
m+ nx(2%p + 1) + 1)), Int[(fxx)"(m - n)*(a + b*x"n + c*x~(2%n)) “p*Simp [ax*e
*(m - n + 1) + (bxex(m + n¥xp + 1) - cxd*(m + nx(2%p + 1) + 1))*x"n, x], x],
x] /; FreeQ[{a, b, c, d, e, f, p}, x] & EqQ[n2, 2*n] && NeQ[b~2 - 4x*axc,

0] && IGtQ[n, O] &% GtQ[m, n - 1] && NeQ[m + n*(2*p + 1) + 1, 0] && Integer
Qlp]

Rule 1510

Int [CCCE_D)*(x_))"(m_)*((d_) + (e_)*x(x_)"(_)))/((a_) + (b_)*(x_)"(n_) +
(c_)*(x_)"(n2)), x_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 +
(2xc*d - bxe)/(2*q), Int[(f*x)"m/(b/2 - q/2 + c*x"n), x], x] + Distl[e/2 - (
2%c*xd - bxe)/(2+q), Int[(f*x)"m/(b/2 + q/2 + c*x"n), x], x]] /; FreeQ[{a, b

, ¢, d, e, £, m}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xa*c, 0] && IGtQ[n, O]

Rule 292

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> -Dist[(3*Rt[a, 3]*Rt[b, 31)"(-
1), Int[1/(Rt[la, 3] + Rt[b, 31*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]*x)/(Rtl[a, 3172 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2x*x
~2), x], x] /; FreeQ[{a, b}, x]

Rule 31
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Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*xd - bxe)/(2%c), Int[1/(a + b*x + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] & NeQ[b~2 - 4x*axc, O]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 0])

Rule 628

Int[((d) + (e_)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x72, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps
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f xt (d + ex3) dx = ex? f a+bx3+cx®
a+ bx3 + cx® 2c 2c
2
(Cd b — bed—b e+2ace) f b 1 dx (Cd _be+ bed—b e+2ace) f b 1 dx
ex2 V2 —4ac b I dac+cxd Vi2-4ac b2—4ac+cx3
= — 4+ +
2c 2c 2c
N b- Vb2—4uc+%
bed—b2e+2ace %
bed—b%e+2ace d — be —
cd — be — ) dx (C e —— ) 23
( Vb2-4ac f b2_4[,c e b2 —4ac (-V2ta) 3 Yo
G . n_ %
T 2 3
3 22/304/3\/%7 - Vb? - dac 3 223c434/b — Vb2 — 4dac
bed-b“e+2ace
cd — be - (cd—be+—)1 -
ex? ( Vi2—4ac Vi?—4a 8
T 2

3 22/3c5/3\/b — Vb2 — 4ac

bed-b e+2ace) ( / 4EZC + \/—\/—x)
b
exz (Cd b — bed—b e+2ace) ( [ b2 7c 4 \/—\/—x)

3 228¢53p + v
bcd—bze+2uce) lo 3/b ]
Vb2—4ac &

(cd —be +

4
Vb2 - 4dac

x 3 228503 p - 3 228355+ [b + V]
353 3-3
1_32\/§\ﬁx 1_32\&‘/&
(Cd —be— bcd—b26+2ace) tan_l \/b—i Vb2-4ac (Cd —be+ bcd—bze+2ace) tan_l m
) Vb2-4ac V3 Vb2-4ac V3
ex
= Z_C -

22/3\/§c5/3\3/b — Vb2 - 4ac

Mathematica [C] time = 0.0489129, size = 88, normalized size = 0.12

3ex? — 2RootSum |#1°b + #1%¢ + a&,

22/34/3¢5/3 \Slb + Vb2 — 4ac

2#1%c+#1b

#13 belog(x— #1)+#13( —c)d log(x—#1)+ae log(x— #1)&]

6c
Antiderivative was successfully verified.

[In] Integrate[(x74*(d + e*x73))/(a + b*x"3 + c*x76),x]

[Out] (3*%exx”2 - 2*RootSum[a + b*#173 + c*#176 & , (axexLogl[x - #1] - c*xdxLogl[x -

#1]1*#173 + bkxexLoglx — #1]1*#173)/(b*x#1 + 2*cx#174) & 1)/ (6%c)
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Maple [C] time = 0.007, size = 70, normalized size = 0.1

ex? 1 ((be —cd) R*+_R ae) In(x-_R)

2¢ 3¢ 2_R°c+ _R%

_R=RootOf(_z°c+_7Z’b+a)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"4*(e*xx”~3+d)/(c*x~6+b*x"3+a),x)

[Out] 1/2%exx"2/c-1/3/c*sum(((b*e-c*d)* R~4+ Rxaxe)/(2* R75*xc+ R72%b)*1n(x-_R), R
=Root0f (_Z"6*c+_Z~3*b+a))

Maxima [F] time = 0., size = 0, normalized size = 0.

(cd—be)x*—aex
ex? —| —mom
_ cx0+bx3+a
2c c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(exx~3+d)/(c*x~6+b*x~3+a),x, algorithm="maxima"

[Out] 1/2*e*x”2/c - integrate(-((cxd - bxe)*x74 - axe*x)/(c*x”6 + b*x"3 + a), x)/

C

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(exx~3+d)/(c*x~6+b*x~3+a),x, algorithm="fricas")

[Out] Timed out
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**4x* (exx**3+d)/(ckx**6+b*x**3+a) ,x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(exx~3+d)/(c*x~6+b*x~3+a),x, algorithm="giac")

[Out] Exception raised: TypeError
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x3 ex3
315 [te) g

a+bx3+cx6
Optimal. Leaf size=718

2 3 2/3 2
(——2uce+b Cobed _ pe + cd) log (—%%x\/b — Vb2 — dac + (b — Vb2 - 4ac) + 22/3c2/3x2) (w —be + ¢

Vbh2—4ac Vb2—4ac
273
6243 (b —Vb? - 4ac)

[Out] (exx)/c - ((c*d - b*e - (b*cxd - b~2%e + 2*axc*e)/Sqrt[b~2 - 4*axc])*ArcTan
[(1 - (2%27(1/3)*c™(1/3)*x) /(b - Sqrt[b~2 - 4xaxc])~(1/3))/Sqrt[3]11)/(27(1/
3)*Sqrt [3]*c~(4/3)*(b - Sqrt[b~2 - 4xaxc])~(2/3)) - ((c*d - b*xe + (b*cxd -
b~2xe + 2%axcxe)/Sqrt[b~2 - 4*axc])*ArcTan[(1 - (2%x27(1/3)*c~(1/3)*x)/(b +
Sqrt [b72 - 4*axc])~(1/3))/Sqrt[3]1)/(27(1/3)*Sqrt [3]1*c~(4/3)*(b + Sqrt[b~2
- 4xaxc])~(2/3)) + ((c*d - b*xe - (b*cxd - b~ 2%e + 2*axc*e)/Sqrt[b~2 - 4*axc
D*Log[(b - Sqrt[b™2 - 4xaxc])~(1/3) + 27(1/3)*c™(1/3)*x])/(3%27(1/3)*c™(4/
3)*(b - Sqrt[b~2 - 4xa*xc])~(2/3)) + ((c*d - b*xe + (b*cxd - b~ 2%e + 2*axcxe)
/8qrt[b~2 - 4xaxc])*Logl[(b + Sqrt[b”™2 - 4xaxc])~(1/3) + 27(1/3)*c”(1/3)*x])
/(3%27(1/3)*c~(4/3)*(b + Sqrt[b~2 - 4xaxc])~(2/3)) - ((cxd - b*xe - (b*cxd -
b~2%e + 2%axc*e)/Sqrt[b”2 - 4*axc])*Logl[(b - Sqrt[b~2 - 4xaxc])~(2/3) - 2~
(1/3)*c™(1/3)*(b - Sqrt[b~2 - 4xaxc])~(1/3)*x + 27(2/3)*c~(2/3)*x~2])/(6%2"
(1/3)*%c”(4/3)*(b - Sqrt[b~2 - 4*axc])~(2/3)) - ((cxd - bxe + (b*cxd - b~ 2x*e
+ 2xaxc*e) /Sqrt[b”2 - 4xaxc])*Log[(b + Sqrt[b~2 - 4*axc])~(2/3) - 27(1/3)*
c™(1/3)*(b + Sqrt[b~2 - 4*axc])~(1/3)*x + 27(2/3)*c~(2/3)*x72])/(6%x2~(1/3)*
c”(4/3)*%(b + Sqrt[b~2 - 4xa*xc])”~(2/3))

Rubi [A] time = 1.45742, antiderivative size = 718, normalized size of antiderivative =
95 number of rules
b

1., number of steps used = 14, number of rules used = 8, integrand size =
0.32, Rules used = {1502, 1422, 200, 31, 634, 617, 204, 628}

integrand size

2ace+b%(—e)+bcd 3/5 3 3 > > 23 2/3 2/3.2 2ace+b?(—e)+bcd
(—— —be+cd)log —\/E\/Ex b—Vb*—4ac + (b—\/b —4ac) + 27°cPx (— —be +c

Vb2—4ac Vb2—4ac
2/3
632043 (b —Vb? - 4ac)

Antiderivative was successfully verified.

[In] Int[(x"3*%(d + e*x"3))/(a + b*x"3 + c*x76),x]
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[Out] (exx)/c - ((c*d - bxe - (b*c*d - b~™2%e + 2%axcxe)/Sqrt[b~2 - 4*axc])*ArcTan
[(1 - (2%27(1/3)*c™(1/3)*x) /(b - Sqrt[b~2 - 4x*axc])~(1/3))/Sqrt[3]1]1)/(2~(1/
3)*Sqrt [3]*c~(4/3)*(b - Sqrt[b~2 - 4xaxc])~(2/3)) - ((c*d - bxe + (b*cxd -
b~2%e + 2%axc*e)/Sqrt[b”2 - 4*axc])*ArcTan[(1 - (2%27(1/3)*c~(1/3)*x)/(b +
Sqrt [b72 - 4*axc])~(1/3))/Sqrt[3]11)/(27(1/3)*Sqrt [3]1*c~(4/3)*(b + Sqrt[b~2
- 4xaxc])~(2/3)) + ((c*d - b*e - (b*ckd - b™2%e + 2*axcke)/Sqrt[b~2 - 4*axc
1)*Log[(b - Sqrt[b~2 - 4*a*xc])~(1/3) + 27(1/3)*c~(1/3)*x])/(3%27(1/3)*xc~(4/
3)*(b - Sqrt[b~2 - 4xa*xc])~(2/3)) + ((c*d - b*xe + (b*cxd - b™2%e + 2%axcxe)
/8qrt [b72 - 4xaxc])*Logl[(b + Sqrt[b~2 - 4xaxc])~(1/3) + 27(1/3)*c~(1/3)*x])
/(3%¥27(1/3)*c~(4/3)*(b + Sqrt[b~2 - 4*a*xc])~(2/3)) - ((cxd - b*xe - (b*cxd -
b~2%e + 2xaxcxe)/Sqrt[b~2 - 4*axc])*Logl[(b - Sqrt[b”™2 - 4xaxc])~(2/3) - 2~
(1/3)*c™(1/3)*(b - Sqrt[b™2 - 4xa*xc])~(1/3)*x + 27(2/3)*c”~(2/3)*x72])/(6%2"
(1/3)*%c™(4/3)*(b - Sqrt[b~2 - 4*axc])~(2/3)) - ((cxd - bxe + (b*cxd - b~ 2x*e
+ 2%axcxe) /Sqrt[b~2 - 4xaxc])*Logl(b + Sqrt[b~2 - 4xaxc])~(2/3) - 27(1/3)*
c™(1/3)*(b + Sqrt[b~2 - 4xaxc])~(1/3)*x + 27(2/3)*c”(2/3)*x72])/(6%x27(1/3) *
c”(4/3)*%(b + Sqrt[b™2 - 4*axc])~(2/3))

Rule 1502

Int[((£_)*(x_))"(m_.)*x((d_) + (e_)*x(x_)"(m))*((a_) + (b_)*xx_)"(n_) + (
c_)*(x )"(m2.))"(p_), x_Symbol] :> Simp[(exf~(n - D)*(f*x)"(m - n + 1)*(a
+ bxx"n + cxx~(2%n)) " (p + 1))/(cx(m + nx(2xp + 1) + 1)), x] - Dist[f n/(c*(
m+ nx(2%p + 1) + 1)), Int[(fxx)"(m - n)*(a + b*x"n + c*x~(2%n)) “p*Simp [ax*e
*(m - n + 1) + (bxex(m + n¥xp + 1) - cxd*(m + nx(2%p + 1) + 1))*x"n, x], x],
x] /; FreeQ[{a, b, c, d, e, f, p}, x] & EqQ[n2, 2*n] && NeQ[b~2 - 4x*axc,
0] && IGtQ[n, O] &% GtQ[m, n - 1] && NeQ[m + n*(2*p + 1) + 1, 0] && Integer
Qlp]

Rule 1422

Int[((d)) + (e_)*x(x_)"(m_))/((a_) + (b_)*(x_)"(n_) + (c_)*(x_)"(n2))), x
_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2xc*d - bxe)/(2*q),
Int[1/(b/2 - q/2 + c*x"n), x], x] + Distl[e/2 - (2xcxd - b*e)/(2xq), Int[1/(
b/2 + q/2 + cxx"n), x], x]1] /; FreeQ[{a, b, ¢, d, e, n}, x] && EqQ[n2, 2xn]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxdxe + axe”2, 0] && (PosQ[b~2 - 4x*a
xc] || 1IGtQ[n/2, 0])

Rule 200

Int[((a_) + (b_.)*(x_)~3)"(-1), x_Symbol] :> Dist[1/(3*Rt[a, 3]172), Int[1/(
Rt[a, 3] + Rt[b, 31*x), x], x] + Dist[1/(3*Rt[a, 3]72), Int[(2#Rt[a, 3] - R
t[b, 3]*x)/(Rt[a, 3172 - Rtl[a, 3]*Rt[b, 3]*x + Rt[b, 3]1"2*xx"2), x], x] /; F
reeQ[{a, b}, x]
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Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*xc*xd - bxe)/(2%c), Int[1/(a + b*x + c*x72), x], x] + Distl[e/(2%c), In
t[(b + 2xc*x)/(a + b*¥x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2xc*x)/b
1, x] /; RationalQ[q] &% (EqQ[g9~2, 1] || !'RationalQ[b~2 - 4x*axc])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (LtQ[
a, 0] || LtQ[b, 0])

Rule 628

Int[((d) + (e_)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + cxx~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps
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3
3 ( 3) ae—(cd—be)x
f x(d + ex d ex f at+bx3+cxb
a + bx3 + cx® c c
bed—b2e+2ace

bed—b%e+2ace 1
cd — be — ) dx (cd —be + ) dx
ex ( Vb2—4ac f g—%m+cx3 Vb2-4ac f b 1\/m+cx3
= — + +
c 2c 2c
3
( bed—b2e+2ace f cd — be bed—b2e+2ace 223 \/ b—Vb2—4ac-
cd — be — ) dx —ue > 203
- 3
N \/Tm . Vb2-dac (7)o
ex 23 %

= — + +

2/3 2/3
c 3+/2¢ (b - Vb2 - 4ac) 3+/2c (b — Vb2 - 4ac)

12
o (cd —be - bed—b e+2m) (\/ b2 4ac + \/_ \/_ x) (cd —be + bed -l e+2ace ;2 el—Zace) log( : b+

—4ac

23
c 33243 (b ( —Vb? - 4ac) 32043 (b + Vb2 -

_ _ bed—b%e+2ace 2 ( bed-b e+2ace) 3
. +(cd be ) (\/ b 4ac+\/_\/_x) cd — be+—m log( b+

Vi2—4ac
- 2/3
3\/—c4/3 ( —Vb? - 411(:) 3\3/5(;4/3 (b +Vp2 -
1_2%/§i 1- 2%%@%
(cd — be - M) tan™! —3 Sl (cd - be + —de_b2e+2ace) tan™! —m
Vb2—4ac V3 Vb2—4ac \3

2/3 2/3
¢ \2+/3c43 (b —Vb? - 4ac) 2+/3c43 (b + Vb2 - 4ac)

Mathematica [C] time = 0.0520284, size = 88, normalized size = 0.12

3
RootSum [ 8130 + #1% + 4 &, #13be log(x—#1)+#13(—)d log (x—#1)+ae log(x—#1) &]

ex #1%+241°c

c 3c
Antiderivative was successfully verified.

[In] Integrate[(x"3*(d + e*x73))/(a + b*x"3 + c*xx76),x]

[Out] (exx)/c - RootSum[a + b*#173 + c*#176 & , (axexLoglx - #1] - cxd*Logl[x - #1
1*#17°3 + bxexLoglx - #1]1*#173)/(bx#172 + 2*c*x#175) & 1/(3%c)
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Maple [C] time = 0.006, size = 67, normalized size = 0.1

ex 1
_+3_ E

c c
_R=RootOf(_z°c+_Z’b+a)

((~be + cd) _R® - ae) In (x - _R)
2 R°c+ R%

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*(e*x~3+d)/(c*x~6+b*xx~3+a) ,x)

[Out] exx/c+1/3/cxsum(((-bxe+c*d)* R~3-axe)/(2%_R"5*c+ R™2*b)*1n(x-_R), R=Root0f(
_Z"6%c+_Z"3*b+a))

Maxima [F] time = 0., size = 0, normalized size = 0.

(cd—be)x3—ae
ex cx0+bx3+a

c c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(e*xx~3+d)/(c*x~6+b*x~3+a),x, algorithm="maxima"

[Out] e*x/c - integrate(-((c*d - b*e)*x~3 - axe)/(c*x"6 + b*x"3 + a), x)/c

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(exx~3+d)/(c*x~6+b*x~3+a),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**3* (e*xx**3+d)/(c*x**6+bxx**3+a) ,x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(e*x~3+d)/(c*x~6+b*x~3+a),x, algorithm="giac")

[Out] Exception raised: TypeError
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X ex3
316 [ Ader)

a+bx3+cx

Optimal. Leaf size=634

2cd—-be _3r3 3/7 ( - 2 )2/3 2/3 .2/3 .2 ( _ ZCd—be) 353 3 7
(w/—b2_4ac+e)log( V2JcxAlb — Vb2 — dac + (b — Vb2 — dac)  + 223Xy - log [-V2cx N2 — 4

+

6 22523+ — b2 — dac 6 22505+

[Out] -(((e + (2%c*d - bxe)/Sqrt[b™2 - 4xa*xc])*ArcTan[(1 - (2%27(1/3)*c”(1/3)*x)/
(b - Sqrt[b~2 - 4*xaxc])~(1/3))/Sqrt[311)/(27(2/3)*Sqrt[3]*c”(2/3)*(b - Sqrt
[b72 - 4xaxc])~(1/3))) - ((e - (2%c*d - b*e)/Sqrt[b~2 - 4xaxc])*ArcTan[(1 -
(2%27(1/3)*c~(1/3)*x) /(b + Sqrt[b~2 - 4xaxc])~(1/3))/Sqrt[31]1)/(27(2/3)*Sq
rt[3]1*c™(2/3)*(b + Sqrt[b”™2 - 4*axc])~(1/3)) - ((e + (2%cxd - bxe)/Sqrt[b~2
- 4xaxc])*Logl[(b - Sqrt[b~2 - 4xaxc])~(1/3) + 27(1/3)*c~(1/3)*x])/(3%27(2/
3)*c™(2/3)*(b - Sqrt[b~2 - 4*axc])~(1/3)) - ((e - (2%cxd - bxe)/Sqrt[b~2 -
4xaxc])*Log[(b + Sqrt[b~2 - 4*axc])~(1/3) + 27(1/3)*c~(1/3)*x])/(3%27(2/3)*
c™(2/3)*(b + Sqrt[b~2 - 4*axc])~(1/3)) + ((e + (2xcxd - b*e)/Sqrt[b”2 - 4xa
xc])*Log[(b - Sqrt[b~2 - 4xa*xc])~(2/3) - 27(1/3)*c”(1/3)*(b - Sqrt[b~2 - 4x
axc]) T (1/3)*x + 27(2/3)*c™(2/3)*x72])/(6%27(2/3)*c”(2/3)*(b - Sqrt[b~2 - 4x
axc])~(1/3)) + ((e - (2xc*d - b*e)/Sqrt[b~2 - 4*axc])*Log[(b + Sqrt[b™2 - 4
*xaxc])~(2/3) - 27(1/3)*c™(1/3)*(b + Sqrt[b~™2 - 4*a*xc])~(1/3)*x + 27(2/3)*c”
(2/3)*x72]) / (6%27(2/3)*c™(2/3)*(b + Sqrt[b~2 - 4*axc])~(1/3))

Rubi [A] time = 0.727749, antiderivative size = 634, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 13, number of rules used = 7, integrand size = 23, e .

integrand size
0.304, Rules used = {1510, 292, 31, 634, 617, 204, 628}

2cd—-be _3r3 3/7 ( - 2 )2/3 2/3 .2/3 .2 ( _ ZCd—be) 353 3 7
(w/—b2_4ac+e)log( V2JcxAlb — Vb2 — dac + (b — Vb2 — dac)  + 223Xy - log [-V2cx N2 — 4

+
6 22/302/3\3/b — Vb2 - 4ac 6 22/3c2/3f/

Antiderivative was successfully verified.

[In] Int[(x*(d + e*x"3))/(a + b*x"3 + c*x76),x]

[Out] -(((e + (2%c*d - b*e)/Sqrt[b~2 - 4xaxc])*ArcTan[(1 - (2%27(1/3)*c~(1/3)*x)/
(b - Sqrt[b™2 - 4*a*xc])~(1/3))/Sqrt[3]11)/(27(2/3)*Sqrt [3]1*c~(2/3)*(b - Sqrt
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[b72 - 4xaxc])~(1/3))) - ((e - (2xcxd - b*e)/Sqrt[b”2 - 4xaxc])*ArcTan[(1 -

(2%27(1/3)*c~(1/3)*x) /(b + Sqrt[b~2 - 4*axc])~(1/3))/Sqrt[31]1)/(2°(2/3)*Sq
rt[3]1*c™(2/3)*(b + Sqrt[b~2 - 4*axc])~(1/3)) - ((e + (2%cxd - bxe)/Sqrt[b~2
- 4xaxc])*Log[(b - Sqrt[b~2 - 4*axc])~(1/3) + 27(1/3)*c~(1/3)*x])/(3*27(2/
3)*c”(2/3)*(b - Sqrt[b~2 - 4xaxc])~(1/3)) - ((e - (2xc*d - bxe)/Sqrt[b~2 -
4xaxc])*Log[(b + Sqrt[b~2 - 4xaxc])~(1/3) + 27(1/3)*c™(1/3)*x])/(3%27(2/3)*
c™(2/3)*%(b + Sqrt[b~2 - 4xa*xc])~(1/3)) + ((e + (2%c*xd - b*e)/Sqrt[b”2 - 4x*a
xc])*Log[(b - Sqrt[b™2 - 4xaxc])~(2/3) - 27(1/3)*c”(1/3)*(b - Sqrt[b~2 - 4x
axc])~(1/3)*x + 27(2/3)*c™(2/3)*x72])/(6%27(2/3)*c~(2/3)*(b - Sqrt[b™2 - 4%
axc])~(1/3)) + ((e - (2%cxd - bxe)/Sqrt[b~2 - 4xaxc])*Log[(b + Sqrt[b~2 - 4
xaxc])~(2/3) - 27(1/3)*c™(1/3)*(b + Sqrt[b~2 - 4*axc])~(1/3)*x + 27(2/3)*c”
(2/3)*x72]) /(6%27(2/3)*c™(2/3)*(b + Sqrt[b~2 - 4*a*xc])~(1/3))

Rule 1510

Int[(CCE_D*(x_)) " (m_.)*((d) + (e_.)*(x_)"(n_)))/((a_) + (b_)*x(x_)"(n_) +
(c_.)*(x_)~"(n2_)), x_Symbol] :> With[{q = Rt[b~2 - 4*a*xc, 2]}, Dist[e/2 +
(2%c*xd - bxe)/(2xq), Int[(f*x)"m/(b/2 - q/2 + c*x"n), x], x] + Distl[e/2 - (
2%cxd - bxe)/(2xq), Int[(f*x)"m/(b/2 + q/2 + c*x"n), x], x]] /; FreeQ[{a, b

, ¢, d, e, £, m}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xa*xc, 0] && IGtQ[n, O]

Rule 292

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> -Dist[(3*Rt[a, 3]*Rt[b, 3])~(-
1), Int[1/(Rtla, 3] + Rt[b, 31*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]*x)/(Rt[a, 3172 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2%x
~2), x1, x] /; FreeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2xc), Int[1/(a + bxx + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2*c*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4%*S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free



131

Ql{a, b, c}, x] && NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[

-a, 2]11/(Rt[-a, 2]
a, 0] || LtQ[b, 0]

Rule 628

*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (LtQ[
)

Int[((d) + (e_)*(x ))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent[a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

(d +ex ) 1 2cd — be X 1 2cd — be x
fﬁdx:—e— fb : dx+ = e+ f d
a+bx® +cx 2 V0> —dac/ ) >+ Vb2 — dac + cx 2 b? — ~Vb? —4ac + cx3

b 1
Vb? - 4ac - —=
2 2
)
b+Vb2—4ac %/—
20d—b 2cd—be 2 Tver ,
( cd—be )f e— E — ; dx (e + -
Vo2 —tac Jb+ bz e, v (p+i2-aac) %/mmx o V

27

+ —_

322/3\/—\/b+ Vb2 - 4ac 322/3\/—\117"‘ Vi? - 4ac 3
(e 2cd- be) ( Ay P2 4ac+\/_\/5x) (e— 20— be) (\/b+ b2 - 4uc+\/—\/_x)

3 22/%2/3@ 3 22/302/3m
2cd—-be 2cd—be 3 3= 3
(e 2o (Y ) (e~ 2o e 454

3
3 22623+ — b2 — dac 3 223¢23+/b + Vb2 - 4ac

1- 2 %/E gx’ﬁx 1- 2 %/E %ﬁx
(e n 2cd—be )tan_l 3b—Vb2—4ac (6 _ 2cd—-be )tan_l 3\/b+‘/b2—4ac
N NG N NG (e 4 2edcbe ) log f/
Vb2-4ac

3 B 3 3
223+/3¢2B3+|b — Vb2 — 4ac 2253+/3¢23+[b + Vb2 — 4ac 3 22323
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Mathematica [C] time = 0.0312528, size = 59, normalized size = 0.09

#1%log(x — #1) + d log(x — #1) «
2#1% + #1b

1

gRootSum #1°p + #1% + a&,
Antiderivative was successfully verified.
[In] Integrate[(xx(d + exx"3))/(a + b*xx~3 + c*x76),x]

[Out] RootSum[a + b*#173 + cx#176 & , (dxLoglx - #1] + exLoglx - #1]*#173)/(bx#1
+ 2%cx#174) & 1/3

Maple [C] time = 0.002, size = 49, normalized size = 0.1

(LR +_Rd)In(x-_R)
2_R’c+ _R%

: Y

_R=RootOf(_z°c+_Z’b+a)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(e*x”3+d)/(c*xx~6+b*x~3+a),x)

[Out] 1/3*sum((_R™4*e+ R*d)/(2* R™5*c+ R™2*b)*1n(x- R), R=Root0f( Z~6*c+ Z 3xb+a)
)

Maxima [F] time = 0., size = 0, normalized size = 0.

f (ex3+d)x o

ex6 +bx3 +a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(e*x~3+d)/(c*x~6+b*x~3+a),x, algorithm="maxima")

[Out] integrate((exx~3 + d)*x/(c*x”6 + b*x~3 + a), x)
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Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(e*x~3+d)/(c*x~6+b*x~3+a),x, algorithm="fricas")

[Out] Timed out

Sympy [A] time = 133.311, size = 920, normalized size = 1.45
RootSum (t6 (46656a4c5 — 349924312c* + 8748a2b4C3 - 729ab6c2) +13 (—432a3bc2e3 +1296a3c3de? + 216a2b3ced — 6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(e*xx**3+d)/(c*x**6+bxx**3+a) ,x)

[Out] RootSum(_t**6* (46656%a*x*4*ck*5 — 34992*a*xx3xb**x2kC**x4 + 8T748*ax*2*xbx*k4*xcx*3
= T29%axb**BxCc**2) + tk*k3x (-432xa**3xbkck*x2ke*xx3 + 1296%a*x*3xck*k3xdre**2
+ 216%a*xx2xb**x3kckex*k3 — G648 kaxkxkbx*k2kckk2kd*e*x*x2 — 432ka**x2kcrkdkd*x*x3 - 2
Txakxbx*k5ke*xx3 + 81kgkxbkk4dkckdke*x*x2 + 216kxa*kb*x*k2kckk3kd*x*k3 — 27kbkk4kckkDkxd*
*3) + ak*x3ke*x*x6 — 3kax*k2kxbxdkxex*x5 + Jkakk2kckdkkkekxkx4d + Ikaxbkk2xd*k*k2kex*k4
— Bkakxbkckd**3ke**x3 + 3kakckk2kdkkdkex*k2 — bk*k3kd*kk3kex*x3 + Ixkbkkkckdkkdk
e**x2 — 3kbkcx*k2xdx*kbke + c**3xd**6, Lambda(_t, _txlog(x + (15552%_t**5*xa*x5
*Ck*5*xe**2 — 11664% txxbxaxx4xb**2kck*d*e*x*2 — 15552% txxbxax*x4kck*6*xd**2 +
2916% txxbkxaxx3kbkkdxcxkx3kex*2 + 11664* txxbka*x*x3xbxkx2kckx*kbxd**x2 — 243% tx*
*5%kgx*k2khkkGkCkkDkekkD — 2916*_t**5*a**2*b**4*c**4*d**2 + 243*_t**5*a*b**6*
cxk3kd**2 — 108% _t**2xakxkdkbkck*2xex*b + 360%_txkx2ka*x*4xcxx3kd*ke*x*x4 + 63% t
*kQkgakkJkbx*k3kckex*k5 — 270% thk2kxaxxJkbx*k2kckkx2kdke*x*kd + 360% txx2kax*3xb*xc
*%3kd*k*k2ke**k3 — T20% trk2xax*x3Jkck*k4*xd**k3ke*x*k2 — Ok txkkaxx2xb**x5*e**5 + 45
* trkkax*k2xbxxdkckdrex*4d — 90* tH*2xaxkkb*x*3kcxx2kd**2xe*xx3 + 180* t*x2*a
*kQxDkkDkCkk3kd*k*k3kekk2 + 180*_t**2*a**2*b*c**4*d**4*e + 72*_t**2*a**2*c**5
*dxx5 — 45% txx2kaxb**3kckk3kd*k*kdke — Dk tr*k2xaxbrk2kck*k4xdxx5 + 9% txx2*b
*k4kckk3kd**k5) / (2kakxkdkckex*x7 — akxk3xb*xxkex*k7 — ax*3kxbkckdkex*B — 2ka*x*x3*c
*kQkd*kk2kex*k5 + kax*k2kbkk3kdkek k6 — Gka*xk2xbrkkckd**k2kex*x5 + 15kxaxk2xbkcx*
*2kdk*k3kekkd — 10kax*2kck*x3kd*kkdkex*k3 — axbrkdkdx*x2ke*xx5 + Bxgaxbkx3kckd**x3*
ex*x4 — 15%gkxbxk2kxck*x2kd*xkdke*xkx3 + 17*kaxbkckk3kd*kkx5kex*k2 — Gkakckkdkd*x*kBke +

bx*k3kckk2kd*kk5kex*k2 — kbx*kQkckk3kd**xGke + bkckkx4xdx*x7))))
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Giac [F] time = 0., size = 0, normalized size = 0.

f (ex3 + d)x

ex6 +bx3 +a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(e*x~3+d)/(c*x~6+b*x~3+a),x, algorithm="giac")

[Out] integrate((exx~3 + d)*x/(c*x”6 + b*x~3 + a), x)
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317  [-Z

a+bx3+cx®
Optimal. Leaf size=634

b2—4ac

2/3
(j% + e) log (—\3/5\3/53( 3 b— Vb2 — 4ac + (b 2= 4ac) + 22/3C2/3x2) (e _ 2cd-be ) log (_%%xi/\/f
—4aa4c —

m@wm)” 6V (3

[Out] -(((e + (2%c*d - bxe)/Sqrt[b~2 - 4xaxc])*ArcTan[(1 - (2%27(1/3)*c~(1/3)*x)/
(b - Sqrt[b™2 - 4*axc])~(1/3))/Sqrt[3]11)/(27(1/3)*Sqrt[31*c~(1/3)*(b - Sqrt
[b72 - 4xaxc])~(2/3))) - ((e - (2xcxd - b*e)/Sqrt[b”2 - 4xaxc])*ArcTan[(1 -
(2%27(1/3)*c~(1/3)*x) /(b + Sqrt[b~2 - 4*axc])~(1/3))/Sqrt[31]1)/(2°(1/3)*Sq
rt[3]1*c™(1/3)*(b + Sqrt[b~2 - 4*axc])~(2/3)) + ((e + (2%cxd - bxe)/Sqrt[b~2
- 4xaxc])*Log[(b - Sqrt[b~2 - 4*axc])~(1/3) + 27(1/3)*c~(1/3)*x])/(3*27(1/
3)*c~(1/3)*(b - Sqrt[b~2 - 4*axc])~(2/3)) + ((e - (2*cxd - bxe)/Sqrt[b~2 -
4xaxc])*Log[(b + Sqrt[b~2 - 4xa*xc])~(1/3) + 27(1/3)*c~(1/3)*x])/(3%x27(1/3)*
c™(1/3)*(b + Sqrt[b™2 - 4*xaxc])~(2/3)) - ((e + (2xcxd - b*e)/Sqrt[b”2 - 4xa
xc])*Log[(b - Sqrt[b~2 - 4xaxc])~(2/3) - 27(1/3)*c”(1/3)*(b - Sqrt[b~2 - 4x
axc]) " (1/3)*x + 27(2/3)*c™(2/3)*x72])/(6%27(1/3)*c~(1/3)*(b - Sqrt[b™2 - 4%
axc])~(2/3)) - ((e - (2%c*d - bxe)/Sqrt[b~2 - 4xaxc])*Log[(b + Sqrt[b~2 - 4
xaxc])~(2/3) - 27(1/3)*c™(1/3)*(b + Sqrt[b~2 - 4*axc])~(1/3)*x + 27(2/3)*c”
(2/3)*x72]) /(6%27(1/3)*c™(1/3)*(b + Sqrt[b™2 - 4*axc])~(2/3))

Rubi [A] time = 0.653755, antiderivative size = 634, normalized size of antiderivative =

1., number of steps used = 13, number of rules used = 7, integrand size = 22, number of rules

0.318, Rules used = {1422, 200, 31, 634, 617, 204, 628}

integrand size

2cd—be 373 3/_— V2 — ( - 2 _ )2/3 23 2/3.2 ( _ 2cd—be ) 353 3 7
(‘/b2—4ac +€) log( \/E\/Ex b b% —4ac + (b — Vb? — 4ac + 24°¢cPx e P log \/E\/Eﬁﬁlﬂb

624 (- VI~ dac) 624 v

Antiderivative was successfully verified.

[In] Int[({d + exx"3)/(a + b*x"3 + c*x76),x]

[Out] -(((e + (2%c*d - b*e)/Sqrt[b~2 - 4xaxc])*ArcTan[(1 - (2%27(1/3)*c~(1/3)*x)/
(b - Sqrt[b™2 - 4*a*xc])~(1/3))/Sqrt[311)/(27(1/3)*Sqrt [31*c~(1/3)*(b - Sqrt
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[b72 - 4xaxc])~(2/3))) - ((e - (2xcxd - b*e)/Sqrt[b”2 - 4xaxc])*ArcTan[(1 -

(2%27(1/3)*c~(1/3)*x) /(b + Sqrt[b~2 - 4*axc])~(1/3))/Sqrt[31]1)/(2°(1/3)*Sq
rt[3]1*c™(1/3)*(b + Sqrt[b~2 - 4*axc])~(2/3)) + ((e + (2%cxd - bxe)/Sqrt[b~2
- 4xaxc])*Log[(b - Sqrt[b~2 - 4*axc])~(1/3) + 27(1/3)*c~(1/3)*x])/(3*2~(1/
3)*c~(1/3)*(b - Sqrt[b~2 - 4*axc])~(2/3)) + ((e - (2%cxd - bxe)/Sqrt[b~2 -
4xaxc])*Log[(b + Sqrt[b~2 - 4xaxc])~(1/3) + 27(1/3)*c™(1/3)*x])/(3%27(1/3)*
c™(1/3)*(b + Sqrt[b™2 - 4*xaxc])~(2/3)) - ((e + (2xcxd - b*e)/Sqrt[b”2 - 4xa
xc])*Log[(b - Sqrt[b™2 - 4xaxc])~(2/3) - 27(1/3)*c”(1/3)*(b - Sqrt[b~2 - 4x
axc])~(1/3)*x + 27(2/3)*c™(2/3)*x72])/(6%27(1/3)*c~(1/3)*(b - Sqrt[b™2 - 4%
axc])~(2/3)) - ((e - (2%c*d - bxe)/Sqrt[b~2 - 4xaxc])*Log[(b + Sqrt[b~2 - 4
xaxc])~(2/3) - 27(1/3)*c™(1/3)*(b + Sqrt[b~2 - 4*axc])~(1/3)*x + 27(2/3)*c”
(2/3)*x72]) /(6%27(1/3)*c™(1/3)*(b + Sqrt[b™2 - 4*axc])~(2/3))

Rule 1422

Int[((d) + (e_)*(x_)"(n))/((a_) + (b_.)*(x_)"(n_) + (c_.)*(x_)"(n2))), x
_Symbol] :> With[{q = Rt[b"2 - 4*a*xc, 2]}, Dist[e/2 + (2*c*d - bxe)/(2*q),

Int[1/(b/2 - gq/2 + c*x"n), x], x] + Distl[e/2 - (2xcxd - bxe)/(2*xq), Int[1/(
b/2 + q/2 + c*x"n), x], x]] /; FreeQ[{a, b, c, d, e, n}, x] & EqQ[n2, 2*n]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxd*e + axe”2, 0] && (PosQ[b~2 - 4x*a
xc] || 1'IGtQ[n/2, 0])

Rule 200

Int[((a_) + (b_.)*(x_)"3)~(-1), x_Symbol] :> Dist[1/(3*Rt[a, 3]172), Int[1/(
Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]172), Int[(2*#Rt[a, 3] - R
t[b, 31*x)/(Rt[a, 3172 - Rtl[a, 3]*Rt[b, 3]1*x + Rt[b, 3172*x72), x], x] /; F
reeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]11/b, x] /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b



1, x]1 /; RationalQ[q] && (EqQ[q~2, 1] ||

Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]
Rule 204
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]

-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]),
a, 0] || LtQ[b, 01)

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_

e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

2cd — be

D*x(x_) + (c_
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b,
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IRationalQ[b~2 - 4xaxc])] /; Free

:> -Simp[ArcTan[(Rt[-b, 2]*x)/Rtl[
x] /; FreeQ[{a, b},

x] && PosQ[a/b] && (LtQ[

D*x(x_)72), x_Symbol] :> S

c, d,

f d+ex? P
—_dx =
a+ bx3 + cx®

]
28

NI@‘
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Mathematica [C] time = 0.0310151, size = 61, normalized size = 0.1

#1%log(x — #1) + d log(x — #1) «
#1%b + 2#1°c

1

gRootSum #1%p + #1%c + a&,
Antiderivative was successfully verified.
[In] Integratel[(d + e*x”3)/(a + b*x"3 + c*x76),x]

[Out] RootSum[a + b*#173 + c*x#17°6 & , (dxLoglx - #1] + exLoglx - #1]1*#173)/(b*#1~
2 + 2%c*x#175) & 1/3

Maple [C] time = 0.003, size = 47, normalized size = 0.1

1 (LR +d)In(x- _R)
2_R’c+_R%

_R=RootOf(_z°c+_Z’b+a)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*xx"3+d)/(c*x"6+b*x~3+a),x)

[Out] 1/3*sum(( _R™3*e+d)/(2*x R™5*c+ R™2*b)*1n(x- R), R=Root0f( Z~6*c+ Z 3xb+a))

Maxima [F] time = 0., size = 0, normalized size = 0.
ex® +d
f ——————dx
cx0 4+ bx° +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d)/(c*x~6+b*x~3+a),x, algorithm="maxima"

[Out] integrate((exx~3 + d)/(c*x"6 + b*x"3 + a), x)

Fricas [B] time = 108.462, size = 28045, normalized size = 44.24

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d)/(c*x~6+b*x~3+a),x, algorithm="fricas")

[Out] -2/3*sqrt(3)*(1/2)~(1/3)*((b*c*d™3 - 3*a*xc*d™2xe + a~2*%e”3 + (a™2%b"2*c - 4
*xa”"3%c”72) *sqrt (- (12*%a~4*b*cxd*e”5 - a~4*b"2*%e”6 - (b74*c™2 - 4xa*xb~2*c”3 +
4xa~2%c”4)*d"6 + 6*%(axb”3*kc"2 - 2*%a~2*b*c”3)*d"bxe - 3% (7*a"2xb"2*c”2 - 8*a
“3%c73)*d"4*e”2 + 2% (a"2xb"3xc + 16*a”3*b*c”2)*d"3*e”3 - 6x(a~3*b"2%c + 6*a
“4xc”2)*d"2xe"4) /(a"4*b"6xcT2 — 12%a”bxb"4*xc”3 + 48%a~6*b"2%c”4 — 64%a”7xc”
5)))/(a”2%b"2%c - 4%a”3%c”2)) " (1/3)*arctan(-1/6x(2*(1/2)~(2/3)*(sqrt (3)*((a
“2%bT6xcT2 - 12*%a”3*b"4*xc”3 + 48*a"4xb"2%c”4 - 64*xa”bxc”5)*d"2 - (a~3*b"6*c
- 12%a”4*b74*c”2 + 48%a”b*b"2*c”3 - 64*a”6xc”4)*e”2) xx*ksqrt (- (12*a~4xb*cxd
*e”5 - a4*xb”2*%e”6 - (bT4*cT2 - 4xaxb”2*c”3 + 4*a”"2*xc"4)*d"6 + 6% (axb”"3*c”2
- 2%a”2*xb*c”3)*d"bxe — 3*x(7*a"2%¥b"2%c”2 - 8*a"3*c"3)*d"4*xe”2 + 2% (a”2%b"3*
Cc + 16%a~3*b*c”2)*d"3*e”"3 - 6x(a~3*b"2*c + 6*a"4*c”2)*d"2*e"4)/(a"4*xb"6%c"2
- 12%a”b*xb~4*c”3 + 48%a"6*b"2%c"4 - 64*a”7*c”5)) - sqrt(3)*((b"5*cT2 - 6%*a
*b73%c”3 + 8*a"2xbxc"4)*d"5 - (T*axb~4*xc”2 - 36*%a”"2%b"2xc”3 + 32%a~3%c”4)*d
“4xe + (a*xb”bkc + 12*a"2xb"3%c”2 - 64*a”3*b*c”3)*d"3*e"2 - 4x(a"2%b"4*c + 2
*a"3*%b72%c72 - 24*a”4*xc”3)*d"2*xe”3 + 10*%(a”3*b"3*c - 4*a~4xbxc”2)*d*e”4 - (
a~3*%b"4 - 4*xa”4*xb"2*xc)*e”5)*x)* ((b*c*d"3 - 3*kaxckd"2xe + a"2%e”3 + (a”"2*b"2
xC — 4%a”3xc”2)*sqrt (- (12*%a"4xbkxcxd*e”5 - a”4*b"2%e”6 - (b74*c”2 - 4kaxb~2x
C73 + 4%a”2%c”4)*d"6 + 6% (axb"3*cT2 - 2%a"2%b*c”3)*d"5*xe — 3% (7*xa"2xb"2*c”2
- 8%a~3*%c”3)*d"4*e"2 + 2x(a”2*b"3*c + 16*a”3xb*c”2)*d"3*e”3 - 6*x(a”3*b"2*c
+ 6*%a”4*xc"2)*d"2xe"4) /(a"4*¥b"6*c”2 - 12*%a"bxb"4xc”3 + 48%a"6*b"2*%c”4 - 64x%
a~7xc”5)))/(a”2*b"2%c - 4*a”~3%c”2))"(2/3) - (1/2)7(1/6)*(sqrt(3)*((a~2*b~6x*
c”2 - 12%a"3%b"4*c”3 + 48*%a~4*xb"2%c”4 - 64*a”"bxc”5)*d"2 - (a~3*b"6xc - 12%a
T4xbT4xcT2 + 48%a”b*b72%c”3 - 64*%a”6xc”4)*e”2)xsqrt (- (12xa"4xbxc*kd*xe”5 - a”
4xb~2%e”6 - (b74%c™2 — 4*axb"2%c”3 + 4*a"2%c”4)*d"6 + 6% (axb"3*%c”T2 - 2*a”2x%
b*c"3)*d"bxe - 3*(7*a”2*b72*c”2 — 8*a"3*c”3)*d"4*e”2 + 2*%(a"2*b"3*c + 16%a”
3*xb*c"2)*d"3*e”3 - 6% (a”3*%b"2%c + 6*a”4*xc"2)*d"2xe"4)/(a"4*¥b"6*c”2 - 12*a”5
*b~4*xc”3 + 48%a”6xb"2%c”4 - 64*a”7*c”5)) - sqrt(3)*((b"5*c”2 - 6*axb”3%c”3
+ 8%a~2*bxc"4)*d"5 - (7*xaxb”4*xc”2 - 36*a”2*xb"2*c”3 + 32*a~3*c”4)*d"4*e + (a
*b"5%c + 12%a"2*b"3%c”2 - 64*a”3%b*c”3)*d"3*e”2 - 4x(a"2*b"4xc + 2¥a”3*xb" 2%
€72 - 24%a~4%c”3)*d"2*%e”3 + 10*(a~3*b"3*c - 4*a"4*b*c”2)*d*e"4 - (a~3*b"4 -
4xa~4*xb"2xc)*e”5) )% ((b*c*d™3 - 3*axckd"2*e + a~2xe”3 + (a”2%b"2*c - 4*a” 3%
c”2)*sqrt (- (12xa~4*b*xcxd*xe™5 - a~4*xb"2xe”6 - (b74*c™2 - 4*a*b™2xc”3 + 4*a”2
*C"4)*d"6 + 6% (axb"3*%c”2 - 2*%a"2xb*c”3)*d"5*xe - 3*(7*a"2*b"2%c”2 - 8*a~3xc”
3)*d"4*e”2 + 2% (a"2%b”"3xc + 16%a"3*bxc”2)*d"3*%e”3 - 6*(a~3*%b"2xc + 6*xa~4*xc”
2)*d"2xe"4) /(a"4*xb"6*c”2 - 12*a~5xb"4*xc”3 + 48*a”~6xb"2%c”4 - 64*a~7*c”5)))/
(a™2*%b~2%c - 4*a~3%c”2)) 7 (2/3)*sqrt ((2*(a~4*xb*xe”7 - (b~™2%c™3 - 2*axc~4)*d”7
+ (2%¥b7"3*%c”2 - axb*c”3)*d"6*e - (bT4d*c + B6xaxb"2*%c”2 + 2%a”2*c”3)*d"5*xe”2
+ Bk (a*b”3*c + 3*xa"2xbxc”2)*d"4*e”3 - 5k (3*%a"2xb"2xc + 2%a~3*c”2)*d"3*e”4 +
(a™2xb~3 + 17*a"3*b*c)*d"2xe”5 - 2x(a~3%b"2 + 3*a~4*c)*d*e”"6)*x"2 - (1/2)°
(2/3)*%((b~6*c - 8*axb™4*xc™2 + 20%a~2%b~2%c”3 - 16*a”~3*c~4)*d~5 - 5*(axb~5*c



140

- 6%a”2*%b"3%c”2 + 8*a " 3*b*xc”3)*d"4*e + 2% (7*a"2*b"4xc - 36%a”3*b"2*c”2 + 3
2%a~4*c”3)*d"3*%e”2 - (a"2*%b"5 + 12%a"3%b"3*c - 64*a”4dxbxc"2)*d"2%e”3 + 2x*(a
“3%b~4 + 2*%a"4xb”2xc — 24*a~bxc”2)*d*e”4 - 2*%(a"4*b”3 - 4*xa~5xbxc)*e”5 - ((
a"2xb~7*xc — 12%a”~3%b"5xc”2 + 48*%a~4xb"3%c”3 — 64*a~bxb*c"4)*d"2 - 2%(a~3%b”
6*c — 12*%a"4xb~4*c”2 + 48%a"bxb"2*c”3 - 64*a~6xc”4)*d*e)*xsqrt (- (12xa~4xb*cx*
d*e”5 - a"4%b"2*xe"6 - (b74*c”2 - 4*axb”2*c”3 + 4*xa~2*%c”4)*d"6 + 6*(axb”3*c”
2 - 2%a"2*b*c”3)*d"bxe - 3x(7*a"2%b"2%c”2 - 8*a”~3*c"3)*d"4xe”2 + 2% (a”2*b”3
*C + 16*a”3*b*c”2)*d"3*e"3 - 6% (a”3*b"2%c + 6*a”4*xc”2)*d"2*xe"4)/(a"4*¥b"6*c”
2 - 12%a"b*b74*c”3 + 48*a"6xb"2%c”4 - 64*a”7*c”5)))*((bxcxd~3 - 3*axckd"2x*e

+ a”2%e”3 + (a”2%b"2xc - 4*a~3xc”2)*sqrt (- (12*xa~4xb*xckd*xe”5 - a~4*b"2xe”6
- (b74%c™2 - 4*a*xb™2%c”3 + 4*a”"2%c”4)*d"6 + 6% (a*b"3%c”2 - 2*a”2xb*c”3)*d"5
xe — 3*%(7*a"2*b72*%c”2 - 8*a~3%c”3)*d"4*e”2 + 2*x(a”2*b"3*%c + 16%a~3*b*xc”2)*d
“3%e”3 - 6*%(a”3*b"2xc + 6xa~4*c”2)*d"2*%e”4)/(a"4*xb"6xc”2 - 12%a~5*xb"4*c”3 +

48%xa~6*b"2%c”4 — 64*a”7*c”5)))/(a"2xb"2xc - 4*a~3%c”2))~(2/3) + (1/2)°(1/3
)*x(((a™2%b"5*c™2 - 8*%a”"3*b"3*c”3 + 16%a~4*b*c”4)*d"3 - (a"2*xb"6xc - 6*a”3%*Db
“4xc”2 + 32*%a”5*xcT4)*d"2xe + 3% (a”3*%b"5*xc - 8*a"4*xb"3*xc”2 + 16%a~5*b*xc”3)*d
xe”2 - 2% (a"4*b"4*xc - 8*%a"bxb"2xcT2 + 16%a”6*c”3)*e”3)*xxsqrt (- (12*a”4*bxcx*
d*e”5 - a"4%b"2*%e”6 - (b74*c”2 - 4*xaxb"2*c”3 + 4*xa~2*%c”4)*d"6 + 6*(axb~3*c”
2 - 2%a”2*b*c”3)*d"bxe — 3*x(7*a"2%b"2%c”2 - 8*a~3*c"3)*d"4xe”2 + 2% (a”2*b"3
*C + 16*a”3*b*c”2)*d"3*e”3 - 6% (a”3*¥b"2%c + 6*a”4d*xc"2)*d"2*xe"4)/(a"4*¥b"6*c”
2 - 12%a”5xb~4%c~3 + 48%a”6xb"2%c~4 - 64*a"T*c"5)) - ((b~4*c”2 - 6xa*xb~2%c”
3 + 8*%a"2*c”4)*d"6 - (b~5*c - 3*a*b”3*c”2 - 4*a~2xbxc”3)*d"5*e + 4*x(axbT4x*xc

- 3*%a"2*%b"2%c”2 - 4%a”3%c”3)*d"4*e”2 - 10*(a"2%b"3%c - 4*a~3*b*xc"2)*d"3%e”
3 + (a”™2*%b74 + 2*a~3%b72%c - 24*a"4*xc”2)*d"2*xe"4 - (a"3*%b"3 - 4*a"4xbxc)*dx*
e"5)*x)*x ((b*cxd™3 - 3*axc*d™2%e + a”2*%e”3 + (a”2*b"2xc - 4*a”~3xc”2)*sqrt(-(
12%a"4xbxckxd*e”5 - a~4*%b"2%xe”6 - (b~4*c”2 - 4xaxb"2xc”3 + 4*xa~2%c"4)*d"6 +
6% (a*xb~3*%c™2 - 2*%a~2%b*c”3)*d"5xe - 3% (7*a"2*xb"2*c”2 - 8*a~3*c”3)*d"4*e"2 +

2% (a"2*%b73*%c + 16*%a~3*xbxc”2)*d"3*%e”3 - 6*(a”3*b"2xc + 6*xa~4xc"2)*d"2%e"4)/
(a™4%b~6*c™2 - 12*%a”b*b~4*c”™3 + 48*a~6*%b"2%c”4 - 64*a”7*c”5)))/(a"2xb"2*c -

4xa~3%c”2))"(1/3))/(a"4xb*xe”7 - (b™2%c"3 — 2*axc™4)*d"7 + (2*b~3*%c”2 - ax*b
*c73)*d"6*%e - (b74*c + 6xaxb”2%c”2 + 2%a”2*%c”3)*d"5*e”2 + bx(axb”3*c + 3*a”
2%b*c"2) *d"4xe”3 - 5% (3*a"2%b"2%xc + 2*xa~3*c”2)*d"3*e"4 + (a"2*%b”3 + 17*a"3*
b*c)*d"2xe”5 - 2%(a”3%b"2 + 3*%a~4xc)*dxe”6)) - 2xsqrt(3)*(a"4*bxe”7 - (b"2x%
C73 - 2%axc”4)*d77 + (2*b73*c72 - axb*c”3)*d"6*e - (bT4*c + 6xaxb"2xc”2 + 2
*a"2%c”3)*d"5*%e”2 + bx(axb"3xc + 3*a"2%b*c”2)*d"4*e”3 — 5x(3*xa"2%b"2%c + 2%
a~3*%c”2)*d"3*e"4 + (a”2*xb"3 + 17*a"3*b*c)*d"2*%e”5 - 2% (a"3*b"2 + 3*a"4*c)*d
*e76))/(a"4*xbxe”7 - (b™2*%c”3 - 2*a*xc”4)*d"7 + (2*xb"3*c”2 - axb*c”3)*d"6*e -

(b™4xc + 6*a*xb™2*c”2 + 2*a”~2xc~3)*d"5xe”2 + bk (a*b”3*c + 3*ka"2xbxc"2)*xd 4%
e”3 - 5*(3*a~2%b”2xc + 2*xa~3*c”2)*d"3*e"4 + (a"2*b"3 + 17*a"3*b*xc)*d"2*e”5
- 2x(a"3%b"2 + 3xa”4xc)*d*e”6)) + 2/3*%sqrt(3)*(1/2)7(1/3)*((b*c*xd~3 - 3x*ax*c
xd"2%e + a”2%e”3 - (a72xb72*xc - 4xa”3*xc”2)*sqrt (- (12*a”4xb*cxd*e”5 - a~4xb”
2%e”6 - (b74xc™2 - 4*xaxb™2%c”3 + 4*a”"2xc"4)*d"6 + 6x(axb"3%xc”2 - 2%a”2*bxc”
3)*d"bxe - 3*(7*xa"2*b72%c”2 - 8*%a~3*c"3)*xd"4*e”2 + 2x(a”2*b"3*c + 16*a”3*b*
c”2)*d"3%e”3 - 6*%(a"3*%b"2%c + 6*a~4*xc”2)*d"2*e"4)/(a"4*¥b"6xc”2 - 12%¥a”5xb"4
*c™3 + 48*%a~6xb"2%xc”4 - 64%a”7*xc”5)))/(a"2*b"2%c - 4xa~3*c"2)) " (1/3)*arctan
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(-1/6% (2% (1/2)~(2/3)*(sqrt (3) *((a"2%b~6*c™2 - 12*a”~3*b~4*c”3 + 48*a~4*b~2*c
“4 - 64%a”5xc”5)*d"2 - (a"3*%b"6xc - 12*xa"4*b"4*xc”2 + 48*a"5*xb"2*%c”3 - 64xa”
6xc~4)*xe”2) xxxsqrt (- (12xa~4xb*xckd*xe”™5 - a~4xb"2xe”6 - (b~4*c”2 - 4xa*xb"2*c”
3 + 4*a”2*c”4)*d"6 + 6% (ax¥b”3*%c”2 - 2*a"2xbxc~3)*d"5xe - 3*%(7*a"2xb"2*xc"2 -
8*a~3*c”3)*d"4*e”2 + 2x(a"2*¥b"3*c + 16*a”3*b*xc”2)*d"3*e”3 - 6*(a”3*b"2*c +
6*a~4*xc”2)*d"2*e”4)/(a"4*xb"6*c"2 - 12*xa"5*b"4%c”3 + 48*a"6%b"2*c"4 - 64xa”
7*xc™5)) + sqrt(3)*((b~5*c™2 - 6%a*xb~3xc”3 + 8*a~2*b*xc"4)*d"5 - (7*axb~4xc”2
- 36%a”2*b"2%c”3 + 32*a"3%c”4)*d"4*e + (axb"5kxc + 12%a”2*xb"3*c”2 - 64*a~3*
b*c~3)*d"3*xe”2 - 4% (a”2*%b"4*c + 2%a"3*b"2xc”2 - 24*a"4*c”3)*d"2*e”3 + 10x(a
~3*%b73*%c - 4*a"4*xbxc"2)*d*xe”4 - (a”3*%b"4 - 4*a"4*xb"2xc)*e”5)*x)* ((b*c*d"3 -
3xaxckd"2%e + a"2%xe”3 - (a"2*b"2%c - 4*a”3*c”2)*sqrt(-(12*%a"4*bxckd*xe”5 -
a~4xb"2%e”6 - (b74*cT2 - 4xaxb"2%c”3 + 4*a”2*%c”4)*d"6 + 6x(axb"3%c”2 - 2*a”
2%b*c”3) *d"5*e — 3*(7*a"2*xb"2%c”2 - 8*a"3*c”3)*d"4*e”2 + 2x(a"2%b"3*c + 16%*
a~3*b*c”2)*d"3*e”3 - 6x(a"3*b"2%c + 6*a"4*c”2)*d"2*%e”4)/(a"4*xb"6%c”2 - 12*a
“Bxb~4%c”3 + 48*%a~6*%b"2%xc”4 - 64xa”7*xc"5)))/(a”2*b"2xc - 4xa"3*xc~2))"(2/3)
- (1/2)7(1/6)*x(sqrt (3) *((a™2*b~6*c™2 - 12*%a~3%b"4xc™3 + 48%a~4xb"2xc™4 - 64
*a"5*%c”5)*d"2 - (a”3*b"6xc - 12%a"4*b"4*c”2 + 48%a”bxbT2*xc”3 - 64*a"6*c”4)*
e”2)xsqrt (- (12*a~4*bxc*d*e™5 - a~4*b"2%e”6 - (b74xc™2 - 4*axb”2xc”3 + 4xa”2
*C74)*d76 + 6%(axb"3*cT2 — 2xa”2%b*c”3)*d"5b*e - 3*(7T*a"2xb"2xc”2 - 8*a~3*c”
3)*d"4*xe”2 + 2x(a"2xb"3*c + 16*a”3*b*c”2)*d"3*e”3 - 6% (a”3*%b"2%c + 6*a4*xc”
2)*xd"2%e"4) /(a"4*xb"6*c”2 - 12*%a~b*xb"4*xc~3 + 48*a”6xb"2%c"4 - 64*xa~T*c”"5)) +
sqrt (3) *((b75*c™2 - 6*%a*b~3*%c™3 + 8xa”~2%bxc”4)*xd"5 - (7*axb~4xc”™2 - 36%a”2
*b72%c”3 + 32*%a”3*c"4)*d"4xe + (axb”b*c + 12*%a”2%b"3*c”2 - 64*a”3*b*c”3)*d”
3*%e”2 - 4x(a”"2xbT4xc + 2%a"3*%b72*%c”2 - 24*a”4*xc"3)*d"2*xe”3 + 10*(a”3*b"3*c
- 4xa"4xb*xc”2)*xd*e"4 - (a"3*b"4 - 4*a"4*b"2*c)*e”5) ) *((bxcxd"3 - 3kakxckd "2
e + a”2xe”3 - (a”2*%b"2xc - 4*a”~3xc”2)*sqrt(-(12xa~4xb*xc*kd*e”5 - a~4*b"2xe”6
- (b74%c™2 - 4*axb"2%c”3 + 4*a"2%c”4)*d"6 + 6% (axb"3*%c”2 - 2*a”2xb*c”3)*d”
Bxe - 3*(7*a”2*b"2*c”™2 - 8*a~3%c”3)*d"4*e”2 + 2*x(a”2*xb"3*c + 16%a~3*b*c”2)*
d"3*e”3 - 6x(a~3*b"2xc + 6*a"4*xc”2)*d"2*e”4)/(a"4*xb"6%c”2 - 12*a”5*b"4x*c”3
+ 48%a”6*xb~2*%c"4 - 64*%a~7*c”5)))/(a"2xb"2xc - 4*a~3*c”2)) " (2/3)*sqrt ((2*(a”
4xbxe”7 — (b72%c”3 - 2*a*xc”4)*d"7 + (2*xb"3%c”2 - axb*c”3)*d"6*e - (b"4xc +
B6*xaxb~2%c”2 + 2*a"2%c”3)*d"5*e”2 + 5*x(axb”3*c + 3*a"2*b*c”2)*d"4*xe”3 - 5%(3
*a"2%b72%c + 2*xa”"3*c”2)*d"3*e”4 + (a"2*xb”"3 + 17*xa”"3*b*c)*d"2*xe”5 - 2% (a~3*b
T2 + 3*a"4xc)*d*e”6)*x72 - (1/2)7(2/3)*((b76*c — 8*axb~4*xc”2 + 20%a”2%b"2*c
~3 - 16*a”3*c”4)*d"5 - bx(axb~b*c - 6*a”2*%b7"3*c”2 + 8*a"3xbxc”3)*d"4xe + 2%
(T*a~2xb~4*xc — 36*a”~3*%b"2%xc~2 + 32%a"4*xc~3)*d"3%e”2 - (a™2*xb~5 + 12%a"3*xb~3
*C — 64%a”4dxb*xc”2)*d"2*%e”3 + 2*x(a"3*b"4 + 2*a~4*b”"2xc - 24xa”5*xc"2)*d*e"4 -
2% (a"4*b~3 - 4*xa”~bxbxc)xe”5 + ((a”2%b77*c - 12*a”3*b"5*xc”2 + 48%a~4*b~3*c”
3 — 64*a”bxb*xc”4)*d"2 - 2% (a”3*b"6*c - 12*a~4¥b"4*xc”2 + 48*a"5xb"2%c”3 - 64
*xa”6*xc"4) *d*xe) xsqrt (- (12*a~4*bxc*d*e”5 - a~4*b~2*e”6 - (b74*c”2 - 4d*xaxb”2*c
"3 + 4*a”2%c”4)*d"6 + 6x(axb"3*%c”2 - 2*a”2%b*c”3)*d"5ke — 3*(7*a"2%b"2%c”2
- 8*a”3*c"3)*d"4*e”2 + 2x(a"2xb"3*c + 16*a”3*b*c”2)*d"3*e”3 - 6x(a”3*¥b"2*c
+ 6%a”4xc”2)*d"2%e”4) /(a”4*b"6*c”2 - 12*%a"5xb~4*xc”3 + 48*a~6*b"2*xc”4 - 64*a
“7%c75)) ) *((bxc*d™3 - 3xa*xcxd™2%e + a"2%e”3 - (a”2%b"2%c - 4*a~3*c”2)*sqrt(
-(12*a"4*b*ckd*e”™5 — a~4*xb"2xe”6 - (b74*c”2 - 4*xaxb"2*xc”3 + 4*a"2xc"4)*d76
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+ 6% (a*b™3*c"2 - 2xa"2%b*c”3)*d"b*e - 3% (7*a"2xb"2%c”2 - 8*a~3*c”3)*d"4*e”2
+ 2% (a"2*b7"3*%c + 16*a~3xb*c”2)*d"3*e”3 - 6%(a~3*b"2xc + 6*a~4*xc”2)*d"2*e"4
)/ (a"4%b"6%c™2 - 12*%a”5*b"4*c”3 + 48*a~6%b"2%c”4 - 64*a”7*c”5)))/(a"2xb"2xc
- 4xa~3%c”2))"(2/3) - (1/2)"(1/3)*(((a"2*%b"b*xc"2 — 8*a~3*b~3*c”3 + 16*xa~4x
b*xc~4)*d"3 - (a”2*¥b"6*c - 6*%a”"3*b"4*c”2 + 32*xa~5*c"4)*d"2*e + 3*(a"3*b"5*c
- 8%a"4%b"3*c”2 + 16*a"bxbxc”3)*d*e”2 - 2% (a"4*b"4*xc - 8*xa~bxb"2%c”2 + 16%*a
“6*xc”3)*e"3) *x*sqrt (- (12*a~4*bxckxd*e”5 - a"4*b"2*%e”6 - (b74*c”2 - 4xaxb~2*c
3 + 4*a”2*%c”4)*d"6 + 6x(axb"3xcT2 - 2*a”2*b*c”3)*d"5*xe — 3*(7*a"2%b"2%c”2
- 8*a”3*c”3)*d"4*e”2 + 2x(a"2xb"3*c + 16*a”3*b*c”2)*d"3*e”3 - 6x(a~3*¥b"2*cC
+ 6*%a”4*xc”2)*d"2xe"4) /(a"4*¥b"6*c”2 - 12*%a”"bxb"4*xc”3 + 48%a"6*b"2%c”4 - 64x*a
“Txc”5)) + ((b™4*c™2 - 6*xa*xb”2*xc”3 + 8*xa"2*c"4)*d"6 - (b"5*xc - 3*axb”~3*xc”2
- 4%a"2%b*c”3)*d"5*xe + 4x(axb"4*c - 3*a”"2*%b”"2*c”2 - 4*a~3xc"3)*d"4*e”2 - 10
*(a”2%b73*%c - 4*a”3*bxc"2)*d"3%e”3 + (a"2*%b"4 + 2*a”~3*b"2xc - 24%a~4*c”2)*d
“2%e”4 - (a"3*b”"3 - 4*xa~4xbxc)*d*e”5)*x)* ((bxckxd"3 - 3*axckxd"2xe + a~2%e”3
- (a72%b72xc - 4xa”3*c”2)*sqrt (- (12*a”4xb*cxd*e”5 - a~4*b"2xe”6 - (b~4*c~2
- 4xaxb”2%c”3 + 4*a"2*xc"4)*d"6 + 6% (axb”3*%c”2 - 2*a"2xbxc"3)*d"5xe - 3*(7*a
“2%bT2%cT2 - 8*a”3%c”3)*d"4*xe”2 + 2% (a"2%b"3*%c + 16*a”3*b*xc”2)*d"3*%e”3 - 6%
(a™3*b"2%c + 6*xa"4*xc”2)*d"2xe"4)/(a"4*b"6*c”2 — 12*a~5*¥b"4*xc”3 + 48%a”6*xb”"2
*c74 - 64*a”7*c”5)))/(a"2xb"2xc - 4*a~3%c”2))"(1/3))/(a"4*xbxe”7 - (b"2%c”3
- 2%xa*xc”4)*d"7 + (2*xb"3*c”2 - axb*c”3)*d"6*e - (bT4d*c + 6xaxb"2*%c”2 + 2*a”2
*c"3)*d"5*e”2 + 5k (axb"3xc + 3*%a"2%b*xc”2)*d"4*e”3 - 5x(3*xa"2xb"2%c + 2%a 3%
c"2)*d"3%e"4 + (a"2*b”3 + 17*a"3xbxc)*d"2%e”5 - 2*%(a”3*b”"2 + 3*a~4xc)*d*e”6
)) + 2xsqrt(3)*(a~4xb*e”7 - (b72%c”3 - 2%axc”4)*d”7 + (2%xb~3%c”2 - axb*c”3)
*d"6*xe - (b74*c + 6*xaxb™2xc”2 + 2%a”2%c”3)*d"5*e”2 + bx(axb~3xc + 3*a~2xb*c
"2)*%d"4%e”3 - 5k (3*a"2xb"2xc + 2%a”3*c"2)*d"3*e”4 + (a"2*%b"3 + 17*a"3*b*c)*
d"2xe”5 - 2*(a”3*b”"2 + 3*a~4xc)*d*e”6))/(a"4xb*e”7 - (b"2*c”3 - 2*xaxc”4)*d”
7 + (2%b73%c”2 - axb*c”3)*d"6xe - (b74*c + 6*xaxb”2%c”2 + 2%a”2xc”3)*d"5*e”2
+ bx(axb”3*c + 3*xa”2*b*c”2)*d"4*e”3 - 5x(3*%a”2+b"2xc + 2*a~3*c”2)*d"3*e"4
+ (a72*b73 + 17*a"3xb*c)*d"2%e”5 - 2*(a"3*b"2 + 3xa~4xc)*d*e”6)) - 1/6x(1/2
)~ (1/3)*((b*c*xd™3 - 3*akxcxd™2xe + a”2*e”3 + (a”2%b"2xc - 4xa~3*xc”2)*sqrt(-(
12%a"4xbxckxd*e”5 - a~4*%b"2%xe”6 - (b~4*c”2 - 4xaxb"2xc”3 + 4*xa~2%c"4)*d"6 +
6% (a*xb~3*%c™2 - 2*a"2%b*c”3)*d"bxe - 3% (7*a"2*%b"2*c”2 - 8*a~3*c”3)*d"4*e"2 +
2% (a"2*b73*%c + 16*a~3*bxc”2)*d"3*%e”3 - 6*(a”3*b"2xc + 6*xa~4xc”2)*d"2%e"4)/
(a™4%b"6*c™2 - 12*%a”b*b~4*c”™3 + 48*a~6*b"2%c”4 - 64*a”7*c”5)))/(a"2xb"2*c -
4xa~3%c”2)) " (1/3)*log (2% (a~4*xb*xe”7 - (b7™2%c™3 - 2%axc™4)*d”7 + (2*¥b~3*c”2
- axb*c”3)*d"6*xe - (b"4*c + 6%axb”2%c”2 + 2*a"2*c”3)*d"5xe”2 + 5x(a*b”3*c +
3*a"2%b*c”2)*d"4*e"3 - 5x(3*a"2%b"2*%c + 2*a~3*%c”2)*d"3*e"4 + (a"2%b”3 + 17
*a”3*b*c) *d"2*%e”5 - 2% (a"3*b72 + 3*a~4xc)*d*e”6)*x"2 - (1/2)7(2/3)*((b"6%*c
- 8*%axb”4*xc”2 + 20%a"2*b"2%c”3 - 16*a"3%c”4)*d"5 - Bx(axb"5kxc - 6%a”2*b"3*c
"2 + 8*a”3*b*c”3)*d"4*xe + 2x(7*a"2%b"4*c - 36*%a”3*b"2*xc”2 + 32%a"4*c”3)*d"3
*e72 - (a”2*b75 + 12*a~3%b"3%c - 64*a”4*bxc”2)*d"2*xe”3 + 2% (a”3*%b"4 + 2*a"4
*b"2%c - 24*a”5*xc"2)*d*e”4 - 2% (a"4%b"3 - 4*a”5*xbkc)*e”5 - ((a"2%b"7*c - 12
*a"3%b"5*cT2 + 48*%a~4*b"3%c”3 - 64*a”bxb*c”4)*d"2 - 2*%(a”3%b"6*xc - 12*xa~4x*b
T4%cT2 + 48%a"b*b72%c”3 - 64*a~6*c”4)*xd*e)*sqrt (- (12*a"4xb*cxd*e”5 - a"4xb”
2%e”6 - (b74*c™2 - 4*xaxb"2xc”3 + 4*a"2%c”4)*d"6 + 6x(axb"3*c”2 - 2%a”2xb*c”
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3)*d"5*xe — 3% (7*a"2xb"2%c”2 - 8*a~3*c”3)*d"4*xe"2 + 2x(a"2%b"3*c + 16*a”3*bx*
c”2)*d"3%e”3 - 6*%(a"3*%b"2%c + 6*a~4xc”2)*d"2*e"4)/(a"4*¥b"6xc”2 - 12%a”5xb"4
*C73 + 48*%a”6*xb"2*c™4 - 64*a~7xc”5)))*((b*c*d"3 - 3*kaxcxd"2xe + a"2%e”3 + (
a"2xb"2xc - 4xa”3*xc”2)*sqrt (- (12*a”4xb*cxd*e”5 - a"4xb"2xe”6 - (b"4*c”2 - 4
*a¥xb"2%c”3 + 4*a"2*c"4)*d"6 + 6% (a*¥b”3*%c”2 - 2*%a”"2*b*xc~3)*d"5xe - 3k (7*a” 2%
bT2%c”2 - 8*a”"3%c”3)*d"4*e”2 + 2*%(a"2*%b”"3xc + 16%a"3*bxc”2)*d"3*e”3 - 6*(a”
3*¥b72xc + 6*a~4xc”2)*d"2%e"4)/(a"4*b"6%c”2 - 12*%a"5xb"4*c”3 + 48*a”~6*xb"2%c”
4 - 64*xa”7xc75)))/(a"2*¥b"2*%c - 4*a”~3*c”2))"(2/3) + (1/2)"(1/3)*(((a~2*b~5*c
"2 - 8%a"3*%b"3%c”3 + 16*%a~4xbxc”4)*d"3 - (a"2x%b"6*c - 6*a~3*%b"4*xc"2 + 32%a”
5%c”4)*d"2%e + 3*(a"3*b"5xc - 8*a~4*b"3*%c”2 + 16*%a " bxbxc~3)*xd*xe”2 - 2% (a”4*
b~4*c - 8%a"b*b"2%c”2 + 16*a~6%c”3)*e”3)*x*ksqrt (- (12*a~4*bxckxd*e”5 - a~4*b”
2%e”6 - (b74*c™2 - 4d*xaxb"2xc”3 + 4%a"2%c”4)*d"6 + 6x(axb"3*xc”2 - 2%a"2%b*c”
3)*d"5*xe — 3% (7*a"2xb"2%c”2 - 8*a”"3*c”3)*d"4*e"2 + 2x(a"2%b"3*c + 16*a”3*xbx*
c"2)*d"3*%e”3 - 6*%(a”3*%b"2%c + 6*a~4xc”2)*d"2*e"4)/(a"4*xb"6%xc”2 - 12%a”5xb~4
*Cc73 + 48*%a”6xb"2*xc"4 — 64xa”T7T*c”5)) - ((b74*c”2 - 6xaxb"2%c”3 + 8*a”2%c”4)
*d"6 - (b"5*c - 3*a*xb~3*xc”2 - 4*a”2%b*c”3)*d"5*xe + 4*x(axb~4xc - 3*xa"2%b"2*c
"2 - 4%a”3*c”3)*d"4*e”2 - 10%(a"2%b"3*c - 4*a”3*bxc"2)*d"3%e”3 + (a"2*b"4 +
2%a"3*b72*%c - 24*a~4xc"2)*d"2%e”4 - (a"3*b”3 - 4*xa4dxbxc)*xdxe”5)*x) * ((b*c*
d”3 - 3xa*xcxd"2%e + a"2%e”3 + (a"2xb"2%c - 4*xa~3%c”2)*sqrt (- (12xa”4xb*xckxdxe
"5 - a”4%b"2*%e”6 - (bT4*c”2 - 4¥axb"2%c”3 + 4*a"2%xc"4)*d"6 + 6% (axb”3*%c”2 -
2%a”2*xb*xc"3) *d"bke — 3*%(7*a"2%¥b"2%c”2 - 8*a"3*c"3)*d"4*xe”2 + 2% (a”2*b"3*c
+ 16*a~3*%b*c”2)*d"3*e”3 - 6*(a”3*b"2%c + 6*a”4*c”2)*d"2*e"4)/(a"4*b"6*c"2 -
12*%a"5*b~4%c”3 + 48*a~6*%b"2*c"4 - 64xa”7*c”5)))/(a”2*b"2xc - 4*xa~3*c”2)) " (
1/3)) = 1/6%x(1/2)"(1/3)*((b*c*d~3 - 3*axcxd"2%e + a~2*%e”3 - (a"2*xb"2xc - 4%
a~3xc”2) *sqrt (- (12*a~4*bkxcxd*e™5 - a~4*b"2%e”6 - (b~4*c™2 - 4*axb”2*c”3 + 4
*a"2%c"4)*d"6 + 6% (axb"3*xc”2 - 2%a"2%b*c”3)*d"5*e - 3% (7*a"2*%b"2%c"2 - 8*a”
3*c"3)*d"4xe”2 + 2% (a”"2%b"3*c + 16*a~3*b*c”2)*d"3*e”3 - 6% (a"3*b"2*c + 6*a”
4xc”2)*d"2%e"4) /(a~4*b"6xc”2 - 12*xa”5%b"4*c”3 + 48%a"6xb"2%c”4 - 64*a”7*c”5
)))/(a”2%b7"2xc - 4%a”3xc”2)) " (1/3)*log(2*x(a~4xb*e”7 - (b72%c”3 - 2%axc”4)*d
7 + (2%b73*%cT2 - axbxc”3)*d"6xe - (b74*c + 6*axbT2xcT2 + 2*xa~2%c”3)*d"5*e”
2 + 5x(a*b”3*c + 3*xa"2xbxc"2)*d"4*e”3 - 5k (3*a"2xb"2xc + 2%a~3*c”2)*d"3*e"4
+ (a72%b73 + 17*a~3*b*c)*d"2*e”5 - 2*x(a”3*b"2 + 3*a~4*c)*d*e”6)*x"2 - (1/2
)" (2/3) % ((b™6%c - 8*axb~4*xc™2 + 20%a”2%b~2*c”3 - 16*a”~3*c"4)*d~5 - 5*(a*xb”5
*¥C — 6%a”2%xb73*%c”2 + 8*a~3*bkxc"3)*d"4*xe + 2% (7T*a"2xb"4*xc - 36*a"3*%b"2*xc"2 +
32*%a"4*c”3)*d"3*e"2 - (a"2%b”5 + 12%a”3*b73*c - 64*a"4xbxc”2)*d"2%e”3 + 2%
(a™3%b~4 + 2%a"4*b"2%c — 24*a~5xc"2)*d*e”4 - 2*%(a"4*b"3 - 4xa~5xb*c)*e”5 +
((a™2*b~7*c — 12*%a”3%b~5*xc”2 + 48%a~4*xb~3*%c”3 - 64*a~5*xb*c™4)*d"2 - 2*x(a~3*
b~6xc - 12*%a~4*xb~4xc”2 + 48%a”b*b"2%c”3 - 64*%a”6xc”4)xd*xe)*sqrt (- (12xa”4xbx*
cxd*e”5 - a"4xb"2*e”6 - (b74*c”2 - 4*xaxb"2*%c”3 + 4*a~2*%c”4)*d"6 + 6*(axb~3*
€72 - 2%a"2%b*c”3)*d"5*xe — 3% (7*a"2%b"2%c”2 - 8*a”"3*c”3)*d"4*xe"2 + 2x(a"2x*b
“3%c + 16*a”3*b*c”2)*d"3*e”3 - 6% (a”3*b"2%c + 6*a"4*xc”2)*d"2*xe"4)/(a"4*b"6%*
C™2 - 12%a”5*b~4*c"3 + 48%a”6%b"2%c”4 - 64*a~7*xc”5)))*((bkc*d~3 - 3kaxcxd™2
*e + a”"2%e”3 - (aT2%b"2%c - 4xa”3%c”2)*sqrt(-(12*a”4*xbxcxd*e”5 - a"4xb"2%e”
6 - (b74*c™2 - 4*xaxb™2*xc”3 + 4*xa”2%c”4)*d"6 + 6x(axb"3*cT2 - 2xa"2%b*xc”3)*d
“Bxe - 3k (7*a"2*xbT2*xcT2 - 8%a”3*c”3)*d"4*e”2 + 2x(a"2*%b"3xc + 16*a”3*b*c”2)
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*d"3%e”3 - 6*%(a”3*b"2xc + 6xa~4*c”2)*d"2%e"4)/(a"4*xb"6xc"2 - 12%a~b*b"4*c”3
+ 48%a"6*b"2%c”4 - 64*a”~7*c”5)))/(a"2x¥b"2*%c - 4*a~3%c”2))"(2/3) - (1/2)"1
/3)*(((a™2*%b75*c™2 — 8*a~3*b~3*%c”3 + 16*a"4*b*c”4)*d"3 - (a~2%b"6*c - 6*a”3
*b74*c”2 + 32*%a"bxc"4)*d"2xe + 3*x(a”3*b75kc - 8*a"4*xb"3xc”2 + 16*a”5*b*c”3)
xdxe”2 - 2x(a”4xb~4xc - 8*%a"bxb"2*c”2 + 16%a~6xc”3)*e”3)xx*sqrt (- (12xa”4*bx*
cxd*e”5 - a"4xb"2*e"6 - (b74*c”2 - 4*axb"2*xc”3 + 4*a"2*%c”4)*d"6 + 6% (axb~3*
C72 - 2%a”2%b*c”3)*d"5*xe — 3*(7*a"2%b"2%c”2 - 8*a~3*c”3)*d"4*xe"2 + 2% (a"2%b
“3%c + 16*a”3*b*c”"2)*d"3*e"3 - 6% (a”3*b"2*c + 6*a”4*xc”2)*d"2xe"4)/(a"4*b"6%*
€72 - 12%a”5*%b"4*c”3 + 48*%a”"6xb"2xc"4 - 64*a”T7*c”5)) + ((bT4*xcT2 - 6xaxb”2*
c”3 + 8%a"2%c"4)*d"6 - (b"bxc — 3*axb”3*c”2 - 4*a”2*b*c"3)*d"5xe + 4*(axb”4
*C — 3%a”2*b72%c”2 - 4*a~3%c”3)*d"4*e”2 - 10*x(a"2*b"3%c - 4*a”3*xbxc”2)*d"3*
e 3 + (a"2*%b"4 + 2*%a”~3*b"2xc - 24%xa~4*c”2)*d"2*%e”"4 - (a~3*b"3 - 4xa~4xb*c)*
dxe”5) *x) * ((b*c*d™3 - 3*akxcxd™2*xe + a”2*e”3 - (a"2%b"2xc - 4xa”3*%c”2)*sqrt(
- (12*a"4*b*xckd*e™5 — a~4*xb"2xe”6 - (b74*c”2 - 4*xaxb"2*xc”3 + 4*xa"2xc"4)*d76
+ 6% (axb"3*c"2 — 2*xa"2%b*c”3)*d"5*xe - 3k (7*a"2xb"2%c”2 - 8*a"3*c”3)*d"4*e”2
+ 2% (a"2*b73*c + 16*a”3*b*c”2)*d"3*e”3 - 6*(a”"3*b"2%c + 6*a”4*xc”2)*xd"2*e"4
)/ (a”~4xb~6%c™2 - 12%xa”5xb~4*c”3 + 48*%a"6*b"2%c"4 - 64*a~7*c”5)))/(a"2xb"2*c
- 4*a”3*%c”2))7(1/3)) + 1/3%(1/2)"(1/3)*((b*c*xd~3 - 3xaxc*d"2%e + a~2*e”3 +
(a™2*%b"2%c - 4*a~3*c”2)*sqrt(-(12*xa~4*xbxc*d*e”5 - a~4*xb~2*e"6 - (b"4*c”2 -
4xaxb"2*xc”3 + 4*xa"2%c”4)*d"6 + 6*x(axb"3*cT2 — 2*xa"2%b*c”3)*d"5*ke - 3k (7*a”
2%b"2%c”2 - 8*a”3%c”3)*d"4*e”2 + 2*%(a”2%b"3%c + 16%a”3*xbxc”2)*d"3*%e”3 - 6*(
a~3*b"2*c + 6xa~4*xc”2)*d"2xe"4)/(a"4*xb"6*xc”2 - 12*a”5*xb"4*c”3 + 48*a”6*b"2x*
c™4 - 64*a”T*xc"5)))/(a"2xb"2%c - 4*xa~3%c”2)) " (1/3)*log(2x (10*a~2*bxcxd ~2%e”
3 + a"3*b*e”5 - (b72%c”2 - 2*a*c”3)*d"5 + (b"3*c + axb*c”2)*d"4*e - 4*x(axb”
2%Cc + a”2*%c”2)*d"3*e”2 - (a"2%b"2 + 6*a”3*c)*d*e”"4)*x + (1/2)7(1/3)*((b"4*c
- B*a*xb”2*c”2 + 8*xa"2*xc”3)*d"4 - 3*x(a*b”3*kc - 4*a"2xbxc”2)*d"3*e + 6% (a2
b~2%c - 4%a”~3*%c"2)*d"2*xe”2 - (a”2*b”"3 - 4*xa”3*b*xc)*d*e”3 - ((a"2*b"5xc - 8%
a"3*b~3*%c”2 + 16*a~4xbxc”3)*d - 2% (a"3*b"4*xc - 8*a~4xb"2*%c”2 + 16%a”5*xc"3)*
e)*sqrt (- (12*%a~4xb*xcxd*e™5 — a~4*b"2xe”6 - (b74*c™2 - 4*axb~2*c”3 + 4xa”2*c
“4)*d"6 + 6x(axb"3*cT2 — 2*xa"2%b*c”3)*d"5b*xe - 3% (7*a"2xb"2*%c”2 - 8*a~3*c”3)
*d"4*e”2 + 2% (a"2%b"3*c + 16%a~3*b*c”2)*d"3*e”3 - 6x(a~3*b"2%c + 6*a”4*c”2)
*d"2%xe”4) /(a~4xb"6*xc”2 - 12*%a”5*xb~4*c”3 + 48*a"6xb"2xc”4 - 64*xa”7*c”5)))*((
b*c*kd™3 - 3xakxckd"2%e + a"2%e”3 + (a"2xb"2%xc - 4*xa”3%c”2)*sqrt(-(12*a”4xbx*c
*d*e”5 - a4*b”"2*%e”6 — (b74*xcT2 - 4xaxb”2*%c”3 + 4*a"2*xc"4)*d"6 + 6% (axb”3*c
T2 - 2%a”2*b*c”3)*d"bxe — 3x(7*a"2%b"2%c”2 - 8*%a"3*c”3)*d"4xe”2 + 2% (a”2*b”
3*kc + 16*%a”~3*bxc”2)*d"3*%e”3 - 6*%(a”"3*b"2*%c + 6*xa~4xc"2)*d"2*e"4)/(a"4*xb"6*c
~2 - 12%a"Bxb~4%c”3 + 48%a~6*xb"2xc”4 - 64%a”T7*c"5)))/(a"2xb"2%c - 4xa”~3*c”2
))7(1/3)) + 1/3%(1/2)"(1/3)*((b*xcxd™3 - 3*a*c*d™2*e + a”~2*xe”3 - (a~2%b"2*c
- 4xa”3%c”2) *sqrt (- (12%a"4xb*cxd*e”™5 - a"4*b"2xe”6 - (b~4*c™2 - 4xa*xb~2%c”3
+ 4*%a”2*xc"4)*d"6 + 6% (axb”3*c”2 - 2*%a"2xbxc”3)*d"5*e - 3*%(7*a"2*xb"2*xc"2 -
8*a~3*c"3)*d"4*e"2 + 2% (a"2%b"3*c + 16*a”"3*b*xc"2)*d"3*%e”3 - 6*(a”"3*b"2*c +
6*xa~4*xc”2)*d"2*e"4) /(a"4*xb"6%c"2 - 12*%a”b*b"4*c”3 + 48*a"6xb"2%c”4 - 64*a”7
xc”5)))/(a"2%b"2%c - 4*a”~3%c”2)) " (1/3)*1log(2*x(10*a~2*b*cxd"2*xe~3 + a~3*bxe”
5 - (b72%c™2 - 2*%axc”3)*d"5 + (b~3*c + axb*c”2)*d"4*xe - 4x(axb”2xc + a~2%c”
2)*%d"3*%e”2 - (a"2*b”2 + 6*xa~3xc)*d*e”4)*x + (1/2)7(1/3)*((b~4*c - 6*axb™2*c
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"2 + 8*a”2*%c”3)*d"4 - 3*x(axb"3%c - 4*a"2*b*c”2)*d"3*e + 6x(a"2%b"2%c - 4*a”
3*cT2)*d"2%e”2 - (a"2%b"3 - 4*a”3*b*c)*d*e”3 + ((a"2xb"5*c - 8*a~3*b”3*c”2
+ 16%a~4*xb*xc”3)*d - 2x(a”3*b74xc - 8*a"4xb"2xc”2 + 16%a”5*xc”3)*e)*sqrt(-(12
*a " 4dxbxckd*xe”5 - a~4xb"2%xe”6 - (b74*c”2 - 4xaxb"2xc”3 + 4*xa~2%c"4)*d"6 + 6%
(a*b~3*c™2 - 2%a”2*b*c”"3)*d"bxe — 3% (7*a"2%¥b"2%c”2 - 8*a"3*c"3)*d"4*xe"2 + 2
*(a”2%b"3*c + 16*%a”3*b*xc”2)*d"3%e”3 - 6*(a”3*b"2*%c + 6*xa~4*xc"2)*d"2%e"4)/(a
“4xb"6xc”2 - 12%a”5¥b74*c”3 + 48*%a”6xb"2%c”4 - 64*a”7*xc”5)))*((bxcxd~3 - 3x
axcxd"2xe + a"2%e”3 - (a"2xb"2xc - 4xa”3%c”2)*sqrt (- (12*a”4xb*cxd*e”5 - a"4
*b72%e76 - (b74*c™2 — 4*xaxb"2%c”3 + 4*a”2*c”4)*d"6 + 6x(axb”3*%c”2 - 2*a”2x*b
*c"3)*d"b*ke — 3k (7*a"2xb"2xc”2 - 8*a"3*c”3)*d"4*e”2 + 2x(a"2*%b"3*c + 16*a”3
*b*c"2)*d"3*%e"3 - 6% (a"3*b"2*c + 6*a4xc”2)*d"2%e”4)/(a"4*xb"6*c”2 - 12*a~5*
b~4*c™3 + 48%a~6*b"2%c”4 - 64*a”7*xc”5)))/(a"2%b"2%c - 4*a”3*c”2))”(1/3))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**3+d)/(cxx**6+b*x*x*3+a),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

exd +d
3 dx
cxb +bx3+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d)/(c*x~6+b*x~3+a),x, algorithm="giac")

[Out] integrate((exx”3 + d)/(c*x”6 + b*x"3 + a), x)



146

318 [ B gy

a+bx3+cx6)

Optimal. Leaf size=653

Yoz )1og( oo - \/Tcw+(b—\/m>2/3+22/3c2/3x2) (- 22 )y (f\@xﬂ

3
6 223a|b — Vb2 — 4ac 6 22~

[Out] -(d/(a*x)) + (c~(1/3)*(d + (b*d - 2*a*e)/Sqrt[b~2 - 4xaxc])*ArcTan[(1 - (2%
27(1/3)*c™(1/3)*x) /(b - Sqrt[b~2 - 4%axc])~(1/3))/Sqrt[3]1)/(27(2/3)*Sqrt[3
Ixax(b - Sqrt[b~2 - 4xaxc])~(1/3)) + (c~(1/3)*(d - (bxd - 2%a*e)/Sqrt[b~2 -
4xaxc])*ArcTan[(1 - (2%27(1/3)*c”(1/3)*x) /(b + Sqrt[b~2 - 4xaxc])~(1/3))/S
qrt[311)/(27(2/3)*Sqrt [3]*a*x(b + Sqrt[b~2 - 4xaxc])~(1/3)) + (c~(1/3)*(d +
(bxd - 2*a*e)/Sqrt[b™2 - 4*a*xc])*Log[(b - Sqrt[b™2 - 4xaxc])~(1/3) + 27(1/3
)xc”(1/3)*x])/(3%27(2/3)*a*x(b - Sqrt[b~2 - 4*xa*xc])~(1/3)) + (c~(1/3)*(d - (
bxd - 2%axe)/Sqrt[b~2 - 4xaxc])*Log[(b + Sqrt[b~2 - 4x*axc])~(1/3) + 27(1/3)
xc”(1/3)*x])/(3%27(2/3)*xa*x(b + Sqrt[b™2 - 4xaxc])~(1/3)) - (c~(1/3)*(d + (b
xd - 2%axe)/Sqrt[b”~2 - 4xaxc])*Logl[(b - Sqrt[b~2 - 4*axc])~(2/3) - 27(1/3)*
c™(1/3)*(b - Sqrt[b~2 - 4*axc])~(1/3)*x + 27(2/3)*c~(2/3)*x72])/(6%x2~(2/3)*
ax(b - Sqrt[b~2 - 4xaxc])~(1/3)) - (c7(1/3)*(d - (b*d - 2%axe)/Sqrt[b™2 - 4
xaxc])*Log[(b + Sqrt[b~2 - 4*axc])~(2/3) - 27(1/3)*c~(1/3)*(b + Sqrt[b~2 -
4xaxc])~(1/3)*x + 27(2/3)*c™(2/3)*x72])/(6%27(2/3) *a*x(b + Sqrt[b~2 - 4xax*c]
)~ (1/3))

Rubi [A] time = 1.17526, antiderivative size = 653, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 14, number of rules used = 8, integrand size = 25, e -

integrand size
0.32, Rules used = {1504, 1510, 292, 31, 634, 617, 204, 628}

2/3
3 bd—2ae ( _ 2 _ ) 2/3 2/3.2 3 ( _ bd—2ae ) 33 3
\/E(W )log( \/_\/EX\/b Vb2 —4dac + |b— Vb? —4dac) +2%°¢ x) \eld — log \/E\/Ex\/;

3
6 223a+|b — Vb2 — 4ac 6 22~

Antiderivative was successfully verified.

[In] Int[(d + e*xx"3)/(x"2*%(a + b*x"3 + c*x76)),x]
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[Out] -(d/(a*x)) + (c~(1/3)*(d + (b*d - 2%axe)/Sqrt[b~2 - 4*axc])*ArcTan[(1
27(1/3)*c™(1/3)*x) /(b - Sqrt[b~2 - 4*a*xc])~(1/3))/Sqrt[3]]1)/(27(2/3)*Sqrt[3
Ixax(b - Sqrt[b~2 - 4xaxc])~(1/3)) + (c~(1/3)*(d - (bxd - 2%a*e)/Sqrt[b~2 -
4xaxc])*ArcTan[(1 - (2%27(1/3)*c”(1/3)*x) /(b + Sqrt[b~2 - 4xaxc])~(1/3))/S
qrt[3]11)/(27(2/3)*Sqrt [3]*a*x(b + Sqrt[b~2 - 4xaxc])~(1/3)) + (c~(1/3)*(d +

(b*xd - 2%axe)/Sqrt[b™2 - 4xaxc])*Logl[(b - Sqrt[b~2 - 4*axc])~(1/3) + 27(1/3
)xc”(1/3)*x])/(3%27(2/3)*a*x(b - Sqrt[b™2 - 4*xa*xc])~(1/3)) + (c7(1/3)*(d - (
bxd - 2%axe)/Sqrt[b~2 - 4xaxc])*Log[(b + Sqrt[b~2 - 4*axc])~(1/3) + 27(1/3)
xc”(1/3)*x]) /(3*%27(2/3)*xa*x(b + Sqrt[b~2 - 4xaxc])~(1/3)) - (c~(1/3)*(d + (b
xd - 2xa*e)/Sqrt[b”2 - 4*axc])*Log[(b - Sqrt[b~2 - 4xa*xc])~(2/3) - 27(1/3)*
c™(1/3)*(b - Sqrt[b~2 - 4*axc])~(1/3)*x + 27(2/3)*c~(2/3)*x72])/(6%x2~(2/3)*
ax(b - Sqrt[b™2 - 4xaxc])~(1/3)) - (c~(1/3)*(d - (b*d - 2*axe)/Sqrt[b~2 - 4
xaxc])*Log[(b + Sqrt[b~2 - 4*axc])~(2/3) - 27(1/3)*c~(1/3)*(b + Sqrt[b~2 -
4xaxc])~(1/3)*x + 27(2/3)*c™(2/3)*x72])/(6%27(2/3) *ax(b + Sqrt[b~2 - 4xax*c]
)~ (1/3))

Rule 1504

Int [CCE_D*(x_)) " (m_.)*((d_) + (e_)*x(x_)"(n_))*((a_) + (b_)*x(x_)"(n_) + (
c_)*(x ) (m2.))"(p_), x_Symbol] :> Simp[(d*(f*x)~(m + 1)*(a + b*x"n + c*x~
(2*n))~(p + 1)) /(a*xf*x(m + 1)), x] + Dist[1/(a*f™nx(m + 1)), Int[(f*x)"(m +
n)*(a + b*x™n + c*xx”(2%n)) “p*Simp[a*ex(m + 1) - bxd*(m + nx(p + 1) + 1) - ¢
*dx(m + 2*n*(p + 1) + 1)*x"n, x], x], x] /; FreeQ[{a, b, ¢, 4, e, £, p}, x]
&& EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc, 0] && IGtQ[n, 0] && LtQ[m, -1] && Inte
gerQ[pl]

Rule 1510

Int [(CCE_D)*(x_))7(m_)*((d_) + (e_)*x(x_)"(_)))/((a) + (b_)*(x_)"(n_) +
(c_)*(x_)"(n2)), x_Symbol] :> With[{q = Rt[b"2 - 4xax*xc, 2]}, Dist[e/2 +
(2%c*d - bxe)/(2xq), Int[(f*x)"m/(b/2 - q/2 + c*x"n), x], x] + Distl[e/2 - (
2xc*d - bke)/(2%q), Int[(f*x) m/(b/2 + q/2 + c*x™n), x], x]] /; FreeQ[{a, b

, ¢, d, e, £, m}, x] && EqQ[n2, 2+*n] && NeQ[b~2 - 4*axc, 0] &% IGtQ[n, O]

Rule 292

Int[(x )/((a_) + (b_.)x(x_)"3), x_Symbol]l :> -Dist[(3xRt[a, 3]1*Rt[b, 3]) (-
1), Int[1/(Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]1*x)/(Rt[a, 3]1°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2*x
~2), x], x] /; FreeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))"(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI]

- (2*
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Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2%c), Int[1/(a + bxx + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2xc*d - bxe, 0] && NeQ[b~2 - 4xaxc, 0] && !'NiceSqrtQ[b~2 - 4xaxc]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q]l && (EqQ[q~2, 11 || !'RationalQ[b~2 - 4*a*xc])] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQl
a, 0] |l LtQ[b, 01)

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rubi steps
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f x(bd—ae+cdx3)

3 - 7
f d+ex dx = _i _ a+bx3+cx0 *
x2 (a + bx3 + cx6) ax a
bd-2ae )) ( ( bd-2ae )) x
- dx |cld+ dx
d ( ( Vb2—4ac f b 1 b2—4ac+cx3 Vb2—4ac f g—%\/bz—4ac+cx3
Cax 2a 2a

3
\b+Vb2-4ac 44
E

(C2/3( _ bd—2ae )) f 1 dx ( 2/3 (d _ bd—2ae )) - %/5
N 3,/b+m+ - Vb2 —dac (a) 3o
23 %

+
ax 3
3 22/3a\/b + Vb2 - 4ac 3 223q+/b + Vb? — 4ac

d \/—(d+ G —ZZZC) (\/—ac+ ) (d— ffﬂ)log(\/b+\/ﬁ
" ’ 3 22/351\/—4% " 3 223, 3/b NS
, \3/5(d bd2ae) (\/—4ac+ ) (d_jd%) g(m

+ +
ax 3
3 22/3a Vb2 - 4ac 3 223g+/b + Vb2 -

T

2 32 2 3ex - 232 Jex
3 3
3 bd—-2ae -1 b-Vb2—4ac 3 ( bd—2ae ) -1 b+ Vb2 -4ac
cld+ ——|tan —_— cld - ——|tan —_—
\/_ ( Vb2—4ac) V3 \/— Vb2-4ac V3 \3/2
d
=—+ + + —

o 22/3\/§a\3/b - Vb? - 4ac 22/3\/§a\3/b + Vb2 - 4ac

Mathematica [C] time = 0.0487376, size = 85, normalized size = 0.13

3 ' — — '
RootSum [ 8130 + #15¢ + 4 &, #1°cd log(x—#1) aelfg(x #1)+bd log(x—#1) &]
2#1%c+#1b

3a ax

Antiderivative was successfully verified.

[In] Integrate[(d + e*x"3)/(x"2*(a + b*x"3 + c*x76)),x]

[Out] -(d/(a*x)) - RootSum[a + b*#173 + c*#176 & , (b*d*xLoglx - #1] - axexLoglx -
#1] + cxdxLoglx - #1]*#173)/(b*#1 + 2%cx#174) & ]/(3*a)
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Maple [C] time = 0.006, size = 70, normalized size = 0.1

i1 (cd_R* + (-ae + bd) _R)In(x - _R)
2_R°c+_R%

g _R=RootOf(_Z°c+_7Z’b+a)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx"3+d)/x"2/(c*x"6+b*xx"3+a) ,x)

[Out] -d/a/x-1/3/a*sum((c*d* R~4+(-axe+bxd)* R)/(2*x R~5*c+ R™2*b)*1n(x- R), R=Roo
t0f (_Z"6xc+_Z~3*b+a))

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d)/x"2/(c*x~6+b*x~3+a),x, algorithm="maxima")

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~3+d)/x"2/(c*x"6+b*x~3+a),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**3+d)/x**2/(c*x**6+bxx**3+a) ,x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x”3+d)/x"2/(c*x"6+b*x"3+a),x, algorithm="giac")

[Out] Exception raised: TypeError
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319 [ B gy

a+bx3+cx6)

Optimal. Leaf size=655

2/3
c23 (% )log( \/_\/Ex\/b Vb2 - dac + (b — Vb2 - 4ac) + 22/3c2/3x2) c23 (d 5%) ( \/_\/Ex\/7

+

23
62a (b —Vb? - 4ac) 6/2a |

[Out] -d/(2*xaxx”2) + (c~(2/3)*(d + (bxd - 2xa*e)/Sqrt[b~2 - 4*axc])*ArcTan[(1 - (
2%27(1/3)*%c™(1/3)*x) /(b - Sqrt[b™2 - 4*axc])~(1/3))/Sqrt[3]1]1)/(27(1/3)*Sqrt
[3]*ax(b - Sqrt[b~2 - 4xaxc])~(2/3)) + (c~(2/3)*(d - (b*d - 2*axe)/Sqrt[b~2
- 4xaxc])*ArcTan[(1 - (2%x27(1/3)*c™(1/3)*x)/(b + Sqrt[b~2 - 4*axc])~(1/3))
/8qrt [311)/(27(1/3)*Sqrt [3]¥a*x(b + Sqrt[b~2 - 4xaxc])~(2/3)) - (c~(2/3)*(d
+ (bxd - 2%a*e)/Sqrt[b”2 - 4*axc])*Log[(b - Sqrt[b~2 - 4xa*xc])~(1/3) + 27(1
/3)*c™(1/3)*x]) / (3%27 (1/3) *ax(b - Sqrt[b~2 - 4*axc])~(2/3)) - (c7(2/3)*(d -
(bxd - 2*axe)/Sqrt[b~2 - 4xaxc])*Logl[(b + Sqrt[b~2 - 4*axc])~(1/3) + 27(1/
3)*c”(1/3)*x]1)/(3%27(1/3)*xa*x(b + Sqrt[b~2 - 4*xaxc])~(2/3)) + (c~(2/3)*(d +
(bxd - 2*a*e)/Sqrt[b™2 - 4*a*xc])*Log[(b - Sqrt[b™2 - 4xaxc])~(2/3) - 27(1/3
)*¥c”™(1/3)*(b - Sqrt[b™2 - 4*axc])~(1/3)*x + 27(2/3)*c~(2/3)*x72])/(6%27(1/3
)*¥ax(b - Sqrt[b~2 - 4xaxc])~(2/3)) + (c~(2/3)*(d - (b*xd - 2xaxe)/Sqrt[b~2 -
4xaxc])*Log[(b + Sqrt[b~2 - 4*axc])~(2/3) - 27(1/3)*c~(1/3)*(b + Sqrt[b~2
- 4xaxc])"(1/3)*x + 27(2/3)*c~(2/3)*x72])/(6%27(1/3)*ax(b + Sqrt[b~2 - 4*ax
cl)~(2/3))

Rubi [A] time = 1.11005, antiderivative size = 655, normalized size of antiderivative =
1., number of steps used = 14, number of rules used = 8, integrand size = 25, number of rules _

integrand size
0.32, Rules used = {1504, 1422, 200, 31, 634, 617, 204, 628}

23
23 (—b_jz_j:c )10g( 2 \/Ex\/b Vb2 - 4ac + (b —VB? - 4ac) + 22/3c2/3x2) 23 (d —b_zz_zae ) ( 2 \/Ex\/7

=+

23
62a (b— Vb? —4ac) 6\3/5611

Antiderivative was successfully verified.

[In] Int[(d + exx"3)/(x"3*(a + b*x"3 + c*x76)),x]
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[Out] -d/(2xa*xx~2) + (c7(2/3)*(d + (bxd - 2*axe)/Sqrt[b~2 - 4xaxc])*ArcTan[(1 - (
2%27(1/3)*c”(1/3)*x) /(b - Sqrt[b~2 - 4*a*xc])~(1/3))/Sqrt[31])/(27(1/3)*Sqrt
[3]*xax(b - Sqrt[b~2 - 4xaxc])~(2/3)) + (c7(2/3)*(d - (b*d - 2%axe)/Sqrt[b~2
- 4xaxc])*ArcTan[(1 - (2%x27(1/3)*c™(1/3)*x) /(b + Sqrt[b~2 - 4*axc])~(1/3))
/Sqrt[31]1)/(27(1/3)*Sqrt [3]*ax(b + Sqrt[b~2 - 4*axc])~(2/3)) - (c~(2/3)*(d
+ (b*d - 2xaxe)/Sqrt[b~2 - 4*axc])*Logl(b - Sqrt[b™2 - 4xaxc])~(1/3) + 27(1
/3)*%c™(1/3)*x])/(3%27(1/3)*a*x(b - Sqrt[b~2 - 4*axc])”(2/3)) - (c7(2/3)*(d -
(bxd - 2%axe)/Sqrt[b~2 - 4xaxc])*Log[(b + Sqrt[b~2 - 4*axc])~(1/3) + 27(1/
3)*c™(1/3)*x])/(3x27(1/3) *ax(b + Sqrt[b~2 - 4*axc])~(2/3)) + (c~(2/3)*(d +
(b*xd - 2%axe)/Sqrt[b~2 - 4xaxc])*Log[(b - Sqrt[b~2 - 4x*axc])~(2/3) - 27(1/3
)*¥c™(1/3)*x(b - Sqrt[b~2 - 4*xaxc])~(1/3)*x + 27(2/3)*c~(2/3)*x72])/(6%x2~(1/3
Y*ax(b - Sqrt[b~2 - 4xaxc])~(2/3)) + (c~(2/3)*(d - (b*d - 2*xaxe)/Sqrt[b~2 -
4xaxc])*Log[(b + Sqrt[b~2 - 4*axc])~(2/3) - 27(1/3)*c~(1/3)*(b + Sqrt[b~2
- 4xaxc])~(1/3)*x + 27(2/3)*c™(2/3)*x72])/(6%27(1/3) *a*x(b + Sqrt[b~2 - 4xax
cl)~(2/3))

Rule 1504

Int [CCE_D*(x_)) " (m_.)*((d_) + (e_)*x(x_)"(n_))*((a_) + (b_)*x(x_)"(n_) + (
c_)*(x ) (m2.))"(p_), x_Symbol] :> Simp[(d*(f*x)~(m + 1)*(a + b*x"n + c*x~
(2*n))~(p + 1)) /(a*xf*x(m + 1)), x] + Dist[1/(a*f™nx(m + 1)), Int[(f*x)"(m +
n)*(a + b*x™n + c*xx”(2%n)) “p*Simp[a*ex(m + 1) - bxd*(m + nx(p + 1) + 1) - ¢
*dx(m + 2*n*(p + 1) + 1)*x"n, x], x], x] /; FreeQ[{a, b, ¢, 4, e, £, p}, x]
&& EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc, 0] && IGtQ[n, 0] && LtQ[m, -1] && Inte
gerQ[pl]

Rule 1422

Int[((d) + (e_)x(x_)"(n_))/((a_) + (b_.)*(x_)"(n_) + (c_)*(x_)"(n2))), x
_Symbol] :> With[{q = Rt[b~2 - 4xa*c, 2]}, Dist[e/2 + (2xc*d - bx*e)/(2*q),
Int[1/(b/2 - q/2 + c*x"n), x], x] + Dist[e/2 - (2*cxd - bxe)/(2*q), Int[1/(
b/2 + q/2 + cxx"n), x], x]] /; FreeQ[{a, b, ¢, d, e, n}, x] & EqQ[n2, 2*n]
&& NeQ[b"2 - 4xaxc, 0] && NeQ[c*d™2 - bxdxe + axe”2, 0] && (PosQ[b~2 - 4x*a
xc] || 'IGtQ[n/2, 0]1)

Rule 200

Int[((a_) + (b_.)*(x_)"3)"(-1), x_Symbol] :> Dist[1/(3*Rt[a, 3]172), Int[1/(
Rt[a, 3] + Rt[b, 3]1*x), x], x] + Dist[1/(3*Rt[a, 3]72), Int[(2#Rt[a, 3] - R
t[b, 3]*x)/(Rtl[a, 312 - Rtl[a, 3]*Rt[b, 3]*x + Rt[b, 3]172%x"2), x], x] /; F
reeQ[{a, b}, x]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
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x]1/b, x] /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2*xc), Int[1/(a + b*x + c*xx"2), x], x] + Distl[e/(2*c), In
t[(b + 2%xc*xx)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_.)*(x_ ) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x*S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] & NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 01)

Rule 628

Int[((d_) + (e_.)*x(x))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps
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f 2(bd-ae)+2cdx>

f d+ex Y= _ d _ a+bx3+cx®
x3 (a +bx3 + cx6) 2ax* 2a
bd—2ae bd—2ae
- e [ )
d ( ( Vb2-4ac 4ac)) f b P 4ac+exd Vb2-4ac f b P 4ac+exd *
T 2ax? 2a - 2a

( ( bd—2ae f 1 (C ( i bd—2ae )) 223 \3/b+\/b2—4ac—%ﬂ
cld- )) dx - 203
V2 -4ac 3N —2me " Vb?—4ac (V2] 3 vz
d _ % +y/cx 7 _ %
/.

a2 X 2/3 B X 2/3
3v2a (b + Vb2 - 4ac) 3v2a (b + Vb2 - 4ac)

p 23 (d bd—2a¢ )l og (\/ Vb2 — 4ac + \/_\/Ex) 23 (d - b—Zz 20¢ )log (\3/19 +

—4ac

Toax? 2/3
ax 3v2a (b—\/b —4ac) 324 (b+ Vb2 -
2/3 bd—2ae ) 2 2/3( _ bd—2ae ) 3 .
g (d T (\/ Vb2 = dac + V2<ex d N log (/b +

a2 23
3\/511 (b—\/b —4ac) 3\/_11(
%/»

1— 2“3’/5%/& 1_ 3\,[
3
23 (d + M) fand | e [ o ( j_ bi-2ue ) can-1| Ve
VPa e i —%

- +
2ax2 23 23
o 232 (b — Vb2 - 4ac) 232 (b + Vb2 - 4ac)

Mathematica [C] time = 0.0483937, size = 89, normalized size = 0.14

RootSum #13b + #16C +a&, #13cd log(x—#1)—aelog(x 5#1)+bal log(x—#l)&] p
#1%b+2#15¢

3a 2ax?

Antiderivative was successfully verified.

[In] Integrate[(d + e*x"3)/(x"3*(a + b*x"3 + c*x76)),x]

[Out] -d/(2*a*xx~2) - RootSum[a + b*#173 + c*#17°6 & , (bxd*Loglx - #1] - axexLogl[x
- #1] + cxd*Loglx - #1]*#173)/(b*#172 + 2*c*#175) & ]/(3%a)
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Maple [C] time = 0.006, size = 68, normalized size = 0.1

1 (-_R’cd +ae—bd)In(x- _R) 4
3a 2_R%+_R% 2022

a
_R:RootOf(_Z6c+_Z3b+a)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx"3+d)/x"3/(c*x"6+bxx"3+a) ,x)

[Out] 1/3/a*sum((-_R"3*c*d+a*e-bxd)/(2*_R~5*xc+ R™2*b)*1n(x-_R), R=Root0f (_Z~6*c+_
Z~3%b+a))-1/2xd/a/x"2

Maxima [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~3+d)/x"3/(c*x"6+b*x~3+a),x, algorithm="maxima")

[Out] Timed out

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~3+d)/x"3/(c*x~6+b*x~3+a),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**3+d)/x**3/(c*x**6+bxx**3+a) ,x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x”3+d)/x"3/(c*x"6+b*x"3+a),x, algorithm="giac")

[Out] Exception raised: TypeError
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w(1=x3
320 | )

Optimal. Leaf size=46

_743
w ()

33

[Out] -x"6/6 - ArcTan[(1 - 2*x73)/Sqrt[3]]1/(3*Sqrt[3]) + Log[l - x~3 + x76]/6

—%6+%10g(x6—x3+1)—

Rubi [A] time = 0.0578566, antiderivative size = 46, normalized size of antiderivative

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 23, e -

integrand size
0.261, Rules used = {1474, 800, 634, 618, 204, 628}

Antiderivative was successfully verified.

[In] Int[(x"8%(1 - x~3))/(1 - x~3 + x76),x]
[Out] -x76/6 - ArcTan[(1 - 2*x~3)/Sqrt[3]]/(3*Sqrt[3]) + Log[l - x~3 + x76]/6

Rule 1474

Int[(x_)"(m_.)*x((a_) + (c_)*(x_)"(m2_.) + (b_)*(x_) (@ )) (p_.)*x((d_) + (
e_.)*x(x_ )" (n_))"(q_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)
/n] - 1)x(d + exx)"gx(a + b*x + c*x"2)7p, x], x, x"nl, x] /; FreeQ[{a, b, ¢
, d, e, m, n, p, q}, x] && EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

Rule 800

Int [(((d_.) + (e_)*(x_))"m )*((£f_.) + (g_.)*(x_)))/((a_.) + (b_.)*(x_) +
(c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[((d + e*x) mx(f + g*x))/(a
+ b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[b"2 - 4x*ax
c, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && IntegerQ[m]

Rule 634

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - b*xe)/(2*xc), Int[1l/(a + b*x + c*x"2), x], x] + Dist[e/(2%c), In
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t[(b + 2xc*xx)/(a + bxx + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x72, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/Rt[-a, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (LtQ[
a, 0] || LtQ[b, 0])

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps
X8 (l—x3) 1 (1 - x)x?
_ 3
= go ([ {0 )
1 X
— _ - - 3
= 3Subst(f( x+1—x+x2) dx,x,x)
X 1

_ X 3
=g *3oubst (fmdx'”)
6

X 1 1 1 -1+ 2x
_—€+68ubst(fmdx,x,x)+gSubst( mdx,x,x)

6

1 1 1
= —% + glog(l -x3 +x6) - gSubst (fﬂdx,x,—l +2x3)

1 {1-2x3
ot ()

6 34/3

+%10g(l—x3+x6)

Mathematica [A] time = 0.0158543, size = 46, normalized size = 1.

3_
x6 1 tan_l (_23:/_1)
(x6 -3+ 1) + >

AN P — v
6 6 & 33
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Antiderivative was successfully verified.

[In] Integrate[(x78*(1 - x73))/(1 - x73 + x76),x]

[Out] -x"6/6 + ArcTan[(-1 + 2%x73)/Sqrt[3]]/(3*Sqrt[3]) + Logll - x”3 + x76]/6

Maple [A] time = 0.003, size = 38, normalized size = 0.8

6 ln(x6—x3+1) \3 [(2x3—1)\/§)

—g + —6 + ? arctan 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"8*(-x"3+1)/(x"6-x"3+1),x%)

[Out] -1/6%x"6+1/6*%1n(x"6-x"3+1)+1/9%37(1/2)*arctan(1/3*x(2*xx"3-1)*3"(1/2))

Maxima [A] time = 1.49105, size = 50, normalized size = 1.09

—% x® + % 3arctan (% \/3(23(3 - 1)) + % log (x6 -3+ 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~8*(-x~3+1)/(x"6-x"3+1),x, algorithm="maxima"

[Out] -1/6%x"6 + 1/9*sqrt(3)*arctan(1/3*sqrt(3)*(2*xx~3 - 1)) + 1/6xlog(x"6 - x~3
+ 1)

Fricas [A] time = 1.77774, size = 109, normalized size = 2.37

—% x® + é 3arctan (% \/5(2x3 - 1)) + % log (x6 -3+ 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~8*(-x"3+1)/(x"6-x"3+1),x, algorithm="fricas")
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[Out] -1/6%x"6 + 1/9*sqrt(3)*arctan(1/3*sqrt(3)*(2*xx~3 - 1)) + 1/6xlog(x"6 - x~3
+ 1)

Sympy [A] time = 0.149908, size = 42, normalized size = 0.91

233 V3
X6 N log (x© - x° +1) . \/§atan( 3x - ?)
6 6 9

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**8* (-x**3+1)/(x**6-x**3+1) ,%)

[Out] -x**6/6 + log(x**6 - x**3 + 1)/6 + sqrt(3)*atan(2*sqrt(3)*x**3/3 - sqrt(3)/
3)/9

Giac [A] time = 1.11026, size = 50, normalized size = 1.09
1 1 1 1
-2 x® + 5 3arctan (5 \/3(23(3 - 1)) tz log (x6 -3+ 1)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x”~8*(-x~3+1)/(x"6-x"3+1),x, algorithm="giac")

[Out] -1/6%x"6 + 1/9*sqrt(3)*arctan(1/3*sqrt(3)*(2*xx~3 - 1)) + 1/6%xlog(x"6 - x~3
+ 1)
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w(1=x3
321 | 20

Optimal. Leaf size=31

1 1—2x3)
3 2tan (\/5

X

3 3v3

[Out] -x~3/3 - (2%ArcTan[(1 - 2*x~3)/Sqrt[31])/(3%Sqrt[3])

Rubi [A] time = 0.0354362, antiderivative size = 31, normalized size of antiderivative

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 23, e -

integrand size
0.174, Rules used = {1474, 773, 618, 204}
o 2 (1)

3 33

Antiderivative was successfully verified.

V3

[In] Int[(x"5*%(1 - x73))/(1 - x~3 + x76),x]

[Out] -x73/3 - (2xArcTan[(1 - 2*x~3)/Sqrt[3]])/(3*Sqrt[3])

Rule 1474

Int[(x_)"(m_.)*x((a_) + (c_)*(x_)"(m2_.) + (b_)*(x_) (@ )) (p_.)*x((d_) + (
e_.)*x(x_ )" (n_))"(q_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)
/n] - 1)x(d + exx)"gx(a + b*x + c*x"2)7p, x], x, x"nl, x] /; FreeQ[{a, b, ¢
, d, e, m, n, p, q}, x] && EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

Rule 773

Int [(((d_.) + (e_)*(x_))*((f_) + (g_.)*(x_)))/((a_.) + (b_)*(x_) + (c_.)*
(x_)72), x_Symbol] :> Simp[(exg*x)/c, x] + Dist[1/c, Int[(cxd*f - a*xexg + (
cxexf + cxdxg - bxexg)*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e
, T, g¥, x] && NeQ[b~2 - 4*axc, 0]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x72, x], x], x, b + 2xcxx], x] /; FreeQ[{a, b, c},
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x] && NeQ[b~2 - 4xaxc, 0]
Rule 204
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[

-a, 2]1/(Rtl[-a, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (LtQ[
a, 0] |l LtQ[b, 01)

Rubi steps

x° (1 - x3)
e

1-x)x
1—x+x2

o1 1
- 3
=3 +§Subst(f1_x+x2dx,x,x)

dx = % Subst ( dx, x, x3)

32 1
= —% - 5 Subst fmdx,x, -1+ 2x3)
-1 1—2x3)
_ _x3 ) 2 tan ( 7
3 343

Mathematica [A] time = 0.0077299, size = 31, normalized size = 1.

3_
2tan! (zi/gl) 3
33 3

Antiderivative was successfully verified.

[In] Integrate[(x75*(1 - x73))/(1 - x73 + x76),x]

[Out] -x"3/3 + (2*ArcTan[(-1 + 2*x73)/Sqrt[3]]1)/(3*Sqrt[3])

Maple [A] time = 0.003, size = 25, normalized size = 0.8

—g + T arctan 3

SERE ((2x3—1)\/§]

Verification of antiderivative is not currently implemented for this CAS.



[In] int(x"5*(-x"3+1)/(x"6-x"3+1) ,x)

[Out] -1/3%x73+2/9%37(1/2)*arctan(1/3*(2xx~3-1)*37(1/2))
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Maxima [A] time = 1.45651, size = 32, normalized size = 1.03

1 2 1
-~ x4+ § \/garctan (5 \/5(23(3 - 1))

3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5*(-x"3+1)/(x"6-x"3+1),x, algorithm="maxima")

[Out] -1/3%x"3 + 2/9*sqrt(3)*arctan(1/3*sqrt(3)*(2*xx~3 - 1))

Fricas [A] time = 1.80033, size = 76, normalized size = 2.45

1 2 1
3 3
—gx +§ 3arctan(§ \/5(23( —1))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5*(-x"3+1)/(x"6-x"3+1),x, algorithm="fricas")

[Out] -1/3%x"3 + 2/9*sqrt(3)*arctan(1/3*sqrt(3)*(2*xx~3 - 1))

Sympy [A] time = 0.126467, size = 32, normalized size = 1.03

2\/§x3 \/5
_x_3+2\/§atan( 3 —?)
3 9

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**5* (-x**3+1)/(x**6-x*x*3+1) ,%)

[Out] -x**3/3 + 2*sqrt(3)*atan(2*sqrt(3)*x**3/3 - sqrt(3)/3)/9
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Giac [A] time = 1.16666, size = 32, normalized size = 1.03

1 2 1
3 3
—gx +§ 3arctan(§ \/5(23( —1))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~5*x(-x"3+1)/(x"6-x"3+1),x, algorithm="giac")

[Out] -1/3%x73 + 2/9xsqrt(3)*arctan(1/3*sqrt(3)*(2*x~3 - 1))
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322 [——

Optimal. Leaf size=39

_743
()

3V3

[Out] -ArcTan[(1 - 2xx73)/Sqrt[3]1]1/(3*Sqrt([3]) - Log[l - x°3 + x76]/6

—%log(x6 -x° +1) -

Rubi [A] time = 0.0395079, antiderivative size = 39, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 23, e -

integrand size
0.217, Rules used = {1468, 634, 618, 204, 628}

o (222)
1 V3
6 _ 43
—glog(x —-x +1)— —_—
Antiderivative was successfully verified.

[In] Int[(x"2%(1 - x73))/(1 - x~3 + x76),x]
[Out] -ArcTan[(1 - 2xx73)/Sqrt[3]]/(3*Sqrt[3]) - Logl[l - x°3 + x76]/6

Rule 1468

Int[(x_)"(m_)*((a_) + (c_)*x_D)"(m2_.) + (b_)*&xD"(m_)) " (p_.)*((d) + (
e_.)*x(x_)"(n_))"(q_.), x_Symbol] :> Dist[1/n, Subst[Int[(d + exx) g*x(a + bx
X + ¢c*x"2)7p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q}, x] & E
qQ[n2, 2*n] && EqQ[Simplify[m - n + 1], O]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2xc), Int[1/(a + bxx + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2*c*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x72, x], x], x, b + 2xcxx], x] /; FreeQ[{a, b, c},
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x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(@Rt[-a, 2]*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 628
Int[((d) + (e_)*(x ))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S

imp [(d*Log[RemoveContent[a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

2(1-2) 1 1-x
_ fA=x 3
fmdx—§S“b“(f1_x+xzdx'x'x)
1 1 1 -1+2
= — Subst f ———dx,x,x3| - = Subst —xdx,x,x3
6 1-x+x2 6 1-x+x2

1 1
:—glog(l—x3+x6)—58ubst(f—

3_12
i (222)
1
v —log(l —x3+x6)

3v3 6

dx,x,—1 + 2x3)

Mathematica [A] time = 0.0085705, size = 39, normalized size = 1.

w22
_\¥) ——log(xé—x3+1)

33 6

Antiderivative was successfully verified.

[In] Integrate[(x™2+(1 - x73))/(1 - x73 + x76),x]

[Out] ArcTan[(-1 + 2xx73)/Sqrt[3]]/(3*Sqrt[3]) - Logl[l - x°3 + x76]/6
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Maple [A] time = 0.002, size = 33, normalized size = 0.9

(> -2 +1) 3 [(2x3—1)\/§]

G + 7 arctan 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*(-x"3+1)/(x"6-x"3+1),x)

[Out] -1/6*1n(x"6-x"3+1)+1/9*3"(1/2)*arctan(1/3*x(2xx~3-1)*37(1/2))

Maxima [A] time = 1.50671, size = 43, normalized size = 1.1

é 3arctan (% \/5(2x3 —~ 1)) - % log (x6 -3+ 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(-x"3+1)/(x"6-x"3+1),x, algorithm="maxima"

[Out] 1/9%sqrt(3)*arctan(1/3*sqrt(3)*(2*%x"3 - 1)) - 1/6*log(x"6 - x”3 + 1)

Fricas [A] time = 1.68099, size = 95, normalized size = 2.44

1 1 1
5 3arctan (5 \/5(23(3 - 1)) -2 log (x6 -3+ 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(-x"3+1)/(x"6-x"3+1),x, algorithm="fricas")

[Out] 1/9%sqrt(3)*arctan(1/3*sqrt(3)*(2*%x"3 - 1)) - 1/6*log(x™6 - x73 + 1)

time = 0.140165, size = 37, normalized size = 0.95

2\/§x3 \/§
log (x6 -2+ 1) \/éatan( 3 ?)

+
6 9

Sympy [A]
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**2*(-x**3+1)/(x**6-x**3+1) ,%)

[Out] -log(x**6 - x**3 + 1)/6 + sqrt(3)*atan(2*sqrt(3)*x**3/3 - sqrt(3)/3)/9

Giac [A] time = 1.14617, size = 43, normalized size = 1.1

% 3arctan (% \/5(23(3 -~ 1)) - % log (x6 -3+ 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(-x"3+1)/(x"6-x"3+1),x, algorithm="giac")

[Out] 1/9%sqrt(3)*arctan(1/3*sqrt(3)*(2*%x"3 - 1)) - 1/6*log(x"6 - x”3 + 1)
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323 [ (1—3 dx

1—x3+x6)

Optimal. Leaf size=41

1 1—2x3)
tan ( 7

3V3

[Out] ArcTan[(1 - 2*x73)/Sqrt[3]]1/(3*Sqrt[3]) + Loglx] - Log[l - x73 + x76]/6

—llog(x6 -3 +1) +

5 + log(x)

Rubi [A] time = 0.05475, antiderivative size = 41, normalized size of antiderivative
number of rules

1., number of steps used = 7, number of rules used = 6, integrand size = 23,
0.261, Rules used = {1474, 800, 634, 618, 204, 628}

fant (2)

_\v3 )
3v3

integrand size

—llog(x6 -3 +1) +

5 + log(x)

Antiderivative was successfully verified.

[In] Int[(1 - x73)/(x*(1 - x73 + x76)),x]
[Out] ArcTan[(1 - 2*x73)/Sqrt[3]]/(3*Sqrt[3]) + Logl[x] - Log[l - x~3 + x76]/6

Rule 1474

Int[(x_)"(m_.)*x((a_) + (c_)*(x_)"(m2_.) + (b_)*(x_) (@ )) (p_.)*x((d_) + (
e_.)*x(x_ )" (n_))"(q_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)
/n] - 1)x(d + exx)"gx(a + b*x + c*x"2)7p, x], x, x"nl, x] /; FreeQ[{a, b, ¢
, d, e, m, n, p, q}, x] && EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

Rule 800

Int [(((d_.) + (e_)*(x_))"m )*((£f_.) + (g_.)*(x_)))/((a_.) + (b_.)*(x_) +
(c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[((d + e*x) mx(f + g*x))/(a
+ b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[b"2 - 4x*ax
c, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && IntegerQ[m]

Rule 634

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - b*xe)/(2*xc), Int[1l/(a + b*x + c*x"2), x], x] + Dist[e/(2%c), In
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t[(b + 2xc*xx)/(a + bxx + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x72, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/Rt[-a, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (LtQ[
a, 0] || LtQ[b, 0])

Rule 628
Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S

imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

3

1- 1 1-
f—xdx: —Subst f—xdx,x,x3
x(l—x3+x6) 3 x(l—x+x2)
1 1
:—Subst f __L dx/x/x3
x 1-x+x2

1
log(x)—ESubst(f1 x+x2dxxx)

1 -1+ 2x
_ _ 3
= log(x) g Subst (fl i dx, x, x ) Subst( T x:2 dx, x, x )
1
log(x)—glog(l X +x)+ Subst(fﬂdxx 1+2x)

o (29)
1
-\ + log(x) — A log (1 -x3 4+ x6)

3v3

Mathematica [C] time = 0.0129708, size = 44, normalized size = 1.07

#1% log(x — #1
og(x ) &

1
log(x) — gRootSum [#l6 —#1° +1&, 1 1
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Antiderivative was successfully verified.

[In] Integrate[(1 - x73)/(xx(1 - x73 + x76)),x]

[Out] Loglx] - RootSum[1 - #173 + #17°6 & , (Loglx - #1]1*#173)/(-1 + 2*#173) & ]1/3

Maple [A] time = 0.005, size = 35, normalized size = 0.9

In(x*-x*+1) 3 [(2x3—1)\/§]

G - 7 arctan 3

In (x) -

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-x"3+1)/x/(x"6-x"3+1),x)

[Out] 1n(x)-1/6%1n(x"6-x"3+1)-1/9*%37(1/2)*arctan(1/3*(2*x~3-1)*37(1/2))

Maxima [A] time = 1.45781, size = 51, normalized size = 1.24

—é 3arctan (% \/5(2x3 — 1)) - % log (x6 -3+ 1) + % log (x3)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x~3+1)/x/(x"6-x73+1),x, algorithm="maxima"

[Out] -1/9*sqrt(3)*arctan(1/3*sqrt(3)*(2%x~3 - 1)) - 1/6xlog(x"6 - x°3 + 1) + 1/3
*xlog(x~3)

Fricas [A] time = 1.76562, size = 108, normalized size = 2.63

—é 3arctan(% \/5(23(3 — 1)) - % log (x6 -3+ 1) + log (x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"3+1)/x/(x76-x"3+1),x, algorithm="fricas")
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[Out] -1/9*sqrt(3)*arctan(1/3*sqrt(3)*(2*xx~3 - 1)) - 1/6%log(x"6 - x°3 + 1) + log
(x)

Sympy [A] time = 0.154134, size = 41, normalized size = 1.
233 V3
log (x - x° + 1) \/§atan( 3x - ?)
log (x) ~ z - 5

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**3+1)/x/(x**x6-x**3+1) ,x)

[Out] log(x) - log(x*x*6 - x**3 + 1)/6 - sqrt(3)*atan(2*sqrt(3)*x**3/3 - sqrt(3)/3
)/9

Giac [A] time = 1.10961, size = 47, normalized size = 1.15
L 3arctan ! \/5(2 X3 — 1) 1 log (x6 -3+ 1) + log (Jx|)
9 3 6
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((-x~3+1)/x/(x"6-x"3+1),x, algorithm="giac")

[Out] -1/9*sqrt(3)*arctan(1/3*sqrt(3)*(2*xx~3 - 1)) - 1/6%log(x"6 - x°3 + 1) + log
(abs(x))
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324 [ S

1-x3 +x6)

Optimal. Leaf size=31

1 1—2x3)
2tan (\/3 1

33 8

[Out] -1/(3*x73) + (2*ArcTan[(1 - 2%x~3)/Sqrt[3]1)/(3*Sqrt[3])

Rubi [A] time = 0.0451354, antiderivative size = 31, normalized size of antiderivative
number of rules

1., number of steps used = 5, number of rules used = 4, integrand size = 23,
0.174, Rules used = {1474, 800, 618, 204}
1 1—2x3)
2tan ( i) L
34/3 3x3

integrand size

Antiderivative was successfully verified.

[In] Int[(1 - x°3)/(x"4*x(1 - x°3 + x76)),x]

[Out] -1/(3*x73) + (2xArcTan[(1 - 2*x~3)/Sqrt[3]1])/(3*Sqrt[3])

Rule 1474

Int[(x_)"(m_.)*x((a_) + (c_)*(x_)"(m2_.) + (b_)*(x_) (@ )) (p_.)*x((d_) + (
e_.)*x(x_ )" (n_))"(q_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)
/n] - 1)x(d + exx)"gx(a + b*x + c*x"2)7p, x], x, x"nl, x] /; FreeQ[{a, b, ¢
, d, e, m, n, p, q}, x] && EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

Rule 800

Int [(((d_.) + (e_)*(x_))"m )*((£f_.) + (g_.)*(x_)))/((a_.) + (b_.)*(x_) +
(c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[((d + e*x) mx(f + g*x))/(a
+ b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[b"2 - 4x*ax
c, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && IntegerQ[m]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x72, x], x], x, b + 2xcxx], x] /; FreeQ[{a, b, c},
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x] && NeQ[b~2 - 4xaxc, 0]
Rule 204
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[

-a, 2]1/(Rtl[-a, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (LtQ[
a, 0] |l LtQ[b, 01)

Rubi steps

Mathematica [C] time = 0.0128113, size = 45, normalized size = 1.45

1 1 -#1 1
—gRootSum [#16 —#1% + 1&, M&]

2#1° -1 | 38
Antiderivative was successfully verified.

[In] Integrate[(1 - x73)/(x74*(1 - x73 + x76)),x]

[Out] -1/(3*x73) - RootSum[1 - #173 + #176 & , Loglx - #11/(-1 + 2*#173) & 1/3

Maple [A] time = 0.004, size = 25, normalized size = 0.8

\3 ((2:@—1)«/5)_ 1

——— arctan —_—
3 3x8
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((-x"3+1)/x"4/(x"6-x"3+1),x)

[Out] -2/9%37(1/2)*arctan(1/3*(2*x~3-1)*37(1/2))-1/3/x"3

Maxima [A] time = 1.52609, size = 32, normalized size = 1.03
1

2 1
35 3arctan(§ \/§(Zx3 - 1)) -

3x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x~3+1)/x"4/(x"6-x"3+1),x, algorithm="maxima"

[Out] -2/9*sqrt(3)*arctan(1/3*sqrt(3)*(2*xx~3 - 1)) - 1/3/x73

Fricas [A] time = 1.35235, size = 84, normalized size = 2.71

2 \/§x3 arctan (% \/5(2 X3 — 1)) +3

9x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"3+1)/x74/(x"6-x"3+1),x, algorithm="fricas")

[Out] -1/9%(2*sqrt(3)*x~3*arctan(1/3*sqrt(3)*(2*xx~3 - 1)) + 3)/x73

Sympy [A] time = 0.158256, size = 36, normalized size = 1.16

2v3 atan(z‘/gx3 - v—5) .

3 3) 1
9 3x8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**3+1)/x**4/(x**6-x**3+1) ,%)



[Out] -2*sqrt(3)*atan(2*sqrt(3)*x**3/3 - sqrt(3)/3)/9 - 1/(3*x**3)

177

Giac [A] time = 1.10625, size = 32, normalized size = 1.03

2 1 1
3
r 3arctan(?—) \/?_)(Zx —1)) -

3x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x~3+1)/x"4/(x"6-x"3+1),x, algorithm="giac")

[Out] -2/9*sqrt(3)*arctan(1/3*sqrt(3)*(2*xx~3 - 1)) - 1/3/x73
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x® (1—x3 )
325  [—5—dx
Optimal. Leaf size=418

o (+iv3)log (224 o (1-ivB)r+ (1-iV3) ) (3-iV3)log (22 + Y21+ 1VB)r + (1+ivB) )

-—— - - -

4 1832 (1 - i\/§)2/ ° 1832(1 + i\/§)2/ °

[Out] -x74/4 - ((I + Sqrt[3])*ArcTan[(1 + (2*x)/((1 - I*Sqrt[3])/2)~(1/3))/Sqrt[3
11)/(3%27(1/3)*(1 - I*Sqrt[3]1)7(2/3)) + ((I - Sqrt[3])*ArcTan[(1 + (2*x)/((

1 + IxSqrt[31)/2)°(1/3))/Sqrt[3]11)/(3*27(1/3)*(1 + IxSqrt[31)~(2/3)) + ((3

+ I*Sqrt[3])*Log[(1 - I*Sqrt([3]1)~(1/3) - 27(1/3)*x])/(9%27(1/3)*(1 - I*Sqrt
[31)7(2/3)) + ((3 - I*Sqrt[3])*Logl(1 + I*Sqrt[3]1)~(1/3) - 27(1/3)*x])/(9%2
~(1/3)*%(1 + I*Sqrt[3]1)7(2/3)) - ((3 + I*Sqrt([3])*Logl(1 - I*Sqrt([3])~(2/3)

+ (2%(1 - I*Sqrt[31))~(1/3)*x + 27(2/3)*x72])/(18*27(1/3)*(1 - I*Sqrt[3])~(

2/3)) - ((3 - IxSqrtl[3])*Logl[(1 + I*Sqrt[3])~(2/3) + (2x(1 + I*Sqrt[3]1))~(1

/3)*x + 27(2/3)*x72])/(18%27(1/3)*(1 + I*Sqrt[3])~(2/3))

Rubi [A] time = 0.537566, antiderivative size = 418, normalized size of antiderivative =

1., number of steps used = 15, number of rules used = 9, integrand size = 23, number of rules

0.391, Rules used = {1502, 12, 1374, 200, 31, 634, 617, 204, 628}

integrand size

A (3+iV3)log (22/3x2 + 2 (1-iv3)x+(1- i\/§)2/ 3) (3-iv3)log (22/3x2 +2(T+iV3)x+ (14 i\/§)2/ 3)

-—- - -

4 1832 (1 - i\@)z/ ° 1832 (1 + i\/§)2/ °

Antiderivative was successfully verified.

[In] Int[(x"6%(1 - x~3))/(1 - x~3 + x76),x]

[Out] -x74/4 - ((I + Sqrt[3])*ArcTan[(1 + (2*x)/((1 - I*Sqrt[3])/2)~(1/3))/Sqrt[3
11)/(3%27(1/3)* (1 - I*Sqrt[3]1)7(2/3)) + ((I - Sqrt[3])*ArcTan[(1 + (2*x)/((

1 + IxSqrt[31)/2)°(1/3))/Sqrt[3]11)/(3*27(1/3)*(1 + IxSqrt[3]1)~(2/3)) + ((3

+ IxSqrt[3])*Log[(1 - IxSqrt[3])~(1/3) - 27(1/3)*x])/(9%27(1/3)*(1 - I*Sqrt
[31)7(2/3)) + ((3 - I*Sqrt[31)*Logl(1 + IxSqrt[31)~(1/3) - 27(1/3)*x])/(9*2
~(1/3)*(1 + IxSqrt[3]1)7(2/3)) - ((3 + I*Sqrt[3])*Logl[(1 - I*Sqrt([3]1)~(2/3)
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+ (2%(1 - I*Sqrt[3]))"(1/3)*x + 27(2/3)*x72])/(18%27(1/3)*(1 - I*Sqrt[3])~(
2/3)) - ((3 - I*Sqrt[3])*Logl[(1 + I*Sqrt[3])~(2/3) + (2x(1 + I*Sqrt[3]1))~(1
/3)*x + 27(2/3)*x72])/(18%27(1/3)*(1 + I*Sqrt[3])~(2/3))

Rule 1502

Int [((E_)*(x_)) " (m_.)*((d_) + (e_)*x(x_)"(n_))*((a_) + (b_.)*x(x_)"(n_) + (
c_)*(x_)"(m2_))"(p_), x_Symbol] :> Simp[(exf~(n - 1)*(f*x)"(m - n + 1)*(a
+ b*x"n + cxx~(2%n)) " (p + 1))/(ck(m + nx(2*%p + 1) + 1)), x] - Dist[f™n/(c*(
m+ nx(2%p + 1) + 1)), Int[(f*x)"(m - n)*(a + b*x™n + c*x~(2*n)) "p*xSimp [a*e
*(m - n + 1) + (bxex(m + n*xp + 1) - cxd*(m + nx(2%p + 1) + 1))*x"n, x], x],
x] /; FreeQ[{a, b, c, d, e, f, p}, x] & EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc,
0] && IGtQ[n, O] &% GtQ[m, n - 1] && NeQ[m + n*(2*p + 1) + 1, 0] && Integer
QLlp]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 1374

Int[((d_D)*x_))"(m )/ ((a_) + (c_)*(x_)"(m2_.) + (b_.)*(x_)"(n_)), x_Symbo
1] :> With[{q = Rt[b™2 - 4xax*xc, 2]}, Dist[(d"n*x(b/q + 1))/2, Int[(d*x)"(m -
n)/(b/2 + q/2 + c*x"n), x], x] - Dist[(d"n*(b/q - 1))/2, Int[(d*x)"(m - n)
/(®/2 - q/2 + c*x"n), x], x]] /; FreeQ[{a, b, c, d}, x] &% EqQ[n2, 2*n] &&
NeQ[b~2 - 4xaxc, 0] && IGtQ[n, 0] && GeQ[m, n]

Rule 200

Int[((a_) + (b_.)*(x_)~"3)"(-1), x_Symbol] :> Dist[1/(3*Rt[a, 3]172), Int[1/(
Rt[a, 3] + Rt[b, 3]1*x), x], x] + Dist[1/(3*Rt[a, 3]172), Int[(2*Rt[a, 3] - R
t[b, 31*x)/(Rtla, 3172 - Rtl[a, 3]*Rt[b, 3]*x + Rt[b, 3]172%x72), x], x] /; F
reeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2xc), Int[1/(a + b*x + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
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[2xc*d - bxe, 0] && NeQ[b~2 - 4xaxc, 0] && !'NiceSqrtQ[b~2 - 4xaxc]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q]l && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*a*c])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/Rt[-a, 21*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*xx~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps
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x6 (1 —X3) x4 453
-+ 7% 1- x3+x6d
- _XZ x3 + x©
x* 1
:_Z_g( 3+1\/_)fT+dex+6(3+1\/_)fmdx
. —22/3m—x
—i 3—1\/§ 7 dx i _
_ ( \/—) f _31 ( )f (%(1+z\/§)) +Wx+x2 .\ (3 * \/5) f _i
4 9¥2(1+ nf) 92 (1+iv3)" 932 (1-
A 3+1\/_ log(\/ —1\/_ \/zx) —i\/g)log(\3/1+i\/§—\3/§x) (B_i 3)f(%(1+1.\
T R R[l+3) 189
A 3+z\/_ log(\/ —1\/_ \/Ex) —i\/g) log(\3/1+i\/§—\3/§x) (3_,_1'\/5) log ((1_
BT oWa+iE !
. | e ) ! NS
) (i+V3)tan™ | ——— | (i= V3)tan | ——— (3+i\/§)10g(3,71—i .
= _Z — 4

Mathematica [C]

3V2(1- i\/§)2/ °

1
5Rootsum #1° - #1° +1&,

332 (1+iV3) " 92 (1-iv3)”

time = 0.0113329, size = 47, normalized size = 0.11

#1 log(x — #1) x
— &7
2#1° -1 4

Antiderivative was successfully verified.

[In] Integrate[(x"6*(1 - x73))/(1 - x73 + x76),x]

[Out] -x"4/4 + RootSum[1l - #173 + #176 & , (Loglx - #1]*#1)/(-1 + 2x#1°3) & 1/3
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Maple [C] time = 0.006, size = 46, normalized size = 0.1

Ll R’ln(x- R
_§E4_§ 2: :——_E;f__zzl
_R=RootOf(_z°~_7%+1) 2 R°-_R

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"6%(-x"3+1)/(x"6-x"3+1),x%)

[Out] -1/4%x"4+1/3*sum(_R"3/(2*_R"5- R™2)*1n(x-_R), R=Root0f(_Z~6-_Z73+1))

Maxima [F] time = 0., size = 0, normalized size = 0.

3

1 X
x| ——d
4x fx6—x3+1 x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~6*(-x"3+1)/(x"6-x"3+1),x, algorithm="maxima")

[Out] -1/4*x"4 + integrate(x~3/(x"6 - x73 + 1), x)

Fricas [B] time = 1.60718, size = 3918, normalized size = 9.37

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~6*(-x"3+1)/(x"6-x"3+1),x, algorithm="fricas")

[Out] -1/4xx"4 + 1/54%187(2/3)*127(1/6)*cos(2/3*arctan(sqrt(3) + 2))*log(2x18~(2/

3)*127(1/6)*sqrt (3) *x*sin(2/3*arctan(sqrt(3) + 2)) + 3%187(1/3)*127(1/3)*co
s(2/3*arctan(sqrt(3) + 2))72 + 3%x187(1/3)*127(1/3)*sin(2/3*arctan(sqrt(3) +
2))72 + 18%x72) + 2/27%187(2/3)*127(1/6)*arctan(1/216*(187(1/3)*127(5/6) *s

qrt (3) *sqrt (2) *sqrt (2x187(2/3)*127(1/6) *sqrt (3) *x*sin(2/3*arctan(sqrt(3) +

2)) + 3%x187(1/3)*127(1/3)*cos(2/3*arctan(sqrt(3) + 2))72 + 3*x187(1/3)*127(1
/3)*sin(2/3*arctan(sqrt(3) + 2))72 + 18%x72) - 6%187(1/3)*127(5/6)*sqrt(3)*

x - 216%sin(2/3*arctan(sqrt(3) + 2)))/cos(2/3*arctan(sqrt(3) + 2)))*sin(2/3
xarctan(sqrt(3) + 2)) - 1/27*%(187(2/3)*127(1/6)*sqrt (3) *cos(2/3*arctan(sqrt
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(3) +2)) - 187(2/3)*127(1/6)*sin(2/3*arctan(sqrt(3) + 2)))*arctan(-1/108%(
6%187(1/3)*127(5/6) *sqrt (3) *x*cos(2/3*%arctan(sqrt(3) + 2)) + 108*sqrt(3)*co
s(2/3*arctan(sqrt(3) + 2))72 + 108*sqrt(3)*sin(2/3*arctan(sqrt(3) + 2))"2 -

18% (187 (1/3)*127(5/6)*x + 24*cos(2/3*arctan(sqrt(3) + 2)))*sin(2/3*arctan(
sqrt(3) + 2)) - sqrt(-187(2/3)*127(1/6)*sqrt (3) *x*sin(2/3*arctan(sqrt(3) +

2)) + 3%187(2/3)*127(1/6) *x*cos(2/3*arctan(sqrt(3) + 2)) + 3*x187(1/3)*12"(1
/3)*cos(2/3*arctan(sqrt(3) + 2))72 + 3*187(1/3)*127(1/3) *sin(2/3*arctan(sqr
t(3) + 2))72 + 18%x72)*(187(1/3)*127(5/6) *sqrt (3) *sqrt (2) *cos(2/3*arctan(sq
rt(3) + 2)) - 3*%187(1/3)*127(5/6) *sqrt (2)*sin(2/3*arctan(sqrt(3) + 2))))/(c
os(2/3*arctan(sqrt(3) + 2))72 - 3*sin(2/3*arctan(sqrt(3) + 2))72)) - 1/27x(
187(2/3)*127(1/6) *sqrt (3) *cos(2/3*arctan(sqrt(3) + 2)) + 187(2/3)*127(1/6)*
sin(2/3*%arctan(sqrt(3) + 2)))*arctan(1/108*(6%x187(1/3)*127(5/6)*sqrt (3)*x*c
os(2/3*arctan(sqrt(3) + 2)) - 108*sqrt(3)*cos(2/3*arctan(sqrt(3) + 2))72 -

108*sqrt (3) *sin(2/3*%arctan(sqrt(3) + 2))72 + 18%(187(1/3)*127(5/6)*x - 24*c
os(2/3*arctan(sqrt(3) + 2)))*sin(2/3*arctan(sqrt(3) + 2)) - sqrt(-187(2/3)*
127(1/6) *sqrt (3) *x*sin(2/3*arctan(sqrt(3) + 2)) - 3*%187(2/3)*127(1/6) *x*cos
(2/3*arctan(sqrt(3) + 2)) + 3x187(1/3)*127(1/3)*cos(2/3*arctan(sqrt(3) + 2)
)72 + 3%187(1/3)*127(1/3)*sin(2/3*%arctan(sqrt(3) + 2))72 + 18%x72)*(187(1/3
)*127(5/6) *sqrt (3) *sqrt (2) *cos(2/3*arctan(sqrt(3) + 2)) + 3%x187(1/3)*127(5/
6)*sqrt (2)*sin(2/3*arctan(sqrt(3) + 2))))/(cos(2/3*arctan(sqrt(3) + 2))"2 -
3*sin(2/3*arctan(sqrt(3) + 2))72)) - 1/108*(187(2/3)*127(1/6)*sqrt (3)*sin(
2/3*arctan(sqrt(3) + 2)) + 187(2/3)*127(1/6)*cos(2/3*arctan(sqrt(3) + 2)))*
log(-187(2/3)*127(1/6) *sqrt (3) *x*sin(2/3*arctan(sqrt(3) + 2)) + 3%187(2/3)*
127(1/6) *x*cos (2/3*arctan(sqrt(3) + 2)) + 3%187(1/3)*127(1/3)*cos(2/3*arcta
n(sqrt(3) + 2))72 + 3%x187(1/3)*127(1/3)*sin(2/3*arctan(sqrt(3) + 2))72 + 18
*x72) + 1/108%(187(2/3)*127(1/6)*sqrt (3)*sin(2/3*arctan(sqrt(3) + 2)) - 18~
(2/3)%127(1/6) *cos (2/3*arctan(sqrt(3) + 2)))*log(-187(2/3)*127(1/6)*sqrt(3)
*xx*sin(2/3*arctan(sqrt(3) + 2)) - 3%187(2/3)*127(1/6)*x*cos(2/3*arctan(sqrt
(3) + 2)) + 3%187(1/3)*127(1/3) *cos(2/3*arctan(sqrt(3) + 2))72 + 3%187(1/3)
x127(1/3) *sin(2/3*arctan(sqrt(3) + 2))72 + 18%x72)

Sympy [A] time = 0.176743, size = 31, normalized size = 0.07

—xf — RootSum (19683t° — 243£> + 1, (t > tlog (~1458t* + 9t + x)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**6* (-x**3+1)/(x**6-x*x*3+1) ,%)

[Out] -x**4/4 - RootSum(19683*_ t**x6 - 243*% t**3 + 1, Lambda(_t, _t*xlog(-1458%_t*x*
4 + 9% t + x)))
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Giac [B] time = 1.1675, size = 867, normalized size = 2.07

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~6*%(-x"3+1)/(x"6-x"3+1),x, algorithm="giac")

[Out] -1/4%x"4 - 1/9%(2*sqrt(3)*cos(4/9%pi)~4 - 12xsqrt(3)*cos(4/9*pi) "2*sin(4/9%
pi)~2 + 2%sqrt(3)*sin(4/9*pi)~4 + 8*cos(4/9*pi) "3*sin(4/9%pi) - 8*cos(4/9%*p
i)*sin(4/9%pi)~3 + sqrt(3)*cos(4/9*pi) + sin(4/9%*pi))*arctan(-((sqrt(3)*i +
1)*cos(4/9%pi) - 2xx)/((sqrt(3)*i + 1)*sin(4/9%pi))) - 1/9%(2*sqrt(3)*cos(
2/9%pi)~4 - 12%sqrt(3)*cos(2/9%*pi) "2xsin(2/9*pi) "2 + 2*sqrt(3)*sin(2/9*pi)”~
4 + 8xcos(2/9%pi) "3*sin(2/9%pi) - 8*cos(2/9%pi)*sin(2/9*pi)~3 + sqrt(3)*cos
(2/9%pi) + sin(2/9*pi))*arctan(-((sqrt(3)*i + 1)*cos(2/9*pi) - 2*x)/((sqrt(
3)*i + 1)*sin(2/9*pi))) - 1/9%(2*sqrt(3)*cos(1/9%pi)~4 - 12xsqrt(3)*cos(1/9
*pi) "2%sin(1/9%pi)~2 + 2xsqrt(3)*sin(1/9%pi)~4 - 8*cos(1/9%pi) ~3*sin(1/9*pi
) + 8%cos(1/9%pi)*sin(1/9%pi)~3 - sqrt(3)*cos(1/9*pi) + sin(1/9*pi))*arctan
(((sqrt(3)*i + 1)*cos(1/9%pi) + 2*xx)/((sqrt(3)*i + 1)*sin(1/9*pi))) - 1/18%
(8*sqrt (3)*cos(4/9%pi) "3*sin(4/9*pi) - 8*sqrt(3)*cos(4/9%pi)*sin(4/9*pi)~3
- 2xcos(4/9%pi)~4 + 12%cos(4/9*pi) ~2xsin(4/9%pi)~2 - 2*sin(4/9%pi)~4 + sqrt
(3)*sin(4/9%pi) - cos(4/9%pi))*log(-(sqrt(3)*ixcos(4/9%pi) + cos(4/9*pi))*x
+ x72 + 1) - 1/18%(8*sqrt(3)*cos(2/9%pi) "3*sin(2/9*pi) - 8*sqrt(3)*cos(2/9
*pi)*sin(2/9%pi) "3 - 2%cos(2/9*pi)~4 + 12*cos(2/9%pi) "2*sin(2/9*pi)~2 - 2*s
in(2/9*%pi)~4 + sqrt(3)*sin(2/9%pi) - cos(2/9%pi))*log(-(sqrt(3)*ixcos(2/9%p
i) + cos(2/9*pi))*x + x72 + 1) + 1/18*(8*sqrt(3)*cos(1/9%pi) ~3*sin(1/9%*pi)
- 8xsqrt(3)*cos(1/9%pi)*sin(1/9%pi)~3 + 2*cos(1/9*pi)~4 - 12*xcos(1/9*pi) "2
sin(1/9*pi)~2 + 2xsin(1/9%pi)~4 - sqrt(3)*sin(1/9*pi) - cos(1/9*pi))*log((s
grt(3)*ixcos(1/9*pi) + cos(1/9*pi))*x + x~2 + 1)
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“(1=23
326 | )

Optimal. Leaf size=382

2 ilog (22/3x2 +J2(1-iV3)x +(1- i\/§)2/3) ilog (22/3x2 +2(1+iV3)x+ (1+ i\/§)2/3) ilog (—\S/Ex +

+ +
2 3 2264/34/1 - iV3 3 228341 + V3 3V34; (1

[Out] -x"2/2 + ((I/3)*ArcTan[(1 + (2*x)/((1 - I*Sqrt([3])/2)~(1/3))/Sqrt[3]11)/((1
- IxSqrt([3]1)/2)7(1/3) - ((I/3)*ArcTan[(1 + (2*x)/((1 + I*Sqrt([3]1)/2)7(1/3))
/8qrt[311)/((1 + I*xSqrt[3])/2)7(1/3) + ((I/3)*Logl(1 - I*Sqrt[3])~(1/3) - 2
~(1/3)*x]1)/(Sqrt [31*((1 - IxSqrt[31)/2)°(1/3)) - ((I/3)*Logl(1 + I*Sqrt([3])
~(1/3) - 27(1/3)*x])/(Sqrt [31*((1 + I*Sqrt[31)/2)~(1/3)) - ((I/3)*Logl(1 -
IxSqrt[3]1)7(2/3) + (2x(1 - I*xSqrt[3]))~(1/3)*x + 27(2/3)*x72])/(27(2/3)*Sqr
t[31*(1 - I*Sqrt[3]1)~(1/3)) + ((I/3)*Logl(1 + I*Sqrt[3])~(2/3) + (2*(1 + Ix

Sqrt [31))~(1/3)*x + 27(2/3)*x72]1)/(27(2/3)*Sqrt [3]* (1 + I*Sqrt[3])~(1/3))

Rubi [A] time = 0.327587, antiderivative size = 382, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 15, number of rules used = 9, integrand size = 23, e .

0.391, Rules used = {1502, 12, 1375, 292, 31, 634, 617, 204, 628}

integrand size

2 ilog (22/3x2 + 32 (1 - i\/§)x + (1 - i\/§)2/3) ilog (22/3x2 + 32 (1 + i\@)x + (1 + i\/§)2/3) ilog (—\S/Qx +

+ +
2 3 2P\3\1-i\3 322331 + i3 3v345 (1

Antiderivative was successfully verified.

[In] Int[(x"4%(1 - x73))/(1 - x~3 + x76),x]

[Out] -x72/2 + ((I/3)*ArcTan[(1 + (2xx)/((1 - I*Sqrt[3]1)/2)~(1/3))/Sqrt[311)/((1
- IxSqrt[31)/2)7(1/3) - ((I/3)*ArcTan[(1 + (2*x)/((1 + IxSqrt[3]1)/2)~(1/3))
/Sqrt [3]1)/((1 + IxSqrt[3]1)/2)7(1/3) + ((I/3)*Logl(1 - I*Sqrt[3])~(1/3) - 2
~(1/3)*x1)/ (Sqrt [31*((1 - I*Sqrt[31)/2)~(1/3)) - ((I/3)*Logl(1 + IxSqrt[3])
~(1/3) - 27(1/3)*x])/(Sqrt [3]*((1 + I*Sqrt[3]1)/2)~(1/3)) - ((I/3)*Logl(1 -
IxSqrt[3])7(2/3) + (2x(1 - I*Sqrt[3]))~(1/3)*x + 27(2/3)*x72])/(27(2/3)*Sqr
t[3]1*(1 - IxSqrt[3])~(1/3)) + ((I/3)*Logl(1l + I*Sqrt[3])~(2/3) + (2%(1 + Ix
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Sqrt[3]1))7(1/3)*x + 27(2/3)*x72])/(27(2/3)*Sqrt [3]1*(1 + I*Sqrt[3])~(1/3))

Rule 1502

Int[((£_)*(x_))"(m_.)*x((d_) + (e_)*x(x_)"(m))*((a_) + (b_)*x(x_)"(n_) + (
c_)*x(x_)"(m2_))"(p_), x_Symbol] :> Simp[(exf~(n - 1)*(f*x)"(m - n + 1)*(a

+ b*xx™n + cxx”(2%n)) " (p + 1))/(ck(m + nx(2*%p + 1) + 1)), x] - Dist[f™n/(c*(
m+ nx(2%p + 1) + 1)), Int[(f*xx)"(m - n)*(a + b*x"n + c*xx~(2%n)) “p*Simp [ax*e
*(m - n + 1) + (bxex(m + n¥xp + 1) - cxd*(m + nx(2%p + 1) + 1))*x"n, x], x],
x] /; FreeQ[{a, b, c, d, e, £, p}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4x*ax*c,

0] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*x(2xp + 1) + 1, 0] && Integer
Qlp]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, xI]

Rule 1375

Int[((d_)*(x ))"(m_.)/((a_) + (c_.)*(x_ )" (n2_.) + (b_.)*x(x_)"(n_)), x_Symb
ol] :> With[{gq = Rt[b~2 - 4x*axc, 2]}, Distl[c/q, Int[(d*x)"m/(b/2 - q/2 + c*
x"n), x], x] - Distlc/q, Int[(d*x)"m/(b/2 + q/2 + c*x"n), x], x]] /; FreeQl
{a, b, ¢, d, m}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4*axc, 0] && IGtQ[n, O]

Rule 292

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> -Dist[(3*Rt[a, 3]*Rt[b, 3])~(-
1), Int[1/(Rtl[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]*x)/(Rtl[a, 3172 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2x*x
~2), x], x] /; FreeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2%c), Int[1/(a + b*x + c*xx"2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*xx)/(a + bxx + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2xc*d - bxe, 0] && NeQ[b~2 - 4xaxc, 0] && !'NiceSqrtQ[b~2 - 4xaxc]
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Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] & NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (LtQ[
a, 0] || LtQ[b, 0])

Rule 628

Int[((d)) + (e_)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x72, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps
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—RootSum [#16 —#1% + 1&,
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Antiderivative was successfully verified.

time = 0.0135111, size = 48, normalized size = 0.13

log(x — #1)
1*-#1

& -2
2

[In] Integrate[(x™4*(1 - x73))/(1 - x73 + x76),x]

R ilog(m—%x) ilog(m—

3V35 (1+i

[Out] -x"2/2 + RootSum[1l - #173 + #176 & , Loglx - #1]/(-#1 + 2x#174) & 1/3
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Maple [C] time = 0.004, size = 44, normalized size = 0.1

2,1 RIn(x-_R)
D P
_R:RootOf(_ZG—_Z3+1) — —

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"4*x(-x"3+1)/(x"6-x"3+1) ,x)

[Out] -1/2*%x~2+1/3*sum(_R/ (2% R~5- R~2)*1n(x-_R), R=Root0f(_Z"6- Z"3+1))

Maxima [F] time = 0., size = 0, normalized size = 0.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(-x"3+1)/(x"6-x"3+1),x, algorithm="maxima"

[Out] -1/2%x"2 + integrate(x/(x"6 - x°3 + 1), x)

Fricas [B] time = 1.94217, size = 5949, normalized size = 15.57

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(-x"3+1)/(x"6-x73+1),x, algorithm="fricas")

[Out] 1/54%187(2/3)*127(1/6)*cos(2/3*arctan(sqrt(3) - 2))*1log(187(2/3)*127(2/3)*c
os(2/3*arctan(sqrt(3) - 2))74 + 187(2/3)*127(2/3)*sin(2/3*arctan(sqrt(3) -

2))74 + 12%x187(1/3)*127(1/3) *sqrt (3) *x*cos(2/3*arctan(sqrt(3) - 2))*sin(2/3
xarctan(sqrt(3) - 2)) + 6%187(1/3)*127(1/3)*x*cos(2/3*arctan(sqrt(3) - 2))~

2 + 2%(187(2/3)*127(2/3) *cos(2/3*arctan(sqrt(3) - 2))72 - 3%x187(1/3)*127(1/
3)*x)*sin(2/3*arctan(sqrt(3) - 2))72 + 36%x~2) - 2/27x187(2/3)*127(1/6) *arc
tan(1/108% (6%187(2/3)*127(2/3) *sqrt (3) *x*cos (2/3*arctan(sqrt(3) - 2))72 + 1
08*sqrt (3) *cos(2/3*arctan(sqrt(3) - 2))74 + 108*sqrt(3)*sin(2/3*arctan(sqrt

(3) - 2))74 - 864*cos(2/3*arctan(sqrt(3) - 2))*sin(2/3*arctan(sqrt(3) - 2))
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~3 - 6%(187(2/3)%127(2/3) *sqrt (3)*x - 36*sqrt(3)*cos(2/3*arctan(sqrt(3) - 2
))"2)*sin(2/3*%arctan(sqrt(3) - 2))72 + 12%(187(2/3)*127(2/3) *x*cos(2/3*arct
an(sqrt(3) - 2)) + 72*cos(2/3*arctan(sqrt(3) - 2))73)*sin(2/3*arctan(sqrt(3
) = 2)) - sqrt(187(2/3)*127(2/3)*cos(2/3*arctan(sqrt(3) - 2))74 + 187(2/3)*
127(2/3)*sin(2/3*arctan(sqrt(3) - 2))74 + 12*%187(1/3)*127(1/3) *sqrt (3) *x*co
s(2/3*arctan(sqrt(3) - 2))*sin(2/3*arctan(sqrt(3) - 2)) + 6x187(1/3)*127(1/
3)*x*cos(2/3*arctan(sqrt(3) - 2))72 + 2%(187(2/3)*127(2/3)*cos(2/3*arctan(s
qrt(3) - 2))72 - 3*%187(1/3)*127(1/3) *x) *sin(2/3*arctan(sqrt(3) - 2))72 + 36
*xx"2)*(187(2/3) %127 (2/3) *sqrt (3) *cos (2/3*arctan(sqrt(3) - 2))72 - 187(2/3)*
127(2/3) *sqrt (3)*sin(2/3*arctan(sqrt(3) - 2))72 + 2x187(2/3)*127(2/3) *cos(2
/3*arctan(sqrt(3) - 2))*sin(2/3*arctan(sqrt(3) - 2))))/(3*cos(2/3*arctan(sq
rt(3) - 2))74 - 10*cos(2/3*arctan(sqrt(3) - 2)) 2*sin(2/3*arctan(sqrt(3) -
2))72 + 3*sin(2/3*%arctan(sqrt(3) - 2))74))*sin(2/3*%arctan(sqrt(3) - 2)) - 1
/2%x72 - 1/27%(187(2/3)*127(1/6) *sqrt (3) *cos(2/3*arctan(sqrt(3) - 2)) + 18~
(2/3)*127(1/6)*sin(2/3*arctan(sqrt(3) - 2)))*arctan(1/108* (6187 (2/3)*127(2
/3)*sqrt (3) *x*cos(2/3*arctan(sqrt(3) - 2))72 + 108*sqrt(3)*cos(2/3*arctan(s
qrt(3) - 2))74 + 108xsqrt(3)*sin(2/3*arctan(sqrt(3) - 2))~4 + 864*cos(2/3*a
rctan(sqrt(3) - 2))*sin(2/3*arctan(sqrt(3) - 2))73 - 6%(187(2/3)*127(2/3)*s
qrt (3)*x - 36*sqrt(3)*cos(2/3*arctan(sqrt(3) - 2))72)*sin(2/3*arctan(sqrt(3
) = 2))72 - 12%(187(2/3)*127(2/3) *x*cos(2/3*arctan(sqrt(3) - 2)) + 72*cos(2
/3*arctan(sqrt(3) - 2))73)*sin(2/3*arctan(sqrt(3) - 2)) - sqrt(187(2/3)*12
(2/3)*cos(2/3*arctan(sqrt(3) - 2))74 + 187(2/3)*127(2/3)*sin(2/3*arctan(sqr
t(3) - 2))74 - 12%187(1/3)*127(1/3) *sqrt (3) *x*cos (2/3*arctan(sqrt(3) - 2))x*
sin(2/3*%arctan(sqrt(3) - 2)) + 6%187(1/3)*127(1/3)*x*cos(2/3*arctan(sqrt(3)
- 2))72 + 2x(187(2/3)*127(2/3) *cos(2/3*arctan(sqrt(3) - 2))~2 - 3%187(1/3)
*x127(1/3) *x) *sin(2/3*arctan(sqrt(3) - 2))72 + 36*x~2)*(187(2/3)*127(2/3)*sq
rt(3)*cos(2/3*arctan(sqrt(3) - 2))72 - 187(2/3)*127(2/3) *sqrt (3)*sin(2/3*ar
ctan(sqrt(3) - 2))72 - 2%187(2/3)*127(2/3)*cos(2/3*arctan(sqrt(3) - 2))*sin
(2/3*%arctan(sqrt(3) - 2))))/(3*cos(2/3*arctan(sqrt(3) - 2))74 - 10*cos(2/3*
arctan(sqrt(3) - 2))7"2+sin(2/3*arctan(sqrt(3) - 2))72 + 3*sin(2/3*arctan(sq
rt(3) - 2))74)) + 1/27%(187(2/3)*127(1/6) *sqrt (3) *cos(2/3*arctan(sqrt(3) -
2)) - 187(2/3)*%127(1/6)*sin(2/3*arctan(sqrt(3) - 2)))*arctan(-1/432*(6%187(
2/3)%127(2/3)*x - 216*cos(2/3*arctan(sqrt(3) - 2))72 + 216*sin(2/3*arctan(s
qrt(3) - 2))72 - 187(2/3)*127(2/3)*sqrt (187 (2/3)*127(2/3) *cos(2/3*arctan(sq
rt(3) - 2))74 + 187(2/3)*127(2/3) *sin(2/3*arctan(sqrt(3) - 2))74 - 12%187(1
/3)*127(1/3) *x*cos(2/3*arctan(sqrt(3) - 2))72 + 2x(187(2/3)*127(2/3) *cos(2/
3xarctan(sqrt(3) - 2))72 + 6%187(1/3)*127(1/3)*x) *sin(2/3*arctan(sqrt(3) -
2))72 + 36%x72))/(cos(2/3*%arctan(sqrt(3) - 2))*sin(2/3*arctan(sqrt(3) - 2))
)) + 1/108%(187(2/3)*127(1/6) *sqrt (3) *sin(2/3*arctan(sqrt(3) - 2)) - 187(2/
3)*%127(1/6)*cos(2/3*arctan(sqrt(3) - 2)))*1log(187(2/3)*127(2/3)*cos(2/3*arc
tan(sqrt(3) - 2))74 + 187(2/3)*127(2/3)*sin(2/3*arctan(sqrt(3) - 2))74 - 12
*187(1/3) %127 (1/3) *sqrt (3) *x*cos(2/3*arctan(sqrt(3) - 2))*sin(2/3*arctan(sq
rt(3) - 2)) + 6%187(1/3)*127(1/3)*x*cos(2/3*arctan(sqrt(3) - 2))72 + 2x(18~
(2/3)%127(2/3) *cos(2/3*arctan(sqrt(3) - 2))72 - 3%187(1/3)*127(1/3)*x)*sin(
2/3*arctan(sqrt(3) - 2))72 + 36*x72) - 1/108*%(187(2/3)*127(1/6)*sqrt(3)*sin
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(2/3*arctan(sqrt(3) - 2)) + 187(2/3)*127(1/6)*cos(2/3*arctan(sqrt(3) - 2)))
*x1og(187(2/3)*127(2/3) *cos (2/3*arctan(sqrt(3) - 2))74 + 187(2/3)*127(2/3)*s
in(2/3*arctan(sqrt(3) - 2))74 - 12%187(1/3)*127(1/3)*x*cos(2/3*arctan(sqrt(
3) - 2))72 + 2x(187(2/3)*127(2/3) *cos(2/3*arctan(sqrt(3) - 2))72 + 6*x187(1/
3)*127(1/3)*x) *sin(2/3*arctan(sqrt(3) - 2))72 + 36%x~2)

Sympy [A] time = 0.193264, size = 32, normalized size = 0.08

—%;——RootSun1@9683ﬁ-+243ﬁ-+1,(tk+tlog(—656lﬁ-—27ﬂ-+x)n

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**4* (-x**3+1)/(x**6-x**3+1) ,x)

[Out] -x**2/2 - RootSum(19683*_t**x6 + 243% t**3 + 1, Lambda(_t, _t*log(-6561*_t*x*
5 = 27*_t**2 + x)))

Giac [B] time =1.15957, size = 1103, normalized size = 2.89

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(-x"3+1)/(x"6-x"3+1),x, algorithm="giac")

[Out] -1/2%x"2 - 1/9%(sqrt(3)*cos(4/9*pi)~5 - 10*sqrt(3)*cos(4/9%pi) ~3*sin(4/9*pi
)72 + Bkxsqrt(3)*cos(4/9%pi)*sin(4/9%pi)~4 - 5xcos(4/9%pi) “4*sin(4/9%pi) + 1
O*cos (4/9%pi) "2*sin(4/9%pi)~3 - sin(4/9%pi)~5 - sqrt(3)*cos(4/9%pi)~2 + sqr
t(3)*sin(4/9%pi) "2 + 2%cos(4/9%pi)*sin(4/9%pi))*arctan(-((sqrt(3)*i + 1)*co
s(4/9%pi) - 2xx)/((sqrt(3)*i + 1)*sin(4/9%pi))) - 1/9x(sqrt(3)*cos(2/9*pi)~
5 - 10*sqrt(3)*cos(2/9%pi) “3*sin(2/9*pi) "2 + bxsqrt(3)*cos(2/9*pi)*sin(2/9%*
pi)~4 - 5%cos(2/9%pi) “4xsin(2/9%pi) + 10*cos(2/9*pi) "2*sin(2/9*pi)~3 - sin(
2/9*%pi) "5 - sqrt(3)*cos(2/9*pi) "2 + sqrt(3)*sin(2/9*pi)~2 + 2xcos(2/9*pi)*s
in(2/9*pi))*arctan(-((sqrt(3)*i + 1)*cos(2/9%pi) - 2*x)/((sqrt(3)*i + 1)*si
n(2/9*pi))) + 1/9%(sqrt(3)*cos(1/9%pi)~5 - 10%*sqrt(3)*cos(1/9*pi) ~3*sin(1/9
*pi) "2 + Bxsqrt(3)*cos(1/9*pi)*sin(1/9%pi)~4 + b*cos(1/9*pi) ~4*sin(1/9%pi)
- 10*cos(1/9*pi) "2*sin(1/9%pi)~3 + sin(1/9*pi)~5 + sqrt(3)*cos(1/9*pi)~2 -
sqrt(3)*sin(1/9%pi) "2 + 2*cos(1/9*pi)*sin(1/9*pi))*arctan(((sqrt(3)*i + 1)*
cos(1/9*pi) + 2*x)/((sqrt(3)*i + 1)*sin(1/9%pi))) - 1/18%(5*sqrt(3)*cos(4/9
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*xpi) "4*xsin(4/9%pi) - 10*sqrt(3)*cos(4/9%pi) "2*sin(4/9*pi)~3 + sqrt(3)*sin(4
/9%pi) "5 + cos(4/9%pi)~5 - 10%cos(4/9%pi) ~"3*sin(4/9%pi) 2 + B*cos(4/9%*pi)*s
in(4/9*%pi)~4 - 2xsqrt(3)*cos(4/9*pi)*sin(4/9*pi) - cos(4/9*pi)~2 + sin(4/9%
pi)"2)*log(-(sqrt(3)*ixcos(4/9%pi) + cos(4/9*pi))*x + x72 + 1) - 1/18%(5*sq
rt (3)*cos(2/9*pi) “4*sin(2/9*pi) - 10*sqrt(3)*cos(2/9*pi) "2*sin(2/9%pi)~3 +
sqrt (3)*sin(2/9%pi) "5 + cos(2/9%pi)~5 - 10%cos(2/9%pi) "3*sin(2/9%pi)~2 + bx
cos(2/9%pi)*sin(2/9*pi) "4 - 2xsqrt(3)*cos(2/9*pi)*sin(2/9*pi) - cos(2/9%*pi)
72 + sin(2/9%pi) "2) *log (- (sqrt (3)*i*cos(2/9*pi) + cos(2/9*pi))*x + x~2 + 1)
- 1/18%(b*sqrt (3)*cos(1/9%pi) "4*sin(1/9*pi) - 10*sqrt(3)*cos(1/9%pi) ~2*sin
(1/9%pi)~3 + sqrt(3)*sin(1/9%pi)~5 - cos(1/9*pi)~5 + 10*cos(1/9*pi) ~3*sin(1
/9%pi) "2 - b*cos(1/9*pi)*sin(1/9%pi)~4 + 2*sqrt(3)*cos(1/9%pi)*sin(1/9%pi)
- cos(1/9%pi)~2 + sin(1/9%pi) ~2)*log((sqrt(3)*ixcos(1/9*pi) + cos(1/9*pi))*
X+ x72 + 1)
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w(1=x3
327 )

Optimal. Leaf size=378

ilog (22/3x2 +2(1-iV3)x+(1- i\/§)2/ 3) ilog (22/3x2 + 2 (1+iV3)x+(1+ i\/§)2/3) ilog (—\S/Ex + \34

- + -x+

3923 (1- iv3)" W2VB(1+iV3) 33 (L

[Out] -x - ((I/3)*ArcTan[(1 + (2*x)/((1 - I*Sqrt[3])/2)~(1/3))/Sqrt[3]11)/((1 - I*
Sqrt[3]1)/2)7(2/3) + ((I/3)*ArcTan[(1 + (2*x)/((1 + I*Sqrt[3])/2)~(1/3))/Sqr
t[311)/((1 + IxSqrt[3])/2)°(2/3) + ((I/3)*Logl(1 - I*Sqrt[3]1)~(1/3) - 27(1/
3)*x])/(Sqrt[31*((1 - I*Sqrt[3])/2)7(2/3)) - ((I/3)*Logl(1 + I*Sqrt[3])~(1/

3) - 27(1/3)*x])/(Sqrt[31*((1 + IxSqrt[3]1)/2)~(2/3)) - ((I/3)*Logl[(1 - I*Sq
rt[3]1)7(2/3) + (2x(1 - IxSqrt([3]))~(1/3)*x + 27(2/3)*x72])/(27(1/3)*Sqrt[3]

*(1 - IxSqrt[3]1)7(2/3)) + ((I/3)*Logl(1 + IxSqrt[3])7(2/3) + (2x(1 + IxSqrt
[31))7(1/3)*x + 27(2/3)*x72]) /(27 (1/3)*Sqrt [3]*(1 + I*Sqrt[3]1)~(2/3))

Rubi [A] time = 0.25865, antiderivative size = 378, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 14, number of rules used = 8, integrand size = 23, e .

0.348, Rules used = {1502, 1347, 200, 31, 634, 617, 204, 628}

integrand size

ilog (22/3x2 +J2(1-iV3)x +(1- i\/§)2/ 3) ilog (22/3x2 + 2 (1+iV3)x+(1+ i\/§)2/3) ilog (—\3/§x + \34

- + -x+

323 (1- iv3)" HW2VB(1+iV3) 33 (L

Antiderivative was successfully verified.

[In] Int[(x"3*%(1 - x73))/(1 - x~3 + x76),x]

[Out] -x - ((I/3)*ArcTan[(1 + (2*x)/((1 - I*Sqrt[3])/2)~(1/3))/Sqrt[311)/((1 - Ix*
Sqrt[31)/2)~(2/3) + ((I/3)*ArcTan[(1 + (2*x)/((1 + IxSqrt([3])/2)~(1/3))/Sqr
t[311)/((1 + I*xSqrtl[3])/2)~(2/3) + ((I/3)*Logl(1 - IxSqrt[3]1)~(1/3) - 27(1/
3)*x])/(Sqrt [3]1*((1 - IxSqrt[31)/2)°(2/3)) - ((I/3)*Logl(1 + I*Sqrt[3])~(1/
3) - 27(1/3)*x]1)/(Sqrt [31*((1 + IxSqrt[31)/2)7(2/3)) - ((I/3)*Logl(1 - I*Sq
rt[31)7(2/3) + (2x(1 - I*Sqrt[3]1))~(1/3)xx + 27(2/3)*x~2])/(27(1/3)*Sqrt [3]
*(1 - I*Sqrt[31)7(2/3)) + ((I/3)*Logl(1 + IxSqrtl[3]1)~(2/3) + (2x(1 + I*Sqrt
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[31))°(1/3)*x + 27(2/3)*x72])/(27(1/3)*Sqrt [3]1*(1 + I*Sqrt[3])~(2/3))

Rule 1502

Int[((£_)*(x_))"(m_.)*x((d_) + (e_)*x(x_)"(m))*((a_) + (b_)*x(x_)"(n_) + (
c_)*x(x_)"(m2_))"(p_), x_Symbol] :> Simp[(exf~(n - 1)*(f*x)"(m - n + 1)*(a

+ b*xx™n + cxx”(2%n)) " (p + 1))/(ck(m + nx(2*%p + 1) + 1)), x] - Dist[f™n/(c*(
m+ nx(2%p + 1) + 1)), Int[(f*xx)"(m - n)*(a + b*x"n + c*xx~(2%n)) “p*Simp [ax*e
*(m - n + 1) + (bxex(m + n¥xp + 1) - cxd*(m + nx(2%p + 1) + 1))*x"n, x], x],
x] /; FreeQ[{a, b, c, d, e, £, p}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4x*ax*c,

0] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*x(2xp + 1) + 1, 0] && Integer
Qlp]

Rule 1347

Int[((a_) + (b_)*(x )" (n_ ) + (c_.)*x(x_)"(n2_))"(-1), x_Symbol] :> With[{q
= Rt[b~2 - 4x*axc, 2]}, Distl[c/q, Int[1/(b/2 - q/2 + c*x"n), x], x] - Distlc
/q, Int[1/(b/2 + q/2 + c*x"n), x], x]] /; FreeQ[{a, b, c}, x] && EqQ[n2, 2%
n] && NeQ[b~2 - 4xaxc, 0]

Rule 200

Int[((a_) + (b_.)*(x_)"3)"(-1), x_Symbol] :> Dist[1/(3*Rt[a, 3]172), Int[1/(
Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]172), Int[(2*#Rt[a, 3] - R
t[b, 31*x)/(Rtl[a, 3172 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3]72*x72), x], x] /; F
reeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2%c), Int[1/(a + bxx + c*xx"2), x], x] + Dist[e/(2%c), In
t[(b + 2*c*x)/(a + b¥x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2xc*d - bxe, 0] && NeQ[b~2 - 4xaxc, 0] && !'NiceSqrtQ[b~2 - 4xaxc]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4xaxc])] /; Free
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Ql{a, b, c}, x] && NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_

D*(x_)"2)7(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[

-a, 2]1/(Rtl[-a, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (LtQ[

a, 0] |l LtQ[b, 01)

Rule 628

Int[((d ) + (e_

Dxx )/ ((a ) + (b_)*(x) + (c_.)*(x_)"2), x_Symboll :> S

imp [(d*Log[RemoveContent[a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

x3 (1 - x3)

1
1—x3+x6dx:_x+f1—x3+x6dx

—X +

=-x+

= —x—

. 1 . 1
Zf_l_ﬁﬂs dx zf_1 R 3dx
2 2 + 2 2
V3 V3

o i, i
_m ) +x - (30-1v3)) + {3 (1-ivB)er2 W (30
3{( ( —z\/_)) W3 (L(1-1v3)) \/_(—(1+z\/—)) ¥

llog(\/T\/— \/_x) zlog(m \/_x) if %11\;/);7%6 x if

3‘/—( ( _l‘/_)) 3\/_( (1+z\/_)) 3\/_\/’( _l\/—)/a —
zlog(\/T‘/_ \/_x) zlog(m \/_x) zlog( _1\/_) +m
Wa(L-i3)  aA(i(eiA)) NN

21 2.
T+t T+——=

31, . 31
itan™ 2 itan™ | ——— ()
V3 B 1log(\/ 1-iV3- \/_x) 110g(\/1+1\/——

+

s(30-03)"  s(ta+nd)  sB(ia-nE) sVl
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Mathematica [C] time = 0.0127722, size = 46, normalized size = 0.12

log(x — #1
ogx—#1) 1.

1
~RootSum |#1° - #1° + 1&, —=——
3 2#1° - #1

Antiderivative was successfully verified.

[In] Integrate[(x"3*(1 - x73))/(1 - x73 + x76),x]

[Out] -x + RootSum[l - #173 + #17°6 & , Loglx - #1]1/(-#1"2 + 2*#1°5) & 1/3

Maple [C] time = 0.004, size = 41, normalized size = 0.1

il Intx-_R)
2 R°- R?

_R=RootOf(_z°~_7°+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*%(-x"3+1)/(x"6-x"3+1),x)

[Out] -x+1/3*sum(1/(2*x_R"5-_R"2)*1n(x-_R), R=Root0f(_Z"6-_Z"3+1))

Maxima [F] time = 0., size = 0, normalized size = 0.

1
-+ [ ama

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*%(-x"3+1)/(x"6-x"3+1),x, algorithm="maxima"

[Out] -x + integrate(1/(x”6 - x°3 + 1), x)

Fricas [B] time = 1.67323, size = 3906, normalized size = 10.33

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(-x"3+1)/(x"6-x"3+1),x, algorithm="fricas")

[Out] 1/54%187(2/3)*127(1/6)*cos(2/3*arctan(sqrt(3) - 2))*1og(187(2/3)*127(1/6)*s
qrt (3)*x*sin(2/3*arctan(sqrt(3) - 2)) + 3%187(2/3)*127(1/6)*x*cos(2/3*arcta
n(sqrt(3) - 2)) + 3*%187(1/3)*127(1/3)*cos(2/3*arctan(sqrt(3) - 2))72 + 3%18
~(1/3)%127(1/3) *sin(2/3*arctan(sqrt(3) - 2))72 + 18*x72) - 2/27%187(2/3)*12
~(1/6)*arctan(1/108*(6%x187(1/3)*127(5/6)*sqrt (3) *x*cos(2/3*arctan(sqrt(3) -
2)) + 108*sqrt(3)*cos(2/3*arctan(sqrt(3) - 2))72 + 108x*sqrt(3)*sin(2/3*arc
tan(sqrt(3) - 2))72 + 18%(187(1/3)*127(5/6)*x + 24*cos(2/3*arctan(sqrt(3) -
2)))*sin(2/3*arctan(sqrt(3) - 2)) - sqrt(187(2/3)*127(1/6)*sqrt(3)*x*sin(2
/3*arctan(sqrt(3) - 2)) + 3%187(2/3)*127(1/6)*x*cos(2/3*arctan(sqrt(3) - 2)
) + 3%187(1/3)*127(1/3)*cos(2/3*arctan(sqrt(3) - 2))72 + 3%187(1/3)*127(1/3
)*sin(2/3*arctan(sqrt(3) - 2))72 + 18%x72)*(187(1/3)*127(5/6)*sqrt(3)*sqrt(
2)*cos(2/3*arctan(sqrt(3) - 2)) + 3%187(1/3)*127(5/6)*sqrt(2)*sin(2/3*arcta
n(sqrt(3) - 2))))/(cos(2/3*arctan(sqrt(3) - 2))72 - 3*sin(2/3*arctan(sqrt(3
) - 2))72))*sin(2/3*arctan(sqrt(3) - 2)) - 1/27*(187(2/3)*127(1/6)*sqrt (3)*
cos(2/3*arctan(sqrt(3) - 2)) + 187(2/3)*127(1/6)*sin(2/3*arctan(sqrt(3) - 2
)))*arctan(-1/108% (6187 (1/3)*127(5/6) *sqrt (3) *x*cos (2/3*arctan(sqrt(3) - 2
)) - 108*sqrt(3)*cos(2/3*arctan(sqrt(3) - 2))72 - 108*sqrt(3)*sin(2/3*arcta
n(sqrt(3) - 2))72 - 18%(187(1/3)*127(5/6)*x - 24*cos(2/3*arctan(sqrt(3) - 2
)))*sin(2/3*arctan(sqrt(3) - 2)) - sqrt(187(2/3)*127(1/6)*sqrt (3)*x*sin(2/3
xarctan(sqrt(3) - 2)) - 3%187(2/3)*127(1/6)*x*cos(2/3*arctan(sqrt(3) - 2))
+ 3%187(1/3)*127(1/3)*cos(2/3*arctan(sqrt(3) - 2))72 + 3x187(1/3)*127(1/3)*
sin(2/3*arctan(sqrt(3) - 2))72 + 18*%x~2)*(187(1/3)*127(5/6)*sqrt (3)*sqrt(2)
*xcos(2/3*%arctan(sqrt(3) - 2)) - 3%187(1/3)*127(5/6) *sqrt(2)*sin(2/3*arctan(
sqrt(3) - 2))))/(cos(2/3*arctan(sqrt(3) - 2))72 - 3xsin(2/3*arctan(sqrt(3)
- 2))72)) - 1/27%(187(2/3)*127(1/6) *sqrt (3) *cos(2/3*arctan(sqrt(3) - 2)) -
187(2/3)*127(1/6) *sin(2/3*arctan(sqrt(3) - 2)))*arctan(1/216%(187(1/3)*127(
5/6) *sqrt (3) *sqrt (2) *sqrt (-2*%187(2/3) 127 (1/6) *sqrt (3) *x*sin(2/3*arctan(sqr
t(3) - 2)) + 3%187(1/3)*127(1/3) *cos(2/3*arctan(sqrt(3) - 2))72 + 3%187(1/3
)*127(1/3)*sin(2/3*%arctan(sqrt(3) - 2))72 + 18%x72) - 6%187(1/3)*127(5/6)*s
qrt (3)*x + 216*sin(2/3*arctan(sqrt(3) - 2)))/cos(2/3*arctan(sqrt(3) - 2)))
+ 1/108%(187(2/3)*127(1/6) *sqrt (3)*sin(2/3*arctan(sqrt(3) - 2)) - 187(2/3)*
127(1/6) *cos(2/3*arctan(sqrt(3) - 2)))*1og(187(2/3)*127(1/6)*sqrt (3)*x*sin(
2/3*arctan(sqrt(3) - 2)) - 3%187(2/3)*127(1/6)*x*cos(2/3*arctan(sqrt(3) - 2
)) + 3%187(1/3)*127(1/3)*cos(2/3*arctan(sqrt(3) - 2))72 + 3*187(1/3)*127(1/
3)*sin(2/3*arctan(sqrt(3) - 2))72 + 18*x72) - 1/108%(187(2/3)*127(1/6)*sqrt
(3)*sin(2/3*arctan(sqrt(3) - 2)) + 187(2/3)*127(1/6)*cos(2/3*arctan(sqrt(3)
- 2)))*log(-2%187(2/3)*127(1/6) *sqrt (3) *x*sin(2/3*arctan(sqrt(3) - 2)) + 3
*x187(1/3) %127 (1/3) *cos(2/3*arctan(sqrt(3) - 2))72 + 3%x187(1/3)*127(1/3)*sin
(2/3*arctan(sqrt(3) - 2))72 + 18*x"2) - x
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Sympy [A] time = 0.17863, size = 24, normalized size = 0.06

—x = RootSum (19683¢° + 243t> +1, (¢ > tlog (729¢* + x) )
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(-x**3+1)/(x**6-x**3+1) ,x)

[Out] -x - RootSum(19683*_t**6 + 243%_t*x3 + 1, Lambda(_t, _t*xlog(729%_t*x4 + x))
)

Giac [B] time = 1.17756, size = 853, normalized size = 2.26

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(-x"3+1)/(x"6-x"3+1),x, algorithm="giac")

[Out] -1/9%(sqrt(3)*cos(4/9*pi)~4 - 6*xsqrt(3)*cos(4/9*pi) " 2*sin(4/9%pi)~2 + sqrt(
3)*sin(4/9%pi) "4 + 4xcos(4/9%pi) ~3*sin(4/9*pi) - 4*cos(4/9%pi)*sin(4/9*pi)”~
3 - sqrt(3)*cos(4/9*pi) - sin(4/9%*pi))*arctan(-((sqrt(3)*i + 1)*cos(4/9*pi)
- 2%x) /((sqrt(3)*i + 1)*sin(4/9*pi))) - 1/9x(sqrt(3)*cos(2/9*pi)~4 - 6*sqr
t(3)*cos(2/9%pi) "2xsin(2/9%pi) "2 + sqrt(3)*sin(2/9%pi)~4 + 4*cos(2/9%pi) ~3*
sin(2/9*pi) - 4*cos(2/9*pi)*sin(2/9%pi)~3 - sqrt(3)*cos(2/9*pi) - sin(2/9*p
i))*arctan(-((sqrt(3)*i + 1)*cos(2/9*pi) - 2*x)/((sqrt(3)*i + 1)*sin(2/9*pi
))) = 1/9x(sqrt(3) *cos(1/9*pi)~4 - 6*sqrt(3)*cos(1/9*pi) " 2%sin(1/9%pi)~2 +
sqrt (3)*sin(1/9*pi)~4 - 4*cos(1/9%pi) "3*sin(1/9%pi) + 4*cos(1/9*pi)*sin(1/9
*xpi) "3 + sqrt(3)*cos(1/9%pi) - sin(1/9%pi))*arctan(((sqrt(3)*i + 1)*cos(1/9
*pi) + 2*xx)/((sqrt(3)*i + 1)*sin(1/9%pi))) - 1/18*(4d*xsqrt(3)*cos(4/9*pi) "3
sin(4/9*%pi) - 4*sqrt(3)*cos(4/9%pi)*sin(4/9*pi)~3 - cos(4/9*pi)~4 + 6*xcos(4
/9%pi) “2%sin(4/9*pi) "2 - sin(4/9*pi)~4 - sqrt(3)*sin(4/9*pi) + cos(4/9%pi))
xlog(-(sqrt(3)*i*xcos(4/9%pi) + cos(4/9*pi))*x + x72 + 1) - 1/18*(4xsqrt(3)*
cos(2/9*pi) "3*sin(2/9*pi) - 4*sqrt(3)*cos(2/9%pi)*sin(2/9%pi)~3 - cos(2/9*p
i)74 + 6%cos(2/9*pi) "2xsin(2/9*pi)~2 - sin(2/9*pi)~4 - sqrt(3)*sin(2/9%*pi)
+ cos(2/9%pi))*log(-(sqrt(3)*ixcos(2/9%pi) + cos(2/9*pi))*x + x72 + 1) + 1/
18 (4xsqrt (3)*cos(1/9%pi) "3*sin(1/9*pi) - 4*sqrt(3)*cos(1/9%pi)*sin(1/9*pi)
~3 + cos(1/9%pi)~4 - 6%cos(1/9%pi) " 2xsin(1/9%pi)~2 + sin(1/9*pi)~4 + sqrt(3
)*sin(1/9*pi) + cos(1/9%pi))*log((sqrt(3)*ixcos(1/9*pi) + cos(1/9%pi))*x +
Xx"2 + 1) - x
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X —x3
308 [y

1-x3+x6
Optimal. Leaf size=411

o e« T+ (- (o0 T o (1)

+ —_—

18 22531 - iv/3 18 2254/1 + i\3

[Out] ((I - Sqrt[3])*ArcTan[(1 + (2*x)/((1 - IxSqrt[3])/2)7(1/3))/Sqrt[3]])/(3*2~
(2/3)*%(1 - IxSqrt[3]1)~(1/3)) - ((I + Sqrt[3])*ArcTan[(1 + (2*x)/((1 + I*Sqr
t[31)/2)7(1/3))/8qrt[311)/(3%27(2/3)*(1 + I*Sqrt[3]1)~(1/3)) - ((3 - IxSqrtl
3]1)*Log[(1 - I*Sqrt[3])~(1/3) - 27(1/3)*x])/(9%27(2/3)*(1 - IxSqrt[3])~(1/3
)) - ((8 + IxSqrt[3])*Logl(1 + I*Sqrt[3])7(1/3) - 27(1/3)*x])/(9%27(2/3)*(1
+ IxSqrt[3]1)7(1/3)) + ((3 - I*Sqrt[3])*Logl(1 - I*Sqrt[3])~(2/3) + (2x(1 -
IxSqrt[3]1))7(1/3)*x + 27(2/3)*x72])/(18%27(2/3)*(1 - I*Sqrt[3])~(1/3)) + (
(3 + IxSqrt[3])*Logl[(1 + IxSqrt[3])~(2/3) + (2x(1 + I*Sqrt[3])) " (1/3)*x + 2
~(2/3)*x72]) /(18%27(2/3)* (1 + IxSqrt[3])~(1/3))

Rubi [A] time = 0.276176, antiderivative size = 411, normalized size of antiderivative =

1., number of steps used = 13, number of rules used = 7, integrand size = 21, number of rules _

0.333, Rules used = {1510, 292, 31, 634, 617, 204, 628}

integrand size

(3 - 1\/5) log (22/3x2 + 3/2 (1 ~ i\/g)x N (1 B i\/§)2/3) (3 N Z\/g) log (22/3x2 + 3/2 (1 N i\/g)x N (1 N i\/§)2/3) (3 i

+ —_—

18 2251 - iv/3 18 2254/1 + i\3

Antiderivative was successfully verified.

[In] Int[(x*x(1 - x73))/(1 - x°3 + x76),x]

[Out] ((I - Sqrt[3])*ArcTan[(1 + (2*x)/((1 - I*Sqrt[3]1)/2)~(1/3))/Sqrt[311)/(3*2~
(2/3)*%(1 - IxSqrt[3]1)~(1/3)) - ((I + Sqrt[3])*ArcTan[(1 + (2*x)/((1 + I*Sqr
t[31)/2)7(1/3))/8qrt[311)/(3%27(2/3)*(1 + I*Sqrt[3]1)~(1/3)) - ((3 - IxSqrtl
31)*Log[(1 - I*Sqrt[31)~(1/3) - 27(1/3)*x]1)/(9*27(2/3)*(1 - I*Sqrt[3])~(1/3

)) - ((3 + IxSqrt[3])*Logl(1 + IxSqrt[3])~(1/3) - 27(1/3)*x])/(9x27(2/3)*(1

+ IxSqrt[3]1)7(1/3)) + ((3 - IxSqrt[3])*Logl(l - I*Sqrt([3])7(2/3) + (2x(1 -
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IxSqrt[31))7(1/3)*x + 27(2/3)*x72])/(18%27(2/3)* (1 - IxSqrt[3]1)7(1/3)) + (
(3 + IxSqrt[3])*Logl(1 + I*Sqrt[3]1)~(2/3) + (2*%(1 + I*Sqrt[3]1))~(1/3)*x + 2
~(2/3)*x72]) /(18%27(2/3)* (1 + IxSqrt[3])~(1/3))

Rule 1510

Int [CCCE_D*(x_ )" (m_.)*((d_) + (e_.)*x(x_)"(n_)))/((a_) + (b_.)*x(x_)"(n_) +
(c_)*(x_)"(n2_)), x_Symbol] :> With[{q = Rt[b"2 - 4xaxc, 2]}, Dist[e/2 +
(2%c*xd - bxe)/(2xq), Int[(f*x)"m/(b/2 - q/2 + c*x"n), x], x] + Distl[e/2 - (
2xc*d - bke)/(2%q), Int[(f*x) m/(b/2 + q/2 + c*x"n), x], x]] /; FreeQ[{a, b

, ¢, d, e, £, m}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xa*xc, 0] && IGtQ[n, O]

Rule 292

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> -Dist[(3*Rt[a, 3]*Rt[b, 3])~(-
1), Int[1/(Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]*x)/(Rt[a, 3172 - Rtla, 3]*Rt[b, 3]*x + Rt[b, 3] 2%*x
~2), x], x] /; FreeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]11/b, x] /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2xc), Int[1/(a + b*x + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] & NeQ[b~2 - 4x*axc, O]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 0])
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Rule 628

Int[((d) + (e_)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*xx~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps
(1 x3) dx 1 _3 \/— ; 5 \/_ ]
1-x3+x6 6( +i )f l\/- x‘g(“'l )f—\/__i_x
1 1\/§+x
( —l\/_)f l = l\/_ dx ( —lv_)f( (1 i«/§))2/3+3 %(1 e dx (3+l‘/—)f

3[1
E 1+l\

92251 - iv/3 92251 - iv/3

(3—i\/§)log(f/1—7i\/§—\3/§x) (3+iV3) log( 1+iV3 - \S/Ex) -iV3) [

92251 + iv/

3
2 (1

)2/3

((z\/_)

92281 - i3 9 225./1 + V3

18 2281 -

(3-iV3) 1og(\/T\/_ \/_x) (3+iv3) log(m \3/§x) —i\/é)log((l—i\@)

9 22/3\/1 ~i\V3 9 225./1 +i\3

2
1+ x
3

e
V3

T

(1+1f

L

N| =

(i - \/§) tan™! (i + \/5) tan_l

&

18 2%

(3-V3) 1og(i/17\r3_ ﬁ) |

32231 - i3 32251+ V3 92251 - i\3

Mathematica [C] time = 0.0121177, size = 55, normalized size = 0.13

3
—%RootSum [#16—#13+1& #1" loglx — #1) - log(x ~ #1) ]

2#1* - #1

Antiderivative was successfully verified.

[In] Integrate[(xx(1 - x73))/(1 - x°3 + x76),x]
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[Out] -RootSum[1 - #173 + #17°6 & , (-Loglx - #1] + Loglx - #1]1x#173)/(-#1 + 2*#1~
4) & 1/3

Maple [C] time = 0.006, size = 44, normalized size = 0.1

(LR*-_R)In(x-_R)
2 R - R’

_é 3

_R=RootOf(_z°-_7%+1)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*x(-x"3+1)/(x"6-x"3+1),x)

[Out] -1/3*sum((_R~4- R)/(2% R~5- R™2)*1n(x- _R), R=Root0f( Z"6-_Z~3+1))

Maxima [F] time = 0., size = 0, normalized size = 0.

(x3 - 1)x

L
fx6—x3+1 x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(-x"3+1)/(x76-x"3+1),x, algorithm="maxima")

[Out] -integrate((x”™3 - D)*x/(x"6 - x73 + 1), x)

Fricas [B] time = 2.01332, size = 5936, normalized size = 14.44

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(-x~3+1)/(x76-x"3+1),x, algorithm="fricas")

[Out] 1/54%187(2/3)*127(1/6)*cos(2/3*arctan(sqrt(3) + 2))*1log(187(2/3)*127(2/3)*c
os(2/3*arctan(sqrt(3) + 2))74 + 187(2/3)*127(2/3)*sin(2/3*arctan(sqrt(3) +
2))74 - 12%x187(1/3)*127(1/3) *x*cos(2/3*arctan(sqrt(3) + 2))72 + 2x(187(2/3)



203

x127(2/3) *cos(2/3*arctan(sqrt(3) + 2))72 + 6%187(1/3)*127(1/3) *x) *sin(2/3*a
rctan(sqrt(3) + 2))72 + 36%x72) + 2/27%187(2/3)*127(1/6) *arctan(-1/432x(6%1
87(2/3)*127(2/3)*x - 216%cos(2/3*arctan(sqrt(3) + 2))72 + 216*sin(2/3*arcta
n(sqrt(3) + 2))72 - 187(2/3)*%127(2/3) *sqrt (187 (2/3)*127(2/3) *cos (2/3*arctan
(sqrt(3) + 2))74 + 187(2/3)*127(2/3)*sin(2/3*arctan(sqrt(3) + 2))74 - 12%18
~(1/3)*127(1/3) *x*cos(2/3*arctan(sqrt(3) + 2))72 + 2%(187(2/3)*127(2/3) *cos
(2/3*arctan(sqrt(3) + 2))72 + 6%187(1/3)*127(1/3)*x)*sin(2/3*arctan(sqrt(3)
+ 2))72 + 36%x72))/(cos(2/3*arctan(sqrt(3) + 2))*sin(2/3*arctan(sqrt(3) +
2))))*sin(2/3*arctan(sqrt(3) + 2)) + 1/27*(187(2/3)*127(1/6)*sqrt (3)*cos(2/
3xarctan(sqrt(3) + 2)) - 187(2/3)*127(1/6)*sin(2/3*arctan(sqrt(3) + 2)))x*ar
ctan(1/108%(6%x187(2/3)*127(2/3) *sqrt (3) *x*cos(2/3*arctan(sqrt(3) + 2))72 +
108*sqrt (3) *cos (2/3*arctan(sqrt(3) + 2))74 + 108*sqrt(3)*sin(2/3*arctan(sqr
t(3) + 2))74 + 864xcos(2/3*arctan(sqrt(3) + 2))*sin(2/3*arctan(sqrt(3) + 2)
)73 - 6%(187(2/3)*%127(2/3)*sqrt (3)*x - 36*sqrt(3)*cos(2/3*arctan(sqrt(3) +
2))"2)*sin(2/3*%arctan(sqrt(3) + 2))72 - 12x(187(2/3)*127(2/3) *x*cos(2/3*arc
tan(sqrt(3) + 2)) + 72*cos(2/3*arctan(sqrt(3) + 2))73)*sin(2/3*arctan(sqrt(
3) + 2)) - sqrt(187(2/3)*127(2/3)*cos(2/3*arctan(sqrt(3) + 2))74 + 187(2/3)
x127(2/3) *sin(2/3*%arctan(sqrt(3) + 2))74 - 12%187(1/3)*127(1/3) *sqrt (3) *x*c
os(2/3*arctan(sqrt(3) + 2))*sin(2/3*arctan(sqrt(3) + 2)) + 6%x187(1/3)*127(1
/3)*x*cos(2/3*arctan(sqrt(3) + 2))72 + 2x(187(2/3)*127(2/3)*cos(2/3*arctan(
sqrt(3) + 2))72 - 3%187(1/3)*127(1/3)*x)*sin(2/3*arctan(sqrt(3) + 2))72 + 3
6*xx7~2) *(187(2/3)*127(2/3) *sqrt (3) *cos(2/3*arctan(sqrt(3) + 2))72 - 187(2/3)
*127(2/3) *sqrt (3) *sin(2/3*%arctan(sqrt(3) + 2))72 - 2x187(2/3)*127(2/3)*cos(
2/3*arctan(sqrt(3) + 2))*sin(2/3*arctan(sqrt(3) + 2))))/(3*cos(2/3*arctan(s
qrt(3) + 2))74 - 10*cos(2/3*arctan(sqrt(3) + 2)) 2xsin(2/3*arctan(sqrt(3) +
2))72 + 3*sin(2/3*arctan(sqrt(3) + 2))74)) + 1/27x(187(2/3)*127(1/6) *sqrt(
3)*cos(2/3*arctan(sqrt(3) + 2)) + 187(2/3)*127(1/6)*sin(2/3*arctan(sqrt(3)
+ 2)))*arctan(1/108* (6187 (2/3)*127(2/3) *sqrt (3) *x*cos(2/3*arctan(sqrt(3) +
2))72 + 108*sqrt(3)*cos(2/3*arctan(sqrt(3) + 2))74 + 108*sqrt(3)*sin(2/3*a
rctan(sqrt(3) + 2))74 - 864xcos(2/3*arctan(sqrt(3) + 2))*sin(2/3*arctan(sqr
t(3) + 2))73 - 6%x(187(2/3)*127(2/3) *sqrt (3)*x - 36x*sqrt(3)*cos(2/3*arctan(s
qrt(3) + 2))72)*sin(2/3*%arctan(sqrt(3) + 2))72 + 12x(187(2/3)*127(2/3) *x*co
s(2/3*arctan(sqrt(3) + 2)) + 72xcos(2/3*arctan(sqrt(3) + 2))73)*sin(2/3*arc
tan(sqrt(3) + 2)) - sqrt(187(2/3)*127(2/3)*cos(2/3*arctan(sqrt(3) + 2))74 +
187(2/3)*127(2/3) *sin(2/3*arctan(sqrt(3) + 2))74 + 12%187(1/3)*127(1/3)*sq
rt (3) *x*cos(2/3*arctan(sqrt(3) + 2))*sin(2/3*arctan(sqrt(3) + 2)) + 6%x187(1
/3) %127 (1/3) *x*cos(2/3*%arctan(sqrt(3) + 2))72 + 2*x(187(2/3)*127(2/3)*cos(2/
3xarctan(sqrt(3) + 2))72 - 3*187(1/3)*127(1/3) *x) *sin(2/3*arctan(sqrt(3) +
2))72 + 36%x72)*(187(2/3)*127(2/3) *sqrt (3) *cos(2/3*arctan(sqrt(3) + 2))72 -
187(2/3)*127(2/3) *sqrt (3) *sin(2/3*arctan(sqrt(3) + 2))72 + 2x187(2/3)*127(
2/3)*cos(2/3*arctan(sqrt(3) + 2))*sin(2/3*arctan(sqrt(3) + 2))))/(3*cos(2/3
*xarctan(sqrt(3) + 2))74 - 10*cos(2/3*arctan(sqrt(3) + 2)) " 2xsin(2/3*arctan(
sqrt(3) + 2))72 + 3*sin(2/3*arctan(sqrt(3) + 2))74)) + 1/108*(187(2/3)*127(
1/6) *sqrt (3)*sin(2/3*arctan(sqrt(3) + 2)) - 187(2/3)*127(1/6)*cos(2/3*arcta
n(sqrt(3) + 2)))*log(187(2/3)*127(2/3)*cos(2/3*arctan(sqrt(3) + 2))74 + 18~
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(2/3)%127(2/3)*sin(2/3*arctan(sqrt(3) + 2))74 + 12%187(1/3)*127(1/3)*sqrt(3
)*x*xcos(2/3*arctan(sqrt(3) + 2))*sin(2/3*arctan(sqrt(3) + 2)) + 6%x187(1/3)*
127(1/3) *x*cos (2/3*arctan(sqrt(3) + 2))72 + 2x(187(2/3)*127(2/3) *cos(2/3*ar
ctan(sqrt(3) + 2))72 - 3*187(1/3)*127(1/3)*x)*sin(2/3*arctan(sqrt(3) + 2))~
2 + 36%x72) - 1/108%(187(2/3)*127(1/6) *sqrt(3)*sin(2/3*arctan(sqrt(3) + 2))
+ 187(2/3)*127(1/6) *cos (2/3*arctan(sqrt(3) + 2)))*1log(187(2/3)*127(2/3)*co
s(2/3*arctan(sqrt(3) + 2))74 + 187(2/3)*127(2/3)*sin(2/3*arctan(sqrt(3) + 2
))"4 - 12%187(1/3)*127(1/3) *sqrt (3) *x*cos (2/3*arctan(sqrt(3) + 2))*sin(2/3*
arctan(sqrt(3) + 2)) + 6%187(1/3)*127(1/3)*x*cos(2/3*arctan(sqrt(3) + 2))72
+ 2%(187(2/3)*127(2/3) *cos(2/3*arctan(sqrt(3) + 2))72 - 3%x187(1/3)*127(1/3
)*x)*sin(2/3*arctan(sqrt(3) + 2))72 + 36*x72)

Sympy [A] time = 0.183276, size = 22, normalized size = 0.05

— RootSum (1968316 — 2431 + 1, (t > tlog (272 + x)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(-x**3+1)/(x**x6-x**3+1) ,x)

[Out] -RootSum(19683*_t**6 - 243% t*+3 + 1, Lambda(_t, _t*xlog(-27*_t*x2 + x)))

Giac [B] time =1.19578, size = 1108, normalized size = 2.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(-x~3+1)/(x76-x73+1),x, algorithm="giac")

[Out] 1/9%(sqrt(3)*cos(4/9%pi)~5 - 10*sqrt(3)*cos(4/9%pi) "3*sin(4/9*pi)~2 + b*sqr
t(3)*cos(4/9%pi)*sin(4/9*pi) "4 - 5xcos(4/9%pi) ~4*xsin(4/9*pi) + 10%*cos(4/9%*p
i)72*%sin(4/9%pi)~3 - sin(4/9%pi)~5 + 2xsqrt(3)*cos(4/9%pi)~2 - 2*sqrt(3)*si
n(4/9%pi)~2 - 4xcos(4/9*pi)*sin(4/9*pi))*arctan(-((sqrt(3)*i + 1)*cos(4/9*p

i) - 2xx)/((sqrt(3)*i + 1)*sin(4/9*pi))) + 1/9*(sqrt(3)*cos(2/9*pi)~5 - 10%

sqrt (3)*cos(2/9%*pi) "3*xsin(2/9*pi) "2 + b*sqrt(3)*cos(2/9*pi)*sin(2/9*pi)~4 -

5xcos (2/9%pi) “4*sin(2/9*pi) + 10*cos(2/9*pi) " 2%sin(2/9%pi)~3 - sin(2/9*pi)

5 + 2xsqrt(3)*cos(2/9%pi)~2 - 2xsqrt(3)*sin(2/9%pi)~2 - 4*cos(2/9*pi)*sin(
2/9%pi))*arctan(-((sqrt(3)*i + 1)*cos(2/9%pi) - 2xx)/((sqrt(3)*i + 1)*sin(2
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/9%pi))) - 1/9%(sqrt(3)*cos(1/9%pi)~5 - 10*sqrt(3)*cos(1/9%pi) ~3*sin(1/9*pi
)72 + B*xsqrt(3)*cos(1/9%pi)*sin(1/9*pi)~4 + 5xcos(1/9%pi) “4*sin(1/9*pi) - 1
Oxcos(1/9%pi) "2%sin(1/9%pi)~3 + sin(1/9%pi)~5 - 2*sqrt(3)*cos(1/9*pi)~2 + 2
*xsqrt (3)*sin(1/9%pi) "2 - 4xcos(1/9%pi)*sin(1/9*pi))*arctan(((sqrt(3)*i + 1)
xcos(1/9*pi) + 2xx)/((sqrt(3)*i + 1)*sin(1/9*pi))) + 1/18%(5*sqrt(3)*cos(4/
9%pi) “4*xsin(4/9%pi) - 10%*sqrt(3)*cos(4/9%pi) "2xsin(4/9%pi)~3 + sqrt(3)*sin(
4/9%pi)~5 + cos(4/9%pi)~5 - 10*cos(4/9*pi) ~"3*sin(4/9%pi)~2 + Bkcos(4/9*pi)*
sin(4/9*%pi)~4 + 4xsqrt(3)*cos(4/9*pi)*sin(4/9%pi) + 2*xcos(4/9%pi)~2 - 2*sin
(4/9%pi)~2) *log(-(sqrt(3) *i*cos(4/9*pi) + cos(4/9*pi))*x + x"2 + 1) + 1/18%
(6xsqrt (3)*cos(2/9%pi) “4*sin(2/9*pi) - 10%*sqrt(3)*cos(2/9%pi) "2*sin(2/9*pi)
73 + sqrt(3)*sin(2/9*%pi)~5 + cos(2/9%pi)~5 - 10*cos(2/9%pi) "3*sin(2/9*pi)~2
+ 5%cos(2/9*pi)*sin(2/9%pi) "4 + 4xsqrt(3)*cos(2/9%pi)*sin(2/9*pi) + 2xcos(
2/9%pi) "2 - 2xsin(2/9%pi) "2)*log(-(sqrt(3)*i*cos(2/9*pi) + cos(2/9*pi))*x +
X72 + 1) + 1/18%(5xsqrt(3)*cos(1/9*pi) "4*sin(1/9*pi) - 10%*sqrt(3)*cos(1/9%
pi)"2xsin(1/9%pi) "3 + sqrt(3)*sin(1/9%pi)~5 - cos(1/9%pi)~5 + 10*cos(1/9*pi
) "3%sin(1/9%pi)~2 - bxcos(1/9*pi)*sin(1/9*pi)~4 - 4xsqrt(3)*cos(1/9*pi)*sin
(1/9*pi) + 2*cos(1/9*pi)~2 - 2*sin(1/9%pi)~2)*Llog((sqrt(3)*i*cos(1/9*pi) +

cos(1/9%pi))*x + x72 + 1)



206

329 [y

1-x3+x6
Optimal. Leaf size=411

(3-iV3) log (22/3xz N mx (1- i\/§)2/3) (3+ i) log (22/3x2 + 2 (1+iV3)x+(1+ i\/§)2/3) (3-1

+ —_

1892 (1-iv3)" 1892 (1+1v3)

[Out] -((I - Sqrt[3])*ArcTan[(1 + (2*x)/((1 - I*Sqrt[3]1)/2)7(1/3))/Sqrt[31]1)/(3%2
~(1/3)*(1 - IxSqrt[3])7(2/3)) + ((I + Sqrt[3])*ArcTan[(1 + (2*x)/((1 + IxSq
rt[31)/2)7(1/3))/8qrt[311)/(3*x27(1/3)*(1 + I*Sqrt[3]1)~(2/3)) - ((3 - Ix*Sqrt
[3])*Log[(1 - I*xSqrt[3])7(1/3) - 27(1/3)*x]1)/(9%27(1/3)*(1 - IxSqrt[3])~(2/

3)) - ((3 + IxSqrt[3])*Logl(1 + IxSqrt[31)~(1/3) - 27(1/3)*x1)/(9%27(1/3)*(

1 + IxSqrt[3]1)7(2/3)) + ((3 - IxSqrt[3])*Logl(1 - IxSqrt[3]1)7(2/3) + (2x(1

- I*Sqrt[3]1))7(1/3)*x + 27(2/3)*x72])/(18%27(1/3)*(1 - I*Sqrt[3])7(2/3)) +

((3 + I*Sqrt[3])*Logl(1 + I*Sqrt[3])7(2/3) + (2*%(1 + I*Sqrt([3]))~(1/3)*x +
27(2/3)*x72]1)/(18%27(1/3)* (1 + I*Sqrt[3]1)~(2/3))

Rubi [A] time = 0.276748, antiderivative size = 411, normalized size of antiderivative =

1., number of steps used = 13, number of rules used = 7, integrand size = 20, number of rules _

integrand size
0.35, Rules used = {1422, 200, 31, 634, 617, 204, 628}

(3-iv3)log (22/3x2 +2(1-iV3)x + (1- i\/§)2/ 3) (3+iV3)log (22/3x2 +J2(1+iV3)x+ (1+ i\/§)2/ 3) (3~

+ —_

18V2(1 - i\/§)2/ ° 18V2(1 + i\/§)2/ °

Antiderivative was successfully verified.

[In] Int[(1 - x73)/(1 - x°3 + x76),x]

[Out] -((I - Sqrt[3])*ArcTan[(1 + (2*x)/((1 - I*Sqrt[3])/2)~(1/3))/Sqrt[3]11)/(3x2
“(1/3)*(1 - IxSqrt[3]1)~(2/3)) + ((I + Sqrt[3])*ArcTan[(1 + (2*x)/((1 + Ix*Sq
rt[3])/2)7(1/3))/8qrt[3]11)/(3*%27(1/3)*(1 + I*Sqrt[3])~(2/3)) - ((3 - I*Sqrt
[31)*Log[(1 - IxSqrt[3]1)~(1/3) - 27(1/3)*x1)/(9x27(1/3)*(1 - IxSqrt[3]1)~(2/

3)) - ((3 + I*Sqrt[3]1)*Logl(1 + IxSqrt[3])~(1/3) - 27(1/3)*x])/(9%2~(1/3)*(

1 + IxSqrt[3]1)7(2/3)) + ((3 - I*Sqrt[3])*Logl[(1 - IxSqrt[3]1)~(2/3) + (2x(1

- IxSqrt[3]1))7(1/3)*x + 27(2/3)*x72])/(18%27(1/3)*(1 - I*Sqrt[3])~(2/3)) +
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((3 + I*Sqrt[3])*Logl(1 + I*Sqrt[3]1)~(2/3) + (2*x(1 + IxSqrt[3]1))~(1/3)*x +
27(2/3)*x72]) /(18%27(1/3)*(1 + I*Sqrt[3]1)~(2/3))

Rule 1422

Int[((d_) + (e_)*xx_D"(m_))/((a)) + (b_)*x(x_)"(n_) + (c_)*(x_)"(m2))), x
_Symbol] :> With[{q = Rt[b"2 - 4*a*xc, 2]}, Dist[e/2 + (2*c*d - bxe)/(2*q),

Int[1/(b/2 - q/2 + c*x"n), x], x] + Dist[e/2 - (2*c*d - bxe)/(2*q), Int[1/(
b/2 + q/2 + c*x"n), x], x]]1 /; FreeQ[{a, b, c, d, e, n}, x] & EqQ[n2, 2*n]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxd*e + axe”2, 0] && (PosQ[b~2 - 4x*a
xc] || 1IGtQ[n/2, 0])

Rule 200

Int[((a_) + (b_.)*(x_)~3)~(-1), x_Symbol] :> Dist[1/(3*Rt[a, 3]172), Int[1/(
Rtl[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]172), Int[(2*#Rt[a, 3] - R
t[b, 31*x)/(Rt[a, 3172 - Rtl[a, 3]1*Rt[b, 3]*x + Rt[b, 3172*x72), x], x] /; F
reeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]11/b, x] /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2xc), Int[1/(a + b*x + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] & NeQ[b~2 - 4x*axc, O]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])



Rule 628
Int[((d_) + (e_

e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps
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D*x(x_))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*xx~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
1 ) 1 1 ) 1
fl x3+x6 :6(—3+1\/§)f—_%+?+x3dx—6(3+1\/§)f—_%_§+xadx
0233 1-i/3-x
_ 3-iv3 2N d - 1
( Vo) mr _3/71 I ( | )f(%(1-iﬁ))2/3+i/%(l_—z-@mz B B+ s
932 (1-iv3)"” 932 (1-iv3)" 92 (1+i3)”
— — . o
3-1V3
—1\/— log( 1-iV3- \/_x) 3+z\/_ log( 1+iV3- \/_x) ) (%(1‘i‘/§))2/3+i
9v2 (1 -iV3) e 9\/—(1+1\/—) 18V2 (1 - i3
_1\/— log(\/ 1-iV3- \/—x) 3+z\/_ log(\/1+1\/_ \/_x) —i\@)log((l—ix/g)z/'
902 (1-iv3)" 92 (1+iV3)" 1842 (1
1+ z 1+ 2
1 L
(i-V3)tan™ —3(3-1 = (i + V3) tan™ A

Mathematica [C]

1
—gRootSum #1° —#1°

B (3_i\r3)1og(i/17r3_%x)_

32 (1-iv3)"

+ —_

332 (1+iv3)"

time = 0.0116653, size = 57, normalized size = 0.14

Antiderivative was successfully verified.

+1&,

#1° log(x — #1) — log(x — #1) ]
2#1° - #1°

[In] Integrate[(1l - x73)/(1 - x73 + x76),x]

932 (1-iv3)"

[Out] -RootSum[1 - #173 + #176 & , (-Logl[x - #1] + Loglx - #11*#173)/(-#172 + 2x#

175) & 1/3
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Maple [C] time = 0.004, size = 44, normalized size = 0.1

(-_R*+1)In(x-_R)
2_R°-_R’

D)

_R=RootOf(_z°-_7%+1)
Verification of antiderivative is not currently implemented for this CAS.
[In] int((-x"3+1)/(x"6-x"3+1),x)

[Out] 1/3*sum((- R~3+1)/(2% R~5- R~2)*ln(x- R), R=RootOf( Z~6-_Z~3+1))

Maxima [F] time = 0., size = 0, normalized size = 0.
3
x’ =1
- | ————dx
f x6—x3+1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"3+1)/(x"6-x"3+1),x, algorithm="maxima")

[Out] -integrate((x”3 - 1)/(x"6 - x73 + 1), x)

Fricas [B] time = 1.639, size = 3903, normalized size = 9.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"3+1)/(x"6-x"3+1),x, algorithm="fricas")

[Out] 1/54%187(2/3)*127(1/6)*cos(2/3*arctan(sqrt(3) + 2))*log(-187(2/3)*127(1/6)*
sqrt (3)*x*sin(2/3*%arctan(sqrt(3) + 2)) + 3%187(2/3)*127(1/6)*x*cos(2/3*arct
an(sqrt(3) + 2)) + 3%x187(1/3)*127(1/3)*cos(2/3*arctan(sqrt(3) + 2))72 + 3%1
87(1/3)*127(1/3)*sin(2/3*arctan(sqrt(3) + 2))72 + 18*x72) - 2/27%187(2/3)*1

27 (1/6)*arctan(-1/108*(6%x18~(1/3)*127(5/6) *sqrt (3) *x*cos (2/3*arctan(sqrt (3)

+ 2)) + 108xsqrt(3)*cos(2/3*arctan(sqrt(3) + 2))72 + 108*sqrt(3)*sin(2/3*a
rctan(sqrt(3) + 2))72 - 18%(187(1/3)*127(5/6)*x + 24*cos(2/3*arctan(sqrt(3)
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+ 2)))*sin(2/3*arctan(sqrt(3) + 2)) - sqrt(-187(2/3)*127(1/6) *sqrt (3) *x*si
n(2/3*arctan(sqrt(3) + 2)) + 3%187(2/3)*127(1/6)*x*cos(2/3*%arctan(sqrt(3) +
2)) + 3%x187(1/3)*127(1/3)*cos(2/3*arctan(sqrt(3) + 2))72 + 3%187(1/3)*127(
1/3)*sin(2/3*arctan(sqrt(3) + 2))72 + 18%x72)*(187(1/3)*127(5/6) *sqrt(3)*sq
rt(2)*cos(2/3*arctan(sqrt(3) + 2)) - 3*%187(1/3)*127(5/6) *sqrt(2)*sin(2/3*ar
ctan(sqrt(3) + 2))))/(cos(2/3*arctan(sqrt(3) + 2))72 - 3*sin(2/3*arctan(sqr
t(3) + 2))72))*sin(2/3*arctan(sqrt(3) + 2)) + 1/27x(187(2/3)*127(1/6) *sqrt (
3)*cos(2/3*arctan(sqrt(3) + 2)) - 187(2/3)*127(1/6)*sin(2/3*arctan(sqrt(3)
+ 2)))*arctan(1/108* (6187 (1/3)*127(5/6) *sqrt (3) *x*cos(2/3*arctan(sqrt(3) +
2)) - 108*sqrt(3)*cos(2/3*arctan(sqrt(3) + 2))72 - 108*sqrt(3)*sin(2/3*arc
tan(sqrt(3) + 2))72 + 18%(187(1/3)*127(5/6)*x - 24*cos(2/3*arctan(sqrt(3) +
2)))*sin(2/3*arctan(sqrt(3) + 2)) - sqrt(-187(2/3)*127(1/6)*sqrt (3)*x*sin(
2/3*arctan(sqrt(3) + 2)) - 3%187(2/3)*127(1/6)*x*cos(2/3*arctan(sqrt(3) + 2
)) + 3%x187(1/3)*127(1/3) *cos(2/3*arctan(sqrt(3) + 2))72 + 3%x187(1/3)*127(1/
3)*sin(2/3*arctan(sqrt(3) + 2))72 + 18*x~2)*(187(1/3)*127(5/6) *sqrt (3)*sqrt
(2)*cos(2/3*arctan(sqrt(3) + 2)) + 3%187(1/3)*127(5/6)*sqrt(2)*sin(2/3*arct
an(sqrt(3) + 2))))/(cos(2/3*arctan(sqrt(3) + 2))72 - 3*sin(2/3*arctan(sqrt(
3) +2))72)) - 1/27%(187(2/3)*127(1/6) *sqrt (3) *cos(2/3*arctan(sqrt(3) + 2))
+ 187(2/3)*127(1/6) *sin(2/3*arctan(sqrt(3) + 2)))*arctan(1/216*(187(1/3)*1
27(5/6) *sqrt (3) *sqrt (2) *sqrt (2x187(2/3)*127(1/6) *sqrt (3) *x*sin(2/3*arctan(s
qrt(3) + 2)) + 3%187(1/3)*127(1/3)*cos(2/3*arctan(sqrt(3) + 2))72 + 3%187(1
/3)*%127(1/3)*sin(2/3*arctan(sqrt(3) + 2))72 + 18%x72) - 6%187(1/3)*127(5/6)
*xsqrt (3)*x - 216%sin(2/3*arctan(sqrt(3) + 2)))/cos(2/3*arctan(sqrt(3) + 2))
) + 1/108%(187(2/3)*127(1/6) *sqrt (3)*sin(2/3*arctan(sqrt(3) + 2)) - 187(2/3
)*127(1/6)*cos(2/3*arctan(sqrt(3) + 2)))*log(2x187(2/3)*127(1/6) *sqrt (3) *x*
sin(2/3*arctan(sqrt(3) + 2)) + 3*187(1/3)*127(1/3)*cos(2/3*arctan(sqrt(3) +
2))72 + 3%187(1/3)*127(1/3)*sin(2/3*arctan(sqrt(3) + 2))72 + 18*x"2) - 1/1
08%(187(2/3)*127(1/6) *sqrt (3) *sin(2/3*arctan(sqrt(3) + 2)) + 187(2/3)*127(1
/6)*cos(2/3*%arctan(sqrt(3) + 2)))*1log(-187(2/3)*127(1/6)*sqrt(3)*x*sin(2/3x
arctan(sqrt(3) + 2)) - 3*%187(2/3)*127(1/6) *x*cos(2/3*arctan(sqrt(3) + 2)) +
3%x187(1/3)*127(1/3) *cos (2/3*arctan(sqrt(3) + 2))72 + 3*%187(1/3)*127(1/3) *s
in(2/3*arctan(sqrt(3) + 2))72 + 18%x72)

Sympy [A] time = 0.184936, size = 26, normalized size = 0.06

— RootSum (19683t° — 2432 + 1, (t > tlog (729t* - 9t + x)))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**3+1)/(x**6-x**3+1),x)

[Out] -RootSum(19683*_t**6 - 243% t**3 + 1, Lambda(_t, _t*xlog(729% t**x4 - 9% t +
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x)))

Giac [B] time = 1.19457, size = 860, normalized size = 2.09

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"3+1)/(x"6-x"3+1),x, algorithm="giac")

[Out] 1/9%(sqrt(3)*cos(4/9%pi)~4 - 6*sqrt(3)*cos(4/9*pi) "2*sin(4/9%pi)~2 + sqrt(3
)*sin(4/9*pi)~4 + 4xcos(4/9%pi) "3*sin(4/9%pi) - 4xcos(4/9%pi)*sin(4/9*pi)~3
+ 2xsqrt(3)*cos(4/9%pi) + 2xsin(4/9*pi))*arctan(-((sqrt(3)*i + 1)*cos(4/9%
pi) - 2*x)/((sqrt(3)*i + 1)*sin(4/9%pi))) + 1/9*(sqrt(3)*cos(2/9*pi)~4 - 6%
sqrt (3)*cos(2/9%pi) "2*sin(2/9*pi) "2 + sqrt(3)*sin(2/9%pi)~4 + 4*cos(2/9%*pi)
“3%sin(2/9*pi) - 4*cos(2/9*pi)*sin(2/9%pi) "3 + 2*sqrt(3)*cos(2/9*pi) + 2%si
n(2/9*pi))*arctan(-((sqrt(3)*i + 1)*cos(2/9*pi) - 2*x)/((sqrt(3)*i + 1)*sin
(2/9%pi))) + 1/9%(sqrt(3)*cos(1/9%pi)~4 - 6*sqrt(3)*cos(1/9*pi) "2*sin(1/9*p
i)72 + sqrt(3)*sin(1/9*pi)~4 - 4xcos(1/9%pi) "3*sin(1/9%pi) + 4*xcos(1/9*pi)*
sin(1/9%pi)~3 - 2*xsqrt(3)*cos(1/9*pi) + 2*sin(1/9*pi))*arctan(((sqrt(3)*i +
D *xcos(1/9*pi) + 2xx)/((sqrt(3)*i + 1)*sin(1/9*pi))) + 1/18%(4*sqrt(3)*cos
(4/9%pi)~3*sin(4/9%pi) - 4x*sqrt(3)*cos(4/9*pi)*sin(4/9*pi)~3 - cos(4/9%*pi)~
4 + 6%cos(4/9*pi) ~2*xsin(4/9%pi) "2 - sin(4/9*pi)~4 + 2xsqrt(3)*sin(4/9*pi) -
2%cos (4/9%pi))*xLlog(-(sqrt (3)*ixcos(4/9*pi) + cos(4/9*pi))*x + x72 + 1) + 1
/18* (4*sqrt (3)*cos(2/9%pi) "3*sin(2/9*pi) - 4*sqrt(3)*cos(2/9*pi)*sin(2/9*pi
)73 - cos(2/9*%pi)~4 + 6%xcos(2/9%pi) "2*sin(2/9*pi)~2 - sin(2/9%pi)~4 + 2xsqr
t(3)*sin(2/9%pi) - 2*cos(2/9*pi))*Llog(-(sqrt(3)*i*cos(2/9*pi) + cos(2/9%*pi)
)*¥x + x72 + 1) - 1/18%(4*sqrt(3)*cos(1/9%pi) "3*sin(1/9%pi) - 4*sqrt(3)*cos(
1/9%pi)*sin(1/9%pi)~3 + cos(1/9*pi)~4 - 6*cos(1/9%pi) ~2xsin(1/9*pi)~2 + sin
(1/9%pi)~4 - 2%sqrt(3)*sin(1/9%pi) - 2*cos(1/9*pi))*log((sqrt(3)*i*xcos(1/9%
pi) + cos(1/9*pi))*x + x72 + 1)



212

330 [ S

1-x3 +x6)

Optimal. Leaf size=416

(- vB) g2 BB (18] (o ivB) o254+ o B+ 1448

+ —_—_ — =

18 2281 - i3 18 2281 + V3 X

[Out] -x~(-1) - ((I + Sqrt[3])*ArcTan[(1 + (2xx)/((1 - I*Sqrt[3]1)/2)~(1/3))/Sqrtl
311)/(3%27(2/3)*(1 - I*Sqrt([3]1)7(1/3)) + ((I - Sqrt[3])*ArcTan[(1 + (2*x)/(

(1 + I*xSqrt([3])/2)7(1/3))/Sqrt[3]11)/(3%27(2/3)*(1 + IxSqrt[3]1)~(1/3)) - ((3

+ I*Sqrt[3])*Logl(1 - I*Sqrt([3])~(1/3) - 27(1/3)*x])/(9%27(2/3)*(1 - I*Sqr
t[31)°(1/3)) - ((3 - IxSqrt[3])*Logl(1 + I*Sqrt[3]1)~(1/3) - 27(1/3)*x])/ (9%
27(2/3)*(1 + IxSqrt[3]1)°(1/3)) + ((3 + IxSqrt[3])*Logl(1 - I*Sqrt[3]1)~(2/3)

+ (2x(1 - I*Sqrt[3]1))~(1/3)*x + 27(2/3)*x72])/(18%27(2/3)*(1 - I*Sqrt[3])~
(1/3)) + ((38 - I*Sqrt[3])*Logl(1 + I*Sqrt[3])~(2/3) + (2x(1 + I*Sqrt[3]))~(
1/3)*x + 27(2/3)*x72])/(18%27(2/3)* (1 + IxSqrt[3]1)~(1/3))

Rubi [A] time = 0.275499, antiderivative size = 416, normalized size of antiderivative =

1., number of steps used = 14, number of rules used = 8, integrand size = 23, number of rules _

0.348, Rules used = {1504, 1374, 292, 31, 634, 617, 204, 628}

integrand size

(3+ 1\5) log (22/3x2 + 42 (1 - i\/§)x + (1 - i\/§)2/3) (3- 1\/5) log (22/3x2 + mx + (1 + i\/é)z/a) 1 (

+ R —

18 2281 - i3 18 2281 + V3 X

Antiderivative was successfully verified.

[In] Int[(1 - x73)/(x"2%(1 - x~3 + x76)),x]

[Out] -x~(-1) - ((I + Sqrt[3])*ArcTan[(1 + (2*x)/((1 - I*Sqrt[31)/2)~(1/3))/Sqrtl
311)/(3%27(2/3)*(1 - I*Sqrt([3])7(1/3)) + ((I - Sqrt[3])*ArcTan[(1 + (2*x)/(
(1 + I*Sqrt([3])/2)~(1/3))/Sqrt[3]11)/(3%27(2/3)*(1 + I*Sqrt[3]1)~(1/3)) - ((3
+ Ix3qrt[3])*Logl[(1 - I*Sqrt[3]1)7(1/3) - 27(1/3)*x])/(9%27(2/3)*(1 - I*Sqr
t[31)°(1/3)) - ((3 - IxSqrt[3])*Logl(1 + I*Sqrt[3]1)7(1/3) - 27(1/3)*x]1)/ (9%
27(2/3)*(1 + I*Sqrt[3])~(1/3)) + ((3 + I*Sqrt[3])*Logl[(1 - I*Sqrt[3])~(2/3)
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+ (2%(1 - I*Sqrt([3]))~(1/3)*x + 27(2/3)*x72])/(18%27(2/3)*(1 - I*Sqrt([3])~
(1/3)) + ((3 - I*Sqrt[3])*Logl(1 + IxSqrt([3])~(2/3) + (2x(1 + IxSqrt[3]))~(
1/3)*x + 27(2/3)*x72])/(18%27(2/3)*(1 + I*Sqrt([3])~(1/3))

Rule 1504

Int [((E_)*(x_)) " (m_.)*((d_) + (e_)*x(x_)"(n_))*((a_) + (b_.)*x(x_)"(n_) + (
c_)*(x_)"(m2_))"(p_), x_Symbol] :> Simp[(d*(f*x)"(m + 1)*(a + b*x"n + c*x~
(2*n))~(p + 1)) /(a*xfx(m + 1)), x] + Dist[1/(a*f™nx(m + 1)), Int[(f*x)"(m +
n)*(a + b*x™n + c*x”(2#n)) “pxSimp[axex(m + 1) - b*xd*(m + nx(p + 1) + 1) - ¢
*d*x(m + 2*n*x(p + 1) + 1)*x"n, x], x], x] /; FreeQ[{a, b, ¢, 4, e, f, p}, x]
&& EqQ[n2, 2*n] && NeQ[b~2 - 4xa*xc, 0] && IGtQ[n, 0] && LtQ[m, -1] && Inte
gerQ[pl]

Rule 1374

Int[((d_.)*(x_))"(m_)/((a_) + (c_)*(x_)"(m2_.) + (b_.)*(x_)"(n_)), x_Symbo
1] :> With[{q = Rt[b"2 - 4*a*xc, 2]}, Dist[(d"n*(b/q + 1))/2, Int[(d*x)"(m -
n)/(b/2 + q/2 + c*x"n), x], x] - Dist[(d"n*(b/q - 1))/2, Int[(d*x)"(m - n)
/(d/2 - q/2 + c*x"n), x], x]1] /; FreeQ[{a, b, c, d}, x] && EqQ[n2, 2*n] &&
NeQ[b~2 - 4xaxc, 0] && IGtQ[n, O] && GeQ[m, n]

Rule 292

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> -Dist[(3*Rt[a, 3]*Rt[b, 3])~(-
1), Int[1/(Rt[a, 3] + Rt[b, 3]1*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]1*x)/(Rt[a, 3]°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2*x
~2), x], x] /; FreeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]11/b, x] /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Distl[e/(2*c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b



1, x]1 /; RationalQ[q]l && (EqQ[q~2, 1] ||
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IRationalQ[b~2 - 4xaxc])] /; Free

Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/@Rtl[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0]1)

Rule 628

Int[((d)) + (e_)*x(x_))/((a_.) + (b_)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*xx~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

f 1-x°
xz(l—x3+x6

1
X 32251 - i\/3

1

[
= —-— - —aXx
X 1—x3% 4+ x6

:_1+1(_3+i\/§)f+dx—l(3+i\/§)f+dx

¥ 6 _s x3 6 LN x3
_ 3 (1-iV3)+x ,
-3-i\/3 = dx _ 1 i 3—1\/3‘
1 ( a (300-08) "+ G0V B-15)f i iE) ax (3710)
=——+4- - +
* 9 228,/1 - i3 92251 +iv/3
(3+i\/§) log(31 — i3 - \3/§x) (3—1’\/5) log (\3/1 +iV3 - \S/Ex) (—3—i\/§)f@

+ —

92281 + i3 18

(3 +iV3) log( J1-iv3 - \B/Ex) ) (3-iv3) 10g(\3/1+7i‘/§— ‘S/EX) (3+iV3) 10g((1

| =

:

92231 -i\3

* 9 2281 - i3 9 2258/1 + V3
H“(zxﬂ 1(2 )
. -1 5 1-iv3 . -1 bl 1+iV3
(z + \@) tan — G (z - \/5) tan

% | (3+iVB)log (\3/1 ~iV3
' i 92281 - i3

30251 +iv3
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Mathematica [C] time = 0.0136518, size = 47, normalized size = 0.11

1 #1%log(x — #1 1
——RootSum |#1° — #1° + 1&, #& - -
3 2#1° -1 X

Antiderivative was successfully verified.

[In] Integrate[(1 - x73)/(x72*%(1 - x73 + x76)),x]

[Out] -x"(-1) - RootSum([1 - #173 + #176 & , (Loglx - #1]*#172)/(-1 + 2x#173) & 1/
3

Maple [C] time = 0.006, size = 46, normalized size = 0.1

1 0 (x —
-= E M _ x—l
3 6 3 2 R°- R?
_R=RootOf(_z°~_7°+1) “— _

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-x"3+1)/x"2/(x"6-x"3+1) ,x)

[Out] -1/3*sum( R~4/(2% R"5- R"2)*1n(x- R), R=Root0f( Z"6- Z~3+1))-1/x

Maxima [F] time = 0., size = 0, normalized size = 0.

1 x4
S (N
X fx6—x3+1 x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"3+1)/x72/(x"6-x"3+1),x, algorithm="maxima"

[Out] -1/x - integrate(x”4/(x"6 - x°3 + 1), x)

Fricas [B] time = 1.93695, size = 5952, normalized size = 14.31

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"3+1)/x72/(x"6-x"3+1),x, algorithm="fricas")

[Out] 1/108*(2x187(2/3)*127(1/6)*x*cos(2/3*arctan(sqrt(3) - 2))*1log(18~(2/3)*127(
2/3)*cos (2/3%arctan(sqrt(3) - 2))74 + 187(2/3)*127(2/3)*sin(2/3*arctan(sqrt
(3) - 2))74 - 12%x187(1/3)*127(1/3) *sqrt (3) *x*cos (2/3*arctan(sqrt(3) - 2))*s
in(2/3*arctan(sqrt(3) - 2)) + 6%187(1/3)*127(1/3)*x*cos(2/3*arctan(sqrt(3)
- 2))72 + 2x(187(2/3)*127(2/3) *cos(2/3*arctan(sqrt(3) - 2))72 - 3%187(1/3)*
127(1/3)*x) *sin(2/3*arctan(sqrt(3) - 2))72 + 36%x72) + 8%187(2/3)*127(1/6)*
x*arctan(1/108% (6%x187(2/3) %127 (2/3) *sqrt (3) *x*cos(2/3*arctan(sqrt(3) - 2))~
2 + 108x*sqrt(3)*cos(2/3*arctan(sqrt(3) - 2))74 + 108*sqrt(3)*sin(2/3*arctan
(sqrt(3) - 2))74 + 864*cos(2/3*arctan(sqrt(3) - 2))*sin(2/3*arctan(sqrt(3)
- 2))73 - 6%(187(2/3)*127(2/3)*sqrt (3)*x - 36*sqrt(3)*cos(2/3*arctan(sqrt(3
) - 2))72)*sin(2/3*arctan(sqrt(3) - 2))72 - 12%x(187(2/3)*127(2/3) *x*cos(2/3
xarctan(sqrt(3) - 2)) + 72xcos(2/3*%arctan(sqrt(3) - 2))~3)*sin(2/3*arctan(s
qrt(3) - 2)) - sqrt(187(2/3)*127(2/3)*cos(2/3*arctan(sqrt(3) - 2))74 + 187(
2/3)*%127(2/3)*sin(2/3*arctan(sqrt(3) - 2))74 - 12%x187(1/3)*127(1/3)*sqrt(3)
xx*cos(2/3*arctan(sqrt(3) - 2))*sin(2/3*arctan(sqrt(3) - 2)) + 6*%187(1/3)*1
27 (1/3)*x*cos(2/3*arctan(sqrt(3) - 2))72 + 2x(187(2/3)*127(2/3) *cos(2/3*arc
tan(sqrt(3) - 2))72 - 3%187(1/3)*127(1/3)*x)*sin(2/3*arctan(sqrt(3) - 2))"2
+ 36xx72)*(187(2/3) %127 (2/3) *sqrt (3) *cos(2/3*arctan(sqrt(3) - 2))72 - 187(
2/3)*%127(2/3) *sqrt (3) *sin(2/3*arctan(sqrt(3) - 2))72 - 2x187(2/3)*127(2/3)*
cos(2/3*arctan(sqrt(3) - 2))*sin(2/3*arctan(sqrt(3) - 2))))/(3*cos(2/3*arct
an(sqrt(3) - 2))74 - 10xcos(2/3*arctan(sqrt(3) - 2))~2*sin(2/3*arctan(sqrt(
3) - 2))72 + 3*sin(2/3*arctan(sqrt(3) - 2))74))*sin(2/3*arctan(sqrt(3) - 2)
) - 4x(187(2/3)*127(1/6) *sqrt (3) *x*cos (2/3*arctan(sqrt(3) - 2)) - 187(2/3)*
127(1/6) *x*sin(2/3*arctan(sqrt(3) - 2)))*arctan(1/108*(6x187(2/3)*127(2/3)*
sqrt (3)*x*cos(2/3*arctan(sqrt(3) - 2))72 + 108*sqrt(3)*cos(2/3*arctan(sqrt(
3) - 2))74 + 108*sqrt(3)*sin(2/3*arctan(sqrt(3) - 2))~4 - 864*cos(2/3*arcta
n(sqrt(3) - 2))*sin(2/3*arctan(sqrt(3) - 2))73 - 6x(187(2/3)*127(2/3) *sqrt(
3)*x - 36*sqrt(3)*cos(2/3*arctan(sqrt(3) - 2))72)*sin(2/3*arctan(sqrt(3) -
2))72 + 12%x(187(2/3)*127 (2/3) *x*cos(2/3*arctan(sqrt(3) - 2)) + 72*cos(2/3*a
rctan(sqrt(3) - 2))73)*sin(2/3*arctan(sqrt(3) - 2)) - sqrt(187(2/3)*127(2/3
)*cos(2/3*arctan(sqrt(3) - 2))74 + 187(2/3)*127(2/3)*sin(2/3*arctan(sqrt(3)
- 2))74 + 12%187(1/3)*127(1/3) *sqrt (3) *x*cos(2/3*arctan(sqrt(3) - 2))*sin(
2/3*arctan(sqrt(3) - 2)) + 6%187(1/3)*127(1/3)*x*cos(2/3*arctan(sqrt(3) - 2
))"2 + 2%(187(2/3)*127(2/3) *cos (2/3*arctan(sqrt(3) - 2))72 - 3*187(1/3)*12"7
(1/3)*x) *sin(2/3*arctan(sqrt(3) - 2))72 + 36*x72)*(187(2/3)*127(2/3) *sqrt (3
)*cos(2/3*arctan(sqrt(3) - 2))72 - 187(2/3)*127(2/3)*sqrt (3) *sin(2/3*arctan
(sqrt(3) - 2))72 + 2x187(2/3)*127(2/3) *cos(2/3*arctan(sqrt(3) - 2))*sin(2/3
xarctan(sqrt(3) - 2))))/(3*cos(2/3*arctan(sqrt(3) - 2))74 - 10*cos(2/3*arct
an(sqrt(3) - 2))"2*sin(2/3*arctan(sqrt(3) - 2))72 + 3*sin(2/3*arctan(sqrt(3
) = 2))74)) - 4x(187(2/3)*127(1/6) *sqrt (3) *x*cos(2/3*arctan(sqrt(3) - 2)) +
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187(2/3)*127(1/6) *x*sin(2/3*arctan(sqrt(3) - 2)))*arctan(-1/432%(6*187(2/3
)*%127(2/3)*x - 216*cos(2/3*%arctan(sqrt(3) - 2))72 + 216*sin(2/3*arctan(sqrt
(3) - 2))72 - 187(2/3)*127(2/3) *sqrt (187 (2/3) %127 (2/3) *cos (2/3*arctan(sqrt(
3) - 2))74 + 187(2/3)*127(2/3) *sin(2/3*arctan(sqrt(3) - 2))"4 - 12x187(1/3)
*x127(1/3) #*x*cos(2/3*arctan(sqrt(3) - 2))72 + 2x(187(2/3)*127(2/3) *cos(2/3*a
rctan(sqrt(3) - 2))72 + 6%187(1/3)*127(1/3)*x) *sin(2/3*%arctan(sqrt(3) - 2))
~2 + 36%x72))/(cos(2/3*arctan(sqrt(3) - 2))*sin(2/3*arctan(sqrt(3) - 2))))
- (187(2/3)*%127(1/6) *sqrt (3) *x*sin(2/3*arctan(sqrt(3) - 2)) + 187(2/3)*127(
1/6) *x*cos(2/3*arctan(sqrt(3) - 2)))*log(187(2/3)*127(2/3)*cos(2/3*arctan(s
qrt(3) - 2))74 + 187(2/3)*127(2/3)*sin(2/3*arctan(sqrt(3) - 2))74 + 12%187(
1/3) %127 (1/3) *sqrt (3) *x*cos (2/3*arctan(sqrt(3) - 2))*sin(2/3*arctan(sqrt(3)
- 2)) + 6%187(1/3)*127(1/3) *x*cos (2/3*arctan(sqrt(3) - 2))72 + 2x(187(2/3)
*x127(2/3) *cos(2/3*arctan(sqrt(3) - 2))72 - 3*%187(1/3)*127(1/3) *x) *sin(2/3*a
rctan(sqrt(3) - 2))72 + 36%x72) + (187(2/3)*127(1/6) *sqrt (3)*x*sin(2/3*arct
an(sqrt(3) - 2)) - 187(2/3)*127(1/6)*x*cos(2/3*arctan(sqrt(3) - 2)))*log(18
~(2/3)%127(2/3) *cos(2/3*arctan(sqrt(3) - 2))74 + 187(2/3)*127(2/3)*sin(2/3%
arctan(sqrt(3) - 2))74 - 12%x187(1/3)*127(1/3)*x*cos(2/3*arctan(sqrt(3) - 2)
)72 + 2%(187(2/3)*%127(2/3)*cos(2/3*arctan(sqrt(3) - 2))72 + 6%187(1/3)*127(
1/3)*x) *sin(2/3*arctan(sqrt(3) - 2))72 + 36*x72) - 108)/x

Sympy [A] time = 0.18953, size = 31, normalized size = 0.07
1
— RootSum (19683t° + 243£> +1, (t — tlog (65611° + 5412 + x))) - -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**3+1)/x**2/(x**6-x**3+1) ,x)

[Out] -RootSum(19683*_t**6 + 243% t*+*3 + 1, Lambda(_t, _t*xlog(6561%_t**5 + B4x tx
*2 + x))) - 1/x

Giac [B] time = 1.15749, size = 1119, normalized size = 2.69

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"3+1)/x72/(x"6-x"3+1),x, algorithm="giac")
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[Out] 1/9%(2*sqrt(3)*cos(4/9*pi)~5 - 20*sqrt(3)*cos(4/9*pi) ~3*sin(4/9%*pi) 2
sqrt (3)*cos(4/9%pi) *sin(4/9%pi) "4 - 10*cos(4/9*pi) ~4*sin(4/9%pi) + 20*cos(4
/9%pi) “2%sin(4/9%pi) "3 - 2xsin(4/9%pi)~5 + sqrt(3)*cos(4/9*pi)~2 - sqrt(3)*
sin(4/9*pi)~2 - 2*cos(4/9%pi)*sin(4/9%pi))*arctan(-((sqrt(3)*i + 1)*cos(4/9
*pi) - 2*x)/((sqrt(3)*i + 1)*sin(4/9*pi))) + 1/9%(2*sqrt(3)*cos(2/9*pi)~5 -
20*sqrt (3)*cos(2/9%pi) "3*sin(2/9%pi) "2 + 10*sqrt(3)*cos(2/9%pi)*sin(2/9*pi
)74 - 10*cos(2/9*pi) ~4xsin(2/9*pi) + 20*cos(2/9%pi) "2*sin(2/9%pi)~3 - 2%*sin
(2/9%pi)~5 + sqrt(3)*cos(2/9%pi)~2 - sqrt(3)*sin(2/9*pi)~2 - 2xcos(2/9*pi)*
sin(2/9*pi))*arctan(-((sqrt(3)*i + 1)*cos(2/9*pi) - 2*x)/((sqrt(3)*i + 1)x*s
in(2/9*pi))) - 1/9%(2*sqrt(3)*cos(1/9*pi)~5 - 20%*sqrt(3)*cos(1/9*pi) ~3*sin(
1/9%pi)~2 + 10*sqrt(3)*cos(1/9%pi)*sin(1/9%pi)~4 + 10*cos(1/9*pi) ~4*sin(1/9
*pi) - 20%cos(1/9*pi) "2*sin(1/9%pi)~3 + 2%sin(1/9*pi)~5 - sqrt(3)*cos(1/9*p
i)72 + sqrt(3)*sin(1/9*pi)~2 - 2xcos(1/9%pi)*sin(1/9*pi))*arctan(((sqrt(3)*
i + D*xcos(1/9*pi) + 2xx)/((sqrt(3)*i + 1)*sin(1/9%pi))) + 1/18%(10*sqrt(3)
xcos (4/9%pi) "4*sin(4/9%pi) - 20*sqrt(3)*cos(4/9%pi) "2*sin(4/9%pi)~3 + 2x*sqr
t(3)*sin(4/9%pi)~5 + 2*cos(4/9%pi)~5 - 20%cos(4/9%pi) “3*sin(4/9*pi)~2 + 10%
cos(4/9%pi)*sin(4/9*pi)~4 + 2xsqrt(3)*cos(4/9*pi)*sin(4/9*pi) + cos(4/9%*pi)
"2 - sin(4/9%pi) ~2) *log (- (sqrt(3)*i*cos(4/9*pi) + cos(4/9*pi))*x + x72 + 1)
+ 1/18%(10*sqrt (3) *cos(2/9%pi) “4*sin(2/9%pi) - 20*sqrt(3)*cos(2/9%pi) ~"2*si
n(2/9*pi)~3 + 2*xsqrt(3)*sin(2/9*pi)~5 + 2xcos(2/9*pi)~5 - 20*cos(2/9%pi) ~3*
sin(2/9*pi)~2 + 10%*cos(2/9%pi)*sin(2/9%pi)~4 + 2x*sqrt(3)*cos(2/9*pi)*sin(2/
9%pi) + cos(2/9*pi)~2 - sin(2/9%pi)~2)*log(-(sqrt(3)*ixcos(2/9*pi) + cos(2/
9%pi))*x + x72 + 1) + 1/18%(10*sqrt(3)*cos(1/9*pi)  "4*sin(1/9%pi) - 20*sqrt(
3)*cos(1/9%pi) "2%sin(1/9*pi)~3 + 2*sqrt(3)*sin(1/9*pi)~5 - 2xcos(1/9*pi)~5

+ 20*cos(1/9%pi) "3*sin(1/9%pi)~2 - 10*cos(1/9*pi)*sin(1/9*pi)~4 - 2%sqrt(3)
*xcos (1/9%pi)*sin(1/9%pi) + cos(1/9*pi)~2 - sin(1/9%pi)~2)*log((sqrt(3)*ix*co
s(1/9%pi) + cos(1/9*pi))*x + x72 + 1) - 1/x

+ 10%*
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331 [ S

1—x3+x6)

Optimal. Leaf size=418

1 (o iR)ion (2 2 (- VB (L-iVE)T) (3= ivB)ton (22074 J2 (1 B+ (14 iVG)

+

S —
2 1832 (1 - i\/§)2/ ° 1832(1 + i\/§)2/ °

[Out] -1/(2*%x72) + ((I + Sqrt[3])*ArcTan[(1 + (2*x)/((1 - I*Sqrt[3]1)/2)~(1/3))/Sq
rt[311)/(3%x27(1/3)*(1 - I*Sqrt([3])~(2/3)) - ((I - Sqrt[3])*ArcTan[(1 + (2xx

)/ ((1 + I*Sqrt[3])/2)7(1/3))/8qrt[311)/(3x27(1/3)*(1 + I*Sqrt[3]1)~(2/3)) -

((3 + IxSqrt[3])*Logl(1 - IxSqrt[3])~(1/3) - 27(1/3)*x])/(9*%27(1/3)*(1 - I*
Sqrt[3]1)7(2/3)) - ((3 - I*Sqrt[3])*Logl(1 + I*Sqrt[3]1)~(1/3) - 27(1/3)*x])/
(9%27(1/3)* (1 + IxSqrt[3])~(2/3)) + ((3 + IxSqrt[3])*Logl(1 - I*Sqrt([3])~(2

/3) + (2x(1 - I*Sqrtl[3]1))"(1/3)*x + 27(2/3)*x72]1)/(18%2~(1/3)*(1 - I*Sqrt[3
1)7(2/3)) + ((3 - I*Sqrt[3])*Logl(1 + I*Sqrt[3]1)~(2/3) + (2x(1 + IxSqrtl[3])

)T (1/3)*x + 27(2/3)*x72])/(18%27(1/3)*(1 + IxSqrt[3])~(2/3))

Rubi [A] time = 0.358926, antiderivative size = 418, normalized size of antiderivative =
1., number of steps used = 15, number of rules used = 9, integrand size = 23, number of rules _

integrand size
0.391, Rules used = {1504, 12, 1374, 200, 31, 634, 617, 204, 628}

1 (rivB)log (P + (1B + (1 -B)T)  (3-ivB)log (2047 + (14 VB 1+ 1B)

+

-+
2 1832 (1 - i\/§)2/ ° 1832 (1 + i\/§)2/ °

Antiderivative was successfully verified.

[In] Int[(1 - x73)/(x"3%x(1 - x°3 + x76)),x]

[Out] -1/(2*%x72) + ((I + Sqrt[3])*ArcTan[(1 + (2*x)/((1 - IxSqrt[3])/2)~(1/3))/Sq
rt[3]11)/(3x27(1/3)*(1 - I*Sqrt[3]1)~(2/3)) - ((I - Sqrt[3])*ArcTan[(1 + (2*x
)/ ((1 + I*Sqrt[3])/2)~(1/3))/8qrt[311)/(3x27(1/3)*(1 + I*Sqrt[3]1)~(2/3)) -
((3 + I*xSqrt[3])*Logl(1 - I*Sqrt[3]1)~(1/3) - 27(1/3)*x]1)/(9%27(1/3)*(1 - Ix
Sqrt[3]1)7(2/3)) - ((3 - I*Sqrt[3])*Logl(1 + I*Sqrt[3]1)~(1/3) - 27(1/3)*x]1)/
(9%27(1/3)*(1 + I*Sqrt[3]1)7(2/3)) + ((3 + IxSqrt[3])*Logl(1 - I*Sqrt[3])~(2
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/3) + (2%(1 - I*Sqrt[3]))"(1/3)*x + 27(2/3)*x72])/(18*27(1/3)*(1 - I*Sqrt[3
1)7(2/3)) + ((3 - IxSqrt[3])*Log[(1 + I*Sqrt[3])~(2/3) + (2%(1 + I*Sqrt[3])
)T (1/3)*x + 27(2/3)*x72])/(18%2~(1/3)*(1 + I*Sqrt[3])~(2/3))

Rule 1504

Int [((E_)*(x_)) " (m_.)*((d_) + (e_)*x(x_)"(n_))*((a_) + (b_)*x(x_)"(n_) + (
c_)*(x_)"(m2_))"(p_), x_Symbol] :> Simp[(d*(f*x)~(m + 1)*(a + b*x"n + c*x~
(2*n))~(p + 1)) /(a*xf*x(m + 1)), x] + Dist[1/(a*f™nx(m + 1)), Int[(f*x)"(m +
n)*(a + b*x™n + c*x”(2#n)) pxSimp[axex(m + 1) - b*xd*(m + nx(p + 1) + 1) - ¢
*dx(m + 2*n*x(p + 1) + 1)*x"n, x], x], x] /; FreeQ[{a, b, c, 4, e, f, p}, x]
&& EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc, 0] && IGtQ[n, 0] && LtQ[m, -1] && Inte
gerQ[pl]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 1374

Int[((d_.)*(x_))"(m_)/((a_) + (c_)*(x_)"(m2_.) + (b_.)*(x_)"(n_)), x_Symbo
1] :> With[{q = Rt[b"2 - 4*a*xc, 2]}, Dist[(d"n*(b/q + 1))/2, Int[(d*x)"(m -
n)/(d/2 + q/2 + c*x"n), x], x] - Dist[(d"n*x(b/q - 1))/2, Int[(d*x)"(m - n)
/(d/2 - q/2 + c*x"n), x], x]1] /; FreeQ[{a, b, c, d}, x] && EqQ[n2, 2*n] &&
NeQ[b~2 - 4xaxc, 0] && IGtQ[n, 0] && GeQ[m, n]

Rule 200

Int[((a_) + (b_.)*(x_)~3)"(-1), x_Symbol] :> Dist[1/(3*Rt[a, 3]172), Int[1/(
Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]172), Int[(2*#Rt[a, 3] - R
t[b, 3]*x)/(Rt[a, 3172 - Rtl[a, 3]*Rt[b, 3]*x + Rt[b, 3]1"2*x"2), x], x] /; F
reeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQl{a, b}, xl]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Distl[e/(2%c), In
t[(b + 2%xc*x)/(a + bxx + c*xx~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
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[2xc*d - bxe, 0] && NeQ[b~2 - 4xaxc, 0] && !'NiceSqrtQ[b~2 - 4xaxc]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQlq]l && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*a*c])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/Rt[-a, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (LtQ[
a, 0] || LtQ[b, 0])

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps
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3

f 1-x P 1 1f 23 p
e = — — — dx
xS(l_x3+x6) T T2 ) 181

S [ S—
2x2 fl x3 + x6 *

:_L+ (3+1\/_)f dx—%(3+i\/§)f;dx

2¢2 _1_15”3 __+£
, 2 \/ﬁ
—1 3-iV3 T dx +1i

_L ( \/_) f _W ( )f (%(1+z\/§)) +\/mx+x2 ~ (3 \/§)J
2 92 (1+iv3)" 92 (1+i3)" 932
_L . (3 + z\/§) log (\3/1 - i\/§— \S/Ex) - 1\/— log (\/1 + z\/— \/—x) h 1\6) f(_%
2 92 (1-iv3)" 92 (1+i3)” 18
1 (3 + z\/§) log (,3/1 - i\/§ - %x) - 1\/— log (\/1 + 1\/_ \/_x) 3+ 1\/5) log(

S elh-i)” oV (1 +ivB) "

: -1 i ;0;@ i— an! 5 2 (1v5)
. (1+5) an v (i=3)r V3 (3+iV3)log (\3/1 ~ iy
T SBaw sBpen) 9B

Mathematica [C] time = 0.011925, size = 47, normalized size = 0.11

1 #11 —#1 1
—~RootSum [#1° - #1° + 1&, %& - —
3 2#1° -1 2x2

Antiderivative was successfully verified.

[In] Integrate[(1 - x73)/(x"3*(1 - x73 + x76)),x]

[Out] -1/(2*x"2) - RootSum[1l - #173 + #176 & , (Loglx - #1]*#1)/(-1 + 2*#173) & ]
/3
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Maple [C] time = 0.006, size = 46, normalized size = 0.1

1 y R’ln(x-_R) 1
3 5 o2 a2
3 _R=RootOf(_z°-_7%+1) 2 R'-_R 2x

Verification of antiderivative is not currently implemented for this CAS.

[In] int((-x"3+1)/x"3/(x"6-x"3+1),x%)

[Out] -1/3*sum(_R~3/(2*x_R"5-_R"2)*1n(x-_R), R=Root0f(_Z"6-_Z"3+1))-1/2/x"2

Maxima [F] time = 0., size = 0, normalized size = 0.

1 x3
s [
242 x6—x3+1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"3+1)/x73/(x"6-x"3+1),x, algorithm="maxima")

[Out] -1/2/x"2 - integrate(x~3/(x"6 - x73 + 1), x)

Fricas [B] time = 1.62593, size = 3945, normalized size = 9.44

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x"3+1)/x73/(x"6-x"3+1),x, algorithm="fricas")

[Out] 1/108%(2%187(2/3)*127(1/6)*x"2*cos(2/3*arctan(sqrt(3) - 2))*log(-2x187(2/3)
*127(1/6) *sqrt (3) *x*sin(2/3*arctan(sqrt(3) - 2)) + 3*187(1/3)*127(1/3)*cos(
2/3*arctan(sqrt(3) - 2))72 + 3*%187(1/3)*127(1/3)*sin(2/3*arctan(sqrt(3) - 2

))72 + 18%xx72) - 8%187(2/3)*127(1/6)*x"2*arctan(1/216%(187(1/3)*127(5/6)*sq
rt(3)*sqrt (2) *sqrt (-2x187(2/3)*127(1/6) *sqrt (3) *x*sin(2/3*arctan(sqrt(3) -

2)) + 3%187(1/3)*127(1/3)*cos(2/3*arctan(sqrt(3) - 2))72 + 3*x187(1/3)*127(1
/3)*sin(2/3*arctan(sqrt(3) - 2))72 + 18%x72) - 6%187(1/3)*127(5/6)*sqrt(3)*

x + 216%sin(2/3*arctan(sqrt(3) - 2)))/cos(2/3*arctan(sqrt(3) - 2)))*sin(2/3
xarctan(sqrt(3) - 2)) + 4x(187(2/3)*127(1/6)*sqrt (3)*x"2*cos(2/3*arctan(sqr
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t(3) - 2)) + 187(2/3)*127(1/6)*x"2*sin(2/3*arctan(sqrt(3) - 2)))*arctan(1/1
08% (6%187(1/3)*127(5/6) *sqrt (3) *x*cos(2/3*%arctan(sqrt(3) - 2)) + 108*sqrt(3
)*cos(2/3*arctan(sqrt(3) - 2))72 + 108*sqrt(3)*sin(2/3*arctan(sqrt(3) - 2))
T2 + 18%x(187(1/3)*127(5/6)*x + 24xcos(2/3*arctan(sqrt(3) - 2)))*sin(2/3*arc
tan(sqrt(3) - 2)) - sqrt(187(2/3)*127(1/6)*sqrt (3)*x*sin(2/3*arctan(sqrt(3)
- 2)) + 3%187(2/3)*127(1/6)*x*cos(2/3*arctan(sqrt(3) - 2)) + 3%x187(1/3)*12
~(1/3)*cos(2/3*arctan(sqrt(3) - 2))72 + 3%187(1/3)*127(1/3)*sin(2/3*arctan(
sqrt(3) - 2))72 + 18%xx72)*(187(1/3)*127(5/6) *sqrt (3) *sqrt (2) *cos(2/3*arctan
(sqrt(3) - 2)) + 3%187(1/3)*127(5/6)*sqrt(2)*sin(2/3*arctan(sqrt(3) - 2))))
/(cos(2/3*arctan(sqrt(3) - 2))72 - 3*sin(2/3*arctan(sqrt(3) - 2))72)) + 4x(
187(2/3)*127(1/6) *sqrt (3) *x"2*cos (2/3*arctan(sqrt(3) - 2)) - 187(2/3)*127(1
/6)*x~2xsin(2/3*arctan(sqrt(3) - 2)))*arctan(-1/108*(6%x187(1/3)*127(5/6)*sq
rt(3)*x*xcos(2/3*%arctan(sqrt(3) - 2)) - 108*sqrt(3)*cos(2/3*arctan(sqrt(3) -
2))72 - 108*sqrt(3)*sin(2/3*arctan(sqrt(3) - 2))72 - 18%(187(1/3)*127(5/6)
xx - 24xcos(2/3*arctan(sqrt(3) - 2)))*sin(2/3*arctan(sqrt(3) - 2)) - sqrt(l
87(2/3)%127(1/6) *sqrt (3) *x*sin(2/3*arctan(sqrt(3) - 2)) - 3%187(2/3)*127(1/
6) *x*cos (2/3*arctan(sqrt(3) - 2)) + 3*187(1/3)*127(1/3)*cos(2/3*arctan(sqrt
(3) - 2))72 + 3%187(1/3)*127(1/3)*sin(2/3*arctan(sqrt(3) - 2))72 + 18*%x~2)*
(187(1/3)*127(5/6) *sqrt (3) *sqrt (2) *cos (2/3*arctan(sqrt(3) - 2)) - 3*187(1/3
)*127(5/6)*sqrt (2) *sin(2/3*arctan(sqrt(3) - 2))))/(cos(2/3*arctan(sqrt(3) -
2))72 - 3*sin(2/3*arctan(sqrt(3) - 2))72)) + (187(2/3)*127(1/6)*sqrt(3)*x~
2*¥sin(2/3*arctan(sqrt(3) - 2)) - 187(2/3)*127(1/6)*x"2xcos(2/3*arctan(sqrt(
3) - 2)))*1log(187(2/3)*127(1/6)*sqrt (3) *x*sin(2/3*arctan(sqrt(3) - 2)) + 3%
187(2/3)*127(1/6) *x*cos (2/3*arctan(sqrt(3) - 2)) + 3*187(1/3)*127(1/3)*cos(
2/3*arctan(sqrt(3) - 2))72 + 3%187(1/3)*127(1/3) *sin(2/3*arctan(sqrt(3) - 2
))72 + 18xx72) - (187(2/3)*127(1/6) *sqrt (3)*x~2*sin(2/3*arctan(sqrt(3) - 2)
) + 187(2/3)*127(1/6) *x"2*cos(2/3*arctan(sqrt(3) - 2)))*log(18~(2/3)*127(1/
6) *sqrt (3) *x*sin(2/3*arctan(sqrt(3) - 2)) - 3x187(2/3)*127(1/6) *x*cos(2/3*a
rctan(sqrt(3) - 2)) + 3%187(1/3)*127(1/3)*cos(2/3*arctan(sqrt(3) - 2))72 +
3%187(1/3)*127(1/3) *sin(2/3*arctan(sqrt(3) - 2))72 + 18*x~2) - 54)/x72

Sympy [A] time = 0.199761, size = 32, normalized size = 0.08

— RootSum (196836 + 243t> +1, (t > tlog (-1458t* - 9t + x))) - 21?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x**3+1)/x**3/(x**6-x*x*3+1) ,x)

[Out] -RootSum(19683*_t**6 + 243* t**3 + 1, Lambda(_t, _t*xlog(-1458% tx*4 - 9% t
+ x))) - 1/(2%x*x2)
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Giac [B] time =1.16375, size = 867, normalized size = 2.07

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-x~3+1)/x73/(x76-x"3+1),x, algorithm="giac")

[Out] 1/9%(2*sqrt(3)*cos(4/9%pi)~4 - 12*sqrt(3)*cos(4/9%pi) "2*%sin(4/9%pi)~2 + 2xs
qrt (3)*sin(4/9*pi)~4 + 8*cos(4/9*pi) "3*sin(4/9*pi) - 8*cos(4/9*pi)*sin(4/9%
pi)~3 + sqrt(3)*cos(4/9*pi) + sin(4/9%*pi))*arctan(-((sqrt(3)*i + 1)*cos(4/9
*pi) - 2*%x)/((sqrt(3)*i + 1)*sin(4/9%pi))) + 1/9%(2xsqrt(3)*cos(2/9%pi)~4 -
12xsqrt (3) *cos(2/9%pi) "2*sin(2/9%pi) "2 + 2*sqrt(3)*sin(2/9%pi)~4 + 8*cos(2
/9%pi) "3%sin(2/9%pi) - 8%cos(2/9%pi)*sin(2/9%pi)~3 + sqrt(3)*cos(2/9*pi) +
sin(2/9*pi))*arctan(-((sqrt(3)*i + 1)*cos(2/9*pi) - 2*x)/((sqrt(3)*i + 1)x*s
in(2/9*%pi))) + 1/9%(2*sqrt(3)*cos(1/9%pi)~4 - 12xsqrt(3)*cos(1/9*pi) ~2*sin(
1/9%pi)~2 + 2x*sqrt(3)*sin(1/9%pi)~4 - 8*cos(1/9%pi) ~3*sin(1/9%pi) + 8*cos(l
/9%pi)*sin(1/9%pi) "3 - sqrt(3)*cos(1/9*pi) + sin(1/9%*pi))*arctan(((sqrt(3)*
i + 1D*cos(1/9*pi) + 2xx)/((sqrt(3)*i + 1)*sin(1/9*pi))) + 1/18*(8*sqrt(3)*
cos(4/9%pi) "3*sin(4/9%pi) - 8xsqrt(3)*cos(4/9*pi)*sin(4/9%pi)~3 - 2*cos(4/9
*xpi)~4 + 12%cos(4/9%pi) "2*sin(4/9*pi)~2 - 2*sin(4/9%pi)~4 + sqrt(3)*sin(4/9
*pi) - cos(4/9%pi))*log(-(sqrt(3)*ikcos(4/9*pi) + cos(4/9%pi))*x + x72 + 1)
+ 1/18%(8*sqrt (3) *cos(2/9%pi) "3*sin(2/9%pi) - 8*sqrt(3)*cos(2/9*pi)*sin(2/
9%pi)~3 - 2*cos(2/9%pi)~4 + 12*cos(2/9%pi) "2*sin(2/9*pi) "2 - 2*sin(2/9%pi)~
4 + sqrt(3)*sin(2/9%pi) - cos(2/9*pi))*log(-(sqrt(3)*ixcos(2/9%pi) + cos(2/
O%pi))*x + x72 + 1) - 1/18%(8*sqrt(3)*cos(1/9%pi) ~3*sin(1/9*pi) - 8*sqrt(3)
*xcos (1/9%pi) *sin(1/9*pi)~3 + 2*cos(1/9%pi)~4 - 12xcos(1/9%pi) "2*sin(1/9%*pi)
“2 + 2%sin(1/9%pi)~4 - sqrt(3)*sin(1/9%pi) - cos(1/9%pi))*log((sqrt(3)*ix*co
s(1/9%pi) + cos(1/9%pi))*x + x”2 + 1) - 1/2/x72
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xz(—2+x3)

1-x3+x6

332 [

Optimal. Leaf size=36

dx

%10g(x6—x3+1)+

_943
()

V3

[Out] ArcTan[(1 - 2%x73)/Sqrt[3]]1/Sqrt[3] + Log[l - x°3 + x76]/6

Rubi [A] time = 0.0388101, antiderivative size = 36, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 21, e -

integrand size
0.238, Rules used = {1468, 634, 618, 204, 628}

e (2)

V3

élog(xﬁ—x3+1)+

Antiderivative was successfully verified.

[In] Int[(x"2*(-2 + x73))/(1 - x~3 + x76),x]
[Out] ArcTan[(1 - 2%x73)/Sqrt[3]]/Sqrt[3] + Logl[l - x~3 + x76]/6

Rule 1468

Int[(x_)"(m_)*((a_) + (c_)*x_D)"(m2_.) + (b_)*&xD"(m_)) " (p_.)*((d) + (
e_.)*x(x_)"(n_))"(q_.), x_Symbol] :> Dist[1/n, Subst[Int[(d + exx) g*x(a + bx
X + ¢c*x"2)7p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q}, x] & E
qQ[n2, 2*n] && EqQ[Simplify[m - n + 1], O]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2xc), Int[1/(a + bxx + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2*c*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x72, x], x], x, b + 2xcxx], x] /; FreeQ[{a, b, c},
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x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(@Rt[-a, 2]*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 628

Int[((d) + (e_)*(x ))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent[a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

2+x 1 -2 +x
x == Subst| [ ————dx, x,2°
fl x3+x6 3 us( 1—x+x2xxx)
1 -1+ 2x 1 1
_ 3 3
- o [ e -y [ g deee

= %10g(1—x3+x6)+8ubst(f

tan-! (—1+2x3)
1
-\ + —log(l —x3+x6)

3 6

2 dx,x, -1 + 2x3)
-3 -x

Mathematica [A] time = 0.0095847, size = 37, normalized size = 1.03

4+ 1) - _tanl\/(;’jgl)

% log (x6

Antiderivative was successfully verified.

[In] Integrate[(x™2%(-2 + x73))/(1 - x73 + x76),x]

[Out] -(ArcTan[(-1 + 2*x73)/Sqrt[3]]/Sqrt[3]) + Logl[l - x”3 + x"6]/6
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Maple [A] time = 0.003, size = 33, normalized size = 0.9

In(x*-23+1) 3 ((2x3—1)\/§]

G - ? arctan 3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*(x"3-2)/(x"6-x"3+1),x)

[Out] 1/6*1n(x"6-x"3+1)-1/3%37(1/2)*arctan(1/3*(2%x~3-1)*37(1/2))

Maxima [A] time = 1.49955, size = 43, normalized size = 1.19

—% 3arctan (% \/5(2 x3 — 1)) o+ é log (x6 -3+ 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(x73-2)/(x76-x"3+1),x, algorithm="maxima"

[Out] -1/3*sqrt(3)*arctan(1/3*sqrt(3)*(2*xx~3 - 1)) + 1/6%log(x"6 - x°3 + 1)

Fricas [A] time = 1.27571, size = 96, normalized size = 2.67

1 1 1
-3 V3arctan (§ \/5(2 x3 — 1)) tz log (x6 -3+ 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(x73-2)/(x"6-x"3+1),x, algorithm="fricas")

[Out] -1/3*sqrt(3)*arctan(1/3*sqrt(3)*(2*xx~3 - 1)) + 1/6%log(x"6 - x°3 + 1)

time = 0.135508, size = 37, normalized size = 1.03

2\/§x3 \/5
log (x6 -+ 1) \/§atan( 3 ?)

6 B 3

Sympy [A]
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**2*(x**3-2)/(x**6-x**3+1) ,x)

[Out] log(x**6 - x**3 + 1)/6 - sqrt(3)*atan(2*sqrt(3)*x**3/3 - sqrt(3)/3)/3

Giac [A] time = 1.17078, size = 43, normalized size = 1.19

—% 3arctan (% \/5(2 x3 — 1)) + % log (x6 -3+ 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(x73-2)/(x"6-x"3+1),x, algorithm="giac")

[Out] -1/3*sqrt(3)*arctan(1/3*sqrt(3)*(2*xx~3 - 1)) + 1/6%log(x"6 - x°3 + 1)
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333 [ (“—3 dx

1—x3+x6)

Optimal. Leaf size=39

_7:3
()

V3

[Out] -(ArcTan[(1 - 2*x~3)/Sqrt[3]1/Sqrt[3]) + Loglx] - Logl[l - x°3 + x"6]/6

—llog(x6 -x° +1) -

3 + log(x)

Rubi [A] time = 0.0563145, antiderivative size = 39, normalized size of antiderivative
number of rules

1., number of steps used = 7, number of rules used = 6, integrand size = 21,
0.286, Rules used = {1474, 800, 634, 618, 204, 628}

e (12)

integrand size

—%log(x6 -x° +1) -

Antiderivative was successfully verified.

[In] Int[(1 + x73)/(x*(1 - x73 + x76)) ,x]
[Out] -(ArcTan[(1 - 2*x73)/Sqrt[3]1]1/Sqrt([3]) + Loglx] - Logl[l - x°3 + x76]/6

Rule 1474

Int[(x_)"(m_.)*x((a_) + (c_)*(x_)"(m2_.) + (b_)*(x_) (@ )) (p_.)*x((d_) + (
e_.)*x(x_ )" (n_))"(q_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)
/n] - 1)x(d + exx)"gx(a + b*x + c*x"2)7p, x], x, x"nl, x] /; FreeQ[{a, b, ¢
, d, e, m, n, p, q}, x] && EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

Rule 800

Int [(((d_.) + (e_)*(x_))"m )*((£f_.) + (g_.)*(x_)))/((a_.) + (b_.)*(x_) +
(c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[((d + e*x) mx(f + g*x))/(a
+ b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e, £, g}, x] && NeQ[b"2 - 4x*ax
c, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] && IntegerQ[m]

Rule 634

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - b*xe)/(2*xc), Int[1l/(a + b*x + c*x"2), x], x] + Dist[e/(2%c), In



231

t[(b + 2xc*xx)/(a + bxx + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x72, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/Rt[-a, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (LtQ[
a, 0] || LtQ[b, 0])

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

1 3 1 1
JLEESEPR PSP [ S EE S
x(l—x3+x6) 3 x(l—x+x2)
1 1 2 —
= — Subst (f (— + —x) dx,x,x3)
3 x 1—-x+2x2

1 2-x
- - 3
= log(x) + 3 Subst (fl v dx, x, x )

1 -1+2 1 1
= log(x) - c Subst( ﬁ dx, x, x3) + 5 Subst (f Tz dx, x, x3)

= log(x) - % log (1 -x3+ x6) — Subst (f —

322

tan-! (—1+2x3)
1

-\ log(x) - c log (1 -x3 + x6)

V3

dx, x, -1 + 2x3)

Mathematica [C] time = 0.0138819, size = 55, normalized size = 1.41

#1%log(x — #1) - 2log(x — #1) «
’ 2#1% -1

1
log(x) — gRootSum [#16 —#1% +1&
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Antiderivative was successfully verified.

[In] Integrate[(1 + x73)/(xx(1 - x73 + x76)),x]

[Out] Logl[x] - RootSum[1 - #173 + #17°6 & , (-2*Logl[x - #1] + Loglx - #11*#173)/(-
1+ 2x#173) & 1/3

Maple [A] time = 0.006, size = 35, normalized size = 0.9

In (x6 -x3 +1) N ﬁarctam((ZX3 —1) \/5]
6 3 3

In (x) -

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"3+1)/x/(x"6-x"3+1),x)

[Out] 1n(x)-1/6*1n(x"6-x"3+1)+1/3%3"(1/2)*arctan(1/3*(2xx~3-1)*37(1/2))

Maxima [A] time = 1.4859, size = 51, normalized size = 1.31
! 3arctan ! \/5(2 x3 - 1) 1 log (x6 -x3 4+ 1) + ! log (x3)
3 3 6 3
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((x~3+1)/x/(x76-x"3+1),x, algorithm="maxima"

[Out] 1/3*sqrt(3)*arctan(1/3*sqrt(3)*(2*%x~3 - 1)) - 1/6%log(x"6 - x~3 + 1) + 1/3%
log(x73)

Fricas [A] time = 1.47567, size = 107, normalized size = 2.74

% 3arctan (;—) \/5(2363 — 1)) - % log (x6 -2+ 1) +log (x)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((x~3+1)/x/(x76-x"3+1),x, algorithm="fricas")

[Out] 1/3*sqrt(3)*arctan(1/3*sqrt(3)*(2%x"3 - 1)) - 1/6*log(x"6 - x”3 + 1) + log(

x)

Sympy [A] time = 0.14287, size = 41, normalized size = 1.05

2V3x> 3
log (x6 -x° +1) \/§atan( 3x - ?)
log (x) — 3 + 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**3+1)/x/(x**6-x**3+1) ,%)

[Out] log(x) - log(x**x6 - x*x*3 + 1)/6 + sqrt(3)*atan(2*xsqrt(3)*x**3/3 - sqrt(3)/3
)/3

Giac [A] time = 1.12803, size = 47, normalized size = 1.21
% 3arctan (% \/3(2 x3 - 1)) - % log (x6 -x3 4+ 1) + log (]x])
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((x~3+1)/x/(x"6-x"3+1),x, algorithm="giac")

[Out] 1/3*sqrt(3)*arctan(1/3*sqrt(3)*(2+%x~3 - 1)) - 1/6%log(x"6 - x~3 + 1) + log(
abs(x))
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334 [y

x—x*+x7

Optimal. Leaf size=39
1 1—2x3)
tan (—\/5
V3

[Out] -(ArcTan[(1 - 2*x73)/Sqrt[3]1/Sqrt[3]) + Logl[x] - Logll - x”3 + x"6]/6

1
—Z log (x6 -x3+ 1) -~ + log(x)

Rubi [A] time = 0.0629689, antiderivative size = 39, normalized size of antiderivative =

. . b f rul
1., number of steps used = 8, number of rules used = 7, integrand size = 18, e e e

0.389, Rules used = {1594, 1474, 800, 634, 618, 204, 628}

1 1-2x3)

tan (_\/g
V3

integrand size

—llog(x6 -x° +1) -

3 + log(x)

Antiderivative was successfully verified.

[In] Int[(1 + x73)/(x - x74 + x77),x]
[Out] -(ArcTan[(1 - 2*x73)/Sqrt[3]1]1/Sqrt([3]) + Loglx] - Logl[l - x°3 + x76]/6

Rule 1594
Int[(u_.)*((a_.)*(x_)"(p_.) + (b_)*x(x_)"(q_.) + (c_)*(x_)"(r_))"(n_.), x

_Symbol] :> Int[u*x"(n*p)*(a + b*x~(q - p) + c*xx"(r - p))~n, x] /; FreeQ[{a
, b, ¢, p, 9, r}, x] && IntegerQ[n] && PosQ[q - pl && PosQ[r - p]

Rule 1474

Int[(x_)"(m_.)*x((a_) + (c_)*(x_)"(m2_.) + (b_D)*(x_)"(m_)) " (p_.)*x((d_) + (
e_.)*x(x_ )" (n_))"(q_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)
/n] - 1)x(d + exx)"gx(a + b*x + c*x~2)7p, x], x, x"nl], x] /; FreeQ[{a, b, ¢
, d, e, m, n, p, q}, x] && EqQ[n2, 2*n] && IntegerQ[Simplify[(m + 1)/n]]

Rule 800

Int [(((d_.) + (e_)*(x_))"m )*((£f_.) + (g_)*(x_)))/((a_.) + (b_.)*(x_) +
(c_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[((d + e*x) m*x(f + g*x))/(a
+ b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[b~2 - 4xax
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c, 0] && NeQ[cxd~2 - bxdxe + a*e”2, 0] && IntegerQ[m]

Rule 634

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2*xc), Int[1/(a + b*x + c*x"2), x], x] + Distl[e/(2*c), In
t[(b + 2%xc*xx)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x°2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rtl-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQl
a, 0] |l LtQ[b, 01)

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rubi steps
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1+ 3 1+
f—4 7dx:f—dx
x—xt+x x(l_x3+x6)
1 1+
= — Subst f—xdx,x,x3
3 x(l—x+x2)

1 1 2-x
_ . cfTr 3
=3 Subst (f(x + 1—x+x2) dx,x, x )
1 2-x
_ z 3
= log(x) + 3 Subst (fl i dx, x,x )

1 -1+2 1 1
= log(x) - c Subst ( ﬁ dx, x, x3) + 5 Subst (f Tz dx, x, x3)

1 1
= log(x) - p log (1 -3+ x6) — Subst (f S dx,x, -1 + 2x3)

_ 3
tan_l( 1:;? )

V3

1
+ log(x) — c log (1 -3+ x6)

Mathematica [C] time = 0.0104177, size = 55, normalized size = 1.41

#1° log(x — #1) — 2 log(x — #1) &
2#1% -1

1
log(x) — gRootSum [#16 -#1° +1&,
Antiderivative was successfully verified.
[In] Integratel[(1 + x73)/(x - x4 + x77),x]

[Out] Loglx] - RootSum[1l - #173 + #176 & , (-2xLoglx - #1] + Loglx - #1]*#173)/(-
1+ 2x#173) & 1/3

Maple [A] time = 0.004, size = 35, normalized size = 0.9

In(x6-x*+1) 43 [(2x3—1)\/§)

G + ? arctan 3

In (x) —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"3+1)/(x"7-x"4+x) ,x)
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[Out] 1n(x)-1/6*1n(x"6-x"3+1)+1/3*%37(1/2)*arctan(1/3*(2*x~3-1)*37(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

x° —2x2
- F e los

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~3+1)/(x"7-x"4+x),x, algorithm="maxima")

[Out] -integrate((x”5 - 2*x72)/(x"6 - x°3 + 1), x) + log(x)

Fricas [A] time = 1.49832, size = 107, normalized size = 2.74

é 3arctan (% \/5(23(3 - 1)) - % log (x6 -x3 4+ 1) + log (x)

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((x73+1)/(x"7-x"4+x),x, algorithm="fricas")

[Out] 1/3*sqrt(3)*arctan(1/3*sqrt(3)*(2%x"3 - 1)) - 1/6*log(x"6 - x73 + 1) + log(
x)

Sympy [A] time = 0.14817, size = 41, normalized size = 1.05

23 3
log (x6 - x3 +1) \/§atan( 3x - ?)
log (x) — 3 + 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x**3+1)/(x*x7-x**4+x) ,x)

[Out] log(x) - log(x**6 - xx*3 + 1)/6 + sqrt(3)*atan(2*sqrt(3)*x**3/3 - sqrt(3)/3
)/3
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Giac [A] time = 1.09442, size = 47, normalized size = 1.21

1 1 1
3 6 _ .3
3 3arctan(§ \/g(Zx —1))— z log (x —-x +1) + log (|x])

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~3+1)/(x"7-x"4+x),x, algorithm="giac")

[Out] 1/3*sqrt(3)*arctan(1/3*sqrt(3)*(2%x~3 - 1)) - 1/6%log(x"6 - x~3 + 1) + log(
abs(x))
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3.35 f(d + ex3)5/2 (a + bxd + cx6) dx

Optimal. Leaf size=396

353 _ 3d 3
54 3942 + V3 (Vd + Jex) J e (A i (667a¢? — 58bde +16cd?) EllipticF (sin_l (M) =7 — 4

((+v3) ¥ o) (1+V3) Y+ Jex
% % 33X
1247296713 (—+de + ex?
((1+3) Y+ )

[Out] (54*d~2%(16%c*d”2 - 58*bxd*e + 667xa*xe”2)*x*Sqrt[d + exx~3])/(124729%e~2) +
(30*d* (16*c*d™2 - B8*b*d*e + 667*xaxe”2)*x*(d + e*x~3)7(3/2))/(124729*%e"2)
+ (2% (16*%c*d"2 — 58*bxd*e + 667*a*e”2)*x*x(d + exx~3)7(5/2))/(11339*%e"2) - (
2% (8*c*d - 29*bxe)*x*(d + exx~3)7(7/2))/(667xe~2) + (2xcxx~4*(d + e*xx~3)" (7
/2))/(29%e) + (54*37(3/4)*Sqrt[2 + Sqrt[3]]*d~3*(16%xc*d”2 - 58*b*xdxe + 667
axe”2)*(d~(1/3) + e~ (1/3)*x)*Sqrt[(d~(2/3) - d~(1/3)*e~(1/3)*x + e~ (2/3)*x"
2)/((1 + Sqrt[31)*d~(1/3) + e~ (1/3)*x)"2]*EllipticF[ArcSin[((1 - Sqrt[3])+*d
“(1/3) + e”(1/3)*x)/((1 + Sqrt[3]1)*d~(1/3) + e~ (1/3)*x)], -7 - 4*Sqrt[31])/
(124729%e~(7/3) *Sqrt [(d~(1/3)*x(d~(1/3) + e~ (1/3)*x))/((1 + Sqrt[3])*d~(1/3)
+ e7(1/3)*x) 2] *Sqrt[d + e*x~3])

Rubi [A] time = 0.41577, antiderivative size = 396, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 24, e =

0.167, Rules used = {1411, 388, 195, 218}

integrand size

5/2 3/2
2x (d + ex3) ! (667ae2 — 58bde + 16cd2) 30dx (d + ex3) / (667an — 58bde + 16cd2) 54d2xVd + ex3 (667ae2 — 58
+ +
11339¢2 1247292 1247292

Antiderivative was successfully verified.

[In] Int[({d + exx"3)"(5/2)*(a + b*x"3 + c*x76),x]

[Out] (54*d~2*(16%c*d™2 - 58*bxd*e + 667*axe”2)*x*Sqrt[d + e*x”3])/(124729*e~2) +
(30%d* (16*c*d~2 - B8*b*d*xe + 667*xaxe”2)*x*(d + e*x~3)7(3/2))/(124729*e"2)

+ (2% (16*%c*xd™2 — 58*bxd*e + 667*a*e”2)*x*x(d + exx~3)7(5/2))/(11339*%e"2) - (

2% (8*xc*d - 29*b*xe)*x*x(d + exx~3)7(7/2))/(667*e"2) + (2xcxx~4*x(d + e*x"3)" (7

/2))/(29%e) + (54*37(3/4)*Sqrt[2 + Sqrt[3]]1*d~3*(16*cxd~2 - 58xb*xdxe + 667
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axe”2)*(d~(1/3) + e~ (1/3)*x)*Sqrt[(d~(2/3) - d~(1/3)*e~(1/3)*x + e~ (2/3)*x"
2)/((1 + Sqrt[31)*d~(1/3) + e~ (1/3)*x) 2] *EllipticF[ArcSin[((1 - Sqrt[3])*d
“(1/3) + e7(1/3)*x)/((1 + Sqrt[3])*d~(1/3) + e~ (1/3)*x)], -7 - 4*Sqrt([3]1])/
(124729%e~(7/3)*Sqrt [(d~(1/3)*(d~(1/3) + e~ (1/3)*x))/((1 + Sqrt[3])*d~(1/3)
+ e~ (1/3)*x)"2]1*Sqrt[d + exx"3])

Rule 1411

Int[((d_) + (e_)*(x )" (n_ )" (gq*((a) + (b_)*x)"(n_) + (c_)*(x_)"(n2_
)), x_Symbol] :> Simp[(c*x~(n + 1)*(d + exx™n)~(q + 1))/(ex(n*x(q + 2) + 1))
, x] + Dist[1/(ex(nx(q + 2) + 1)), Int[(d + exx"n) g*x(axex(n*x(q + 2) + 1) -

(cxd*(n + 1) - bxex(nx(q + 2) + 1))*x"n), x], x] /; FreeQ[{a, b, c, d, e,
n, q}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxdxe + axe
=2, 0]

Rule 388

Int[((a_) + (b_)*x(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp [(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(axd - bxc*(n*(
p+ 1)+ 1))/ (bx(nx(p + 1) + 1)), Int[(a + bxx"n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] &% NeQ[b*c - axd, 0] && NeQ[n*x(p + 1) + 1, 0]

Rule 195

Int[((a_) + (b_.)*(x )" (n_))"(p_), x_Symbol] :> Simp[(xx(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + b*xx™n)~(p - 1), x], x] /; Free
Q{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p] || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] &% IntegerQ[3*p]) || LtQ[Denominator([p + 1/n],
Denominator [pl])

Rule 218

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],

s = Denom[Rt[b/a, 311}, Simp[(2*%Sqrt[2 + Sqrt[3]]*(s + r*x)*Sqrt[(s™2 - r*s
xx + r72*%x72)/((1 + Sqrt[3])*s + r*x) 2]*EllipticF[ArcSin[((1 - Sqrt[3])*s

+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]]1)/(37(1/4)*r*Sqrt[a + bxx"3
1#Sqrt[(s*(s + r*x))/((1 + Sqrt[3])*s + r*x)~2]), x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rubi steps
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2cx4 (d + ex3)7/2 2f (d + ex3)5/2 (% - (4cd - %be) x3) dx

5/2
f (d + ex3) (a +bx® + cx6) dx = 90 + T

2(8cd — 29be)x (d + ex3)7/2 2cxt (d + (33(3)7/2 1 2d(8cd — 29be))
o 667¢2 T 20 667 ( e
2 (667[1 + M) X (d + ex3)5/2 2(8cd — 29be)x (d + ex3)7/2 2cxt (d +ext

B 11339 B 667¢2 " 29
30d (66711 + —Zd(&i; 2%6)) X (d + ex3)3/2 2 (667a + —2:71(80:;2— 2%6)) X (d + ex3)5/2 2,
- 124729 * 11339 ~-
| 54 (667 4 2 2%"”) m 30d (667 y 2 D) 2%‘”) x(d+ed)” 2
B 124729 124729 T

_ 3/2
5442 (667a il 2%‘3)) xVd +exd 30d (667a + M) x(d+ed)” 2
= + -
124729 124729

Mathematica [C] time = 0.178911, size = 103, normalized size = 0.26

e.

514
Zﬂtigg—%dﬁ%%ﬂwﬁ%@ﬂ&ﬁ)

xVd + ex3 - -2 (d + ex?’)3 (—29be + 8cd — 23cex3)
|

667¢2
Antiderivative was successfully verified.

[In] Integrate[(d + exx"3)7(5/2)*(a + b*x"3 + c*xx76),x]

[Out] (x*Sqrtl[d + e*x~3]*(-2*x(d + e*x"3) 3% (8*cxd - 29%bxe - 23*xc*exx”3) + ((16%c
*d"4 + 29%d"2xex (-2%bxd + 23*axe))*Hypergeometric2F1[-5/2, 1/3, 4/3, -((e*x
~3)/d)1)/Sqrt[1 + (exx~3)/d]))/(667*e~2)

Maple [B] time = 0.161, size = 1070, normalized size = 2.7

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*xx~3+d) " (5/2)*(c*x"6+b*x"3+a),x)

[Out] c*(2/29*%e”2*x"13* (e*xx~3+d) ~(1/2)+122/667*d*exx~10* (e*xx~3+d) ~(1/2)+1562/1133
9xd"2xx"7* (exx~3+d) ~(1/2)+810/124729*d"3/exx~4x (e*xx~3+d) ~(1/2)-1296/124729%
d"4/e"2*xx*x (e*xx~3+d) ~(1/2)-864/124729*I+%d"5/e"3*37 (1/2) *(-d*e”2) ~(1/3) *(I*(x
+1/2/ex(-d*e”2)~(1/3)-1/2%Ix37(1/2) /ex(-d*xe~2) " (1/3))*3"(1/2)*e/ (-d*e”2)~ (1
/3))"(1/2)*x((x-1/ex(-d*e~2)~(1/3))/(-3/2/ex(=d*xe~2) ~(1/3)+1/2xI*3~(1/2) /ex*(
—d*e~2)~(1/3))) " (1/2)* (-I*(x+1/2/e*(-d*e~2) ~(1/3)+1/2%xI*3~(1/2) /e*x(-d*e~2)"
(1/3))*37(1/2)*e/(-d*e~2)~(1/3))~(1/2) / (e*x”3+d) " (1/2) *E1lipticF (1/3%37(1/2
)k (Ix(x+1/2/ex(-d*e~2)~(1/3)-1/2xI*37(1/2) /ex(-d*e”2) " (1/3))*37(1/2) *e/ (-d*
e”2)7(1/3))°(1/2),(I*37(1/2) /ex(-d*e~2)~(1/3) /(-3/2/e*x(-d*e~2) " (1/3)+1/2xIx*
37(1/2) /ex(-d*e”2)"(1/3))) " (1/2)) ) +b*x (2/23*e"2*x"10* (exx~3+d) ~(1/2)+98/391*
dxexx”7*(exx~3+d) ~(1/2)+974/4301*%d"2*x"4* (exx~3+d) ~(1/2)+162/4301*%d"3/e*xx*(
e*xx”3+d) " (1/2)+108/4301*I*xd"4/e" 23" (1/2) ¥ (-d*xe~2) ~(1/3) * (I* (x+1/2/e*(-d*e”
2)7(1/3)-1/2%xIx37(1/2) /ex(-d*e~2)~(1/3))*37(1/2)*e/(-d*e~2)~(1/3))~(1/2)*((
x-1/ex(-d*xe”2)~(1/3))/(-3/2/ex(-d*e”2) " (1/3)+1/2*I*3~(1/2) /e*x(-d*e~2) " (1/3)
)T (1/2) % (~Ix(x+1/2/ex(-d*e”2) " (1/3)+1/2*%I*37(1/2) /e*x(-d*xe~2) " (1/3))*37(1/2
Yxe/(-d*e~2)"(1/3))"(1/2)/(exx~3+d) " (1/2)*E1lipticF (1/3%3~(1/2)* (I*(x+1/2/e
*x(-d*xe”2) " (1/3)-1/2%I*3~(1/2) /e*x(-d*xe~2)~(1/3))*3~(1/2) *e/ (-d*xe~2) ~(1/3) )~ (
1/2),(Ix37(1/2) /ex(-d*xe”2) " (1/3)/(-3/2/e*x(-d*xe”2) " (1/3)+1/2xI*3"(1/2) /ex(-d
*e72)7(1/3)))"(1/2)))+a*x(2/17*e"2*x"Tx (exx"3+d) ~(1/2)+74/187*d*e*xx"4* (e*xx"3
+d) " (1/2)+106/187*d"2*xx* (e*xx~3+d) ~(1/2)-54/187*I*d~3*3"(1/2) /ex(-d*xe~2) "~ (1/
3)*(Ix(x+1/2/ex(-d*xe”2) " (1/3)-1/2*I*3~(1/2) /ex(-d*e~2)~(1/3))*3~(1/2)*e/(-d
*e"2)7(1/3)) " (1/2)*((x-1/ex(-d*e~2)~(1/3))/(-3/2/ex(-d*xe~2) " (1/3)+1/2*xI*3"(
1/2)/ex(-d*e~2)~(1/3)))~(1/2)*(-I*(x+1/2/e*x(-d*e~2) " (1/3)+1/2*xI*x37(1/2) /ex*(
-d*e”2)7(1/3))*37(1/2)*e/(-d*e”2)~(1/3))~(1/2) / (exx~3+d) ~(1/2)*EllipticF (1/
3%37(1/2) * (I*x(x+1/2/e*(~d*e~2) " (1/3)-1/2xI*37(1/2) /ex(-d*e~2)~(1/3))*3~(1/2
Y*xe/(=d*e~2)~(1/3))"(1/2),(I*37(1/2) /ex(-d*e~2)~(1/3)/(-3/2/ex(-d*xe~2)~(1/3
)+1/2+%I%37(1/2) /ex(-d*xe”~2)"(1/3)))~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.
5
f(cx6 +bx3 + a) (ex3 + d)2 dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d)~(5/2)*(c*x”~6+b*x~3+a),x, algorithm="maxima"

[Out] integrate((c*x"6 + b*x~3 + a)x(exx~3 + d)~(5/2), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((celez + (2 cde + bez)x9 + (cd2 + 2bde + aez)x6 + (bd2 +2 ade)x3 + adz)\/ex3 +d, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d)~(5/2)*(c*x"6+b*x~3+a),x, algorithm="fricas")

[Out] integral((cxe”2*xx712 + (2kc*d*e + b*e”2)*x”9 + (c*d™2 + 2xb*d*e + axe”2)*x~
6 + (bxd”™2 + 2%axd*e)*x"3 + axd”~2)*sqrt(e*xx”3 + d), x)

Sympy [A] time = 10.0827, size = 400, normalized size = 1.01

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx**3+d)**(5/2)* (ckx*x*6+b*x**3+a) ,x)

[Out] axd**(5/2)*x*gamma(1/3)*hyper((-1/2, 1/3), (4/3,), e*x**3xexp_polar(I*pi)/d
)/ (3kgamma (4/3)) + 2%axd**(3/2)*exx**4*gamma (4/3)*hyper ((-1/2, 4/3), (7/3,)
, exx*x*x3xexp_polar (I*pi)/d)/(3*gamma(7/3)) + a*xsqrt(d)*e*x*2*xxx*7+gamma (7/3)
*xhyper ((-1/2, 7/3), (10/3,), exx**3%exp_polar (Ixpi)/d)/(3*xgamma(10/3)) + b*
dx* (5/2) *xx**x4*gamma (4/3) *xhyper ((-1/2, 4/3), (7/3,), exx**3*exp_polar(Ixpi)/
d)/ (3*xgamma(7/3)) + 2xbxd**(3/2)*exx**x7*gamma (7/3)*hyper ((-1/2, 7/3), (10/3
), exx**3%exp_polar(Ixpi)/d)/(3*xgamma(10/3)) + b*xsqrt(d)*e*x*2*xx**10*xgamma (
10/3) xhyper ((-1/2, 10/3), (13/3,), e*xxx*3xexp_polar (I*pi)/d)/(3*gamma(13/3)
) + cxd**(5/2)*x*x7xgamma (7/3) *hyper ((-1/2, 7/3), (10/3,), e*x**3*exp_polar
(I*pi)/d)/(3*gamma(10/3)) + 2%cxd**(3/2)*e*x**10*gamma (10/3)*hyper((-1/2, 1
0/3), (13/3,), exx*x*3*xexp_polar(I*pi)/d)/(3*gamma(13/3)) + cxsqrt(d)*ex*2x*x
x*x13xgamma (13/3) *hyper ((-1/2, 13/3), (16/3,), exx**3*exp_polar (I*pi)/d)/(3x
gamma (16/3))

Giac [F] time = 0., size = 0, normalized size = 0.

5

f (cx6 +bx3 + a) (ex3 + d)E dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d)~(5/2)*(c*x"~6+b*x~3+a),x, algorithm="giac")

[Out] integrate((c*x~6 + b*x~3 + a)*x(e*xx~3 + d)~(5/2), x)
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3.36 f(d + ex3)3/2 (a + bxd + cx6) dx

Optimal. Leaf size=356

3/4 2 (3 3 23— i Yex-+e2/3x2 2 2 o s .1 (1—‘/5)%*'%95 A
18 3344/2 + 32 (Vi + \/EX)J—((1+\/§)%+%X)Z (391a¢? - 46bde +16¢d?) EllipticF (sin ) 7 -4/

Na(a+ ex
21505¢7/3 (—+)2\/d+ex3
((1+8) Y+ o)

[Out] (18*d*x(16%cxd~2 - 46%bkxd*e + 391kaxe”2)*x*Sqrt[d + e*xx~3])/(21505%e~2) + (2
*x(16%c*xd™2 - 46xbxd*e + 391*axe”2)*xx(d + e*x~3)7(3/2))/(4301%xe"2) - (2x*(8%

cxd - 23xbxe)*xx(d + e*x73)7(5/2))/(391%e72) + (2*c*xx~4x(d + e*x~3)7(5/2))/
(23*%e) + (18%37(3/4)*Sqrt[2 + Sqrt[3]1]*d~2*x(16*c*d”~2 - 46%bxdxe + 391kaxe”2
)*(d™(1/3) + e~ (1/3)*x)*Sqrt[(d~(2/3) - d~(1/3)*e”(1/3)*x + e~ (2/3)*x72)/((

1 + Sqrt[3])*d~(1/3) + e~ (1/3)*x) 2]*EllipticF[ArcSin[((1 - Sqrt[3])*d~(1/3

) + e (1/3)*x)/((1 + Sqrt[3])*d~(1/3) + e~ (1/3)*x)], -7 - 4*3Sqrt[3]])/(2150
Exe”(7/3)*Sqrt [(d~(1/3)*(d™(1/3) + e (1/3)*x))/((1 + Sqrt[3])*d~(1/3) + e (
1/3)*x)"2]1*Sqrt[d + exx~3])

Rubi [A] time = 0.311484, antiderivative size = 356, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 24, e o e

0.167, Rules used = {1411, 388, 195, 218}

integrand size

18 33442 + /342 (Vd + ex
2x (d + ex3)3/2 (3911162 — 46bde + 16cd2) 18dxVd + ex3 (3911162 — 46bde + 16cd2) ( )

+ +
4301¢2 21505¢2

Antiderivative was successfully verified.

[In] Int[({d + exx"3)"(3/2)*(a + b*x"3 + c*x"6),x]

[Out] (18*d*(16*c*d™2 - 46xbxd*e + 391ka*e”2)*x*Sqrt[d + e*x”3])/(21505%xe~2) + (2
*x(16*%c*d™2 - 46*bxd*e + 391kxaxe”2)*xx(d + exx"3)7(3/2))/(4301*%e”2) - (2% (8x
ckd - 23%bxe)*x*x(d + exx"3)7(5/2))/(391%xe”2) + (2xc*xx"4x(d + exx"3)7(5/2))/
(23xe) + (18%37(3/4)*Sqrt[2 + Sqrt[3]]*d~2x(16%c*d™2 - 46*bxd*e + 391kaxe”2
)x(d~(1/3) + e7(1/3)*x)*Sqrt [(d~(2/3) - d~(1/3)*e”(1/3)*x + e~ (2/3)*x72)/ ((
1 + Sqrt[31)*d~(1/3) + e~ (1/3)*x)"2]*EllipticF[ArcSin[((1 - Sqrt[3])*d~(1/3
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) + e (1/3)*x)/((1 + Sqrt[3])*d~(1/3) + e~ (1/3)*x)], -7 - 4*Sqrt[3]])/(2150
5%e”(7/3)*Sqrt [(d~(1/3)*(d~(1/3) + e~ (1/3)*x))/((1 + Sqrt[3]1)*d~(1/3) + e~ (
1/3)*x)"2]*Sqrt[d + exx~3])

Rule 1411

Int[((d) + (e_)*(x )" )) (g I)*((a) + (b_)*(x)"(n ) + (c_)*x(x_)"(n2_
)), x_Symbol] :> Simp[(c*x~(n + 1)*(d + exx™n)"(q + 1))/(ex(n*x(q + 2) + 1))
, x] + Dist[1/(ex(nx(q + 2) + 1)), Int[(d + exx"n) g*x(axex(n*x(q + 2) + 1) -
(cxd*(n + 1) - bxex(nx(q + 2) + 1))*x"n), x], x] /; FreeQ[{a, b, c, d, e,
n, q}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xa*xc, 0] && NeQ[c*d™2 - b*xdxe + axe
~2, 0]

Rule 388

Int[((a_) + (b_)*x_)" (0 )) (p)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp[(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(a*d - bxc*(n*(
pt+ 1)+ 1))/ (bx(nx(p + 1) + 1)), Int[(a + b*x™n)"p, x], x] /; FreeQ[{a, b,
c, d, n}t, x] && NeQ[b*c - axd, 0] && NeQ[n*(p + 1) + 1, 0]

Rule 195

Int[((a_ ) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(x*(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + b*xx™n)"(p - 1), x], x] /; Free
Ql{a, b}, x] && IGtQ[n, 0] && GtQ[p, O] && (IntegerQ[2xp] || (EqQ[n, 2] &&
IntegerQ[4*pl) || (EqQ[n, 2] && IntegerQ[3*pl) || LtQ[Denominator([p + 1/n],
Denominator [p]])

Rule 218

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[(2%Sqrt[2 + Sqrt[3]]1*(s + r*x)*Sqrt[(s™2 - r*s
xx + r72*%x72)/((1 + Sqrt[3])*s + r*x) 2]*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4%Sqrt[3]]1)/(37(1/4)*r*Sqrt[a + b*x~3
1xSqrt[(s*(s + r*x))/((1 + Sqrt[3])*s + r*x)~2]), x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rubi steps
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2cx4 (d + ex3)5/2 2f (d + ex3)3/2 (% - (4cd - %be) x3) dx

)
d + ex? a+ bx3 + cx®) dx = +
f ( ) ( ) 23¢ 23e
5/2 5/2
2(8cd — 23be)x (d + ex3) 2cxt (d + ex3) 1 2d(8¢cd — 23be)
= _ + -—|-391g - ————=
391¢2 23e 391 2

2d(8cd—23be) 3/2 5/2
2 (391a T2 ) x (d + ex3) 2(8cd — 23be)x (d + ex3) 2 et (d +ex3
- +

- 4301 391¢? 23¢
_ _ 3/2
18d (391a + MLZB‘”)) wd+ed 2 (39la + M) x(d + ex®) ! 2(8ce
= ¢ + ‘ -
21505 4301
_ _ 3/2
18d (391a + Mf’“)) wd+ed 2 (39la + M) x(d + ex®) / 2(8c
= ¢ + ‘ -
21505 4301

Mathematica [C] time = 0.153007, size = 101, normalized size = 0.28

314 exd
zpl(—z,g;é;—%)(zsde(17ae—2bd)+16cd3)

-2 (d + ex3)2 (—23be +8cd — 17cex3)

xVd + ex®

3
ex
T+l

391e?
Antiderivative was successfully verified.

[In] Integrate[(d + e*x"3)7(3/2)*(a + b*x~3 + c*x76),x]

[Out] (x*Sqrtld + e*x"3]*(-2*%(d + e*x~3)72*(8*cxd - 23*%bxe - 17xc*exx~3) + ((16%*c
*d"3 + 23*d*ex (-2*b*d + 17*axe))x*Hypergeometric2F1[-3/2, 1/3, 4/3, -((exx"3
)/d)1)/Sqrt[1 + (e*xx~3)/d]))/(391xe”2)

Maple [B] time = 0.029, size = 1010, normalized size = 2.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((exx”3+d)~(3/2)*(c*xx"6+b*x~3+a) ,x)

[Out] c*(2/23%e*xx"10*(exx~3+d) ~(1/2)+52/391*d*x"7* (e*xx~3+d) ~(1/2)+54/4301*%d"2/e*x
“4x (exx"3+d) ~(1/2)-432/21505%d"3/e" 2*xx* (e*xx~3+d) " (1/2)-288/21505%I*d"4/e~3*
37(1/2)*x(-d*e”2) ~(1/3) * (I*(x+1/2/ex(-d*e”2) " (1/3)-1/2%I*x3"(1/2) /ex(-d*e~2) "~
(1/3))*37(1/2)*e/(=d*e~2)~(1/3)) " (1/2)*((x-1/ex (-d*e~2) ~(1/3) )/ (-3/2/e* (-dx*
e72) " (1/3)+1/2%I%37(1/2) /ex(-d*e™2) 7 (1/3))) ~(1/2)*(-I*(x+1/2/ex(-d*xe~2) "~ (1/
3)+1/2%I%37(1/2) /ex(-d*e~2)~(1/3))*37(1/2) *e/(-d*e~2)~(1/3))~(1/2) / (exx~3+d
)~ (1/2)*E1lipticF(1/3%37(1/2) x(I*x(x+1/2/e*x(-d*e”2)~(1/3)-1/2*%Ix3"(1/2) /ex (-
d*xe”2)~(1/3))*37(1/2)*e/(=d*xe~2)~(1/3))~(1/2),(I*37(1/2) /ex(-d*e~2)~(1/3) /(
-3/2/ex(-d*e”2) " (1/3)+1/2xIx3~(1/2) /ex(-d*e”2)~(1/3)))~(1/2)) ) +b*x (2/17*e*xx"
T*(exx™3+d) " (1/2)+40/187*d*x"4* (e*xx~3+d) ~(1/2)+54/935%d"2/e*x* (exx~3+d) ~(1/
2)+36/935%I*xd"3/e" 237 (1/2) * (-d*xe"2) ~(1/3) * (I* (x+1/2/ex(-d*e”2) "~ (1/3)-1/2*1
*37(1/2) /ex(-d*e”2)~(1/3))*37(1/2)*xe/(-d*e”2)~(1/3) )~ (1/2) *((x-1/ex(-d*e~2)
~(1/3))/(=3/2/ex(-d*e~2)~(1/3)+1/2%Ix37(1/2) /ex(-d*e~2) ~(1/3))) " (1/2) * (-I*(
x+1/2/ex(-d*e~2) "~ (1/3)+1/2*I*3"(1/2) /ex(-d*e~2)~(1/3))*3"(1/2) *e/ (-d*e”~2) ~(
1/3))7(1/2) / (exx~3+d) " (1/2) *E11lipticF (1/3*%37 (1/2) % (I*x(x+1/2/e*x(-d*e~2)~(1/3
)-1/2%I%37(1/2) /e*x(-d*e~2) " (1/3))*37(1/2)*e/(-d*e~2)~(1/3))~(1/2), (I*x37(1/2
)/ex(=d*e~2)~(1/3)/(-3/2/ex(~d*xe”2)~(1/3)+1/2xI*3~(1/2) /ex(-d*e~2)~(1/3)))"~
(1/2)) ) +ax(2/11*e*xx~4* (e*xx~3+d) ~(1/2)+28/55*d*x* (exx~3+d) ~(1/2)-18/55%I*d"2
*37(1/2) /ex(-d*e”2) " (1/3)* (I*(x+1/2/ex(-d*e”2)~(1/3)-1/2*I*x3"(1/2) /e*x(-d*e”
2)7(1/3))*37(1/2)*e/ (~d*e~2) " (1/3))~(1/2) *((x-1/ex(-d*e~2)~(1/3) )/ (-3/2/ex*(
-d*e”2) " (1/3)+1/2xI*37(1/2) /ex(-d*e~2) " (1/3))) " (1/2) *(-I*(x+1/2/e*x (-d*e"2) "
(1/3)+1/2%I*x37(1/2) /ex(=dxe~2)~(1/3))*3~(1/2)*xe/ (-d*e~2)~(1/3))~(1/2) / (e*xx~
3+d) " (1/2)*E1lipticF(1/3%37(1/2) % (I*(x+1/2/ex(-d*e~2)~(1/3)-1/2xI*37(1/2) /e
*x(=d*e”2)~(1/3))*37(1/2)*e/(-d*e~2)~(1/3))~(1/2) , (I*37(1/2) /ex(-d*e~2)~(1/3
)/ (=3/2/ex(-d*e”2) "~ (1/3)+1/2*I*3~(1/2) /ex(-d*e~2)~(1/3)))~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

3

f(cx6 +bx3 + a) (ex3 + d)E dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x”3+d)~(3/2)*(c*x~6+b*x~3+a),x, algorithm="maxima")

[Out] integrate((c*x~6 + b*x~3 + a)*(exx~3 + d)~(3/2), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((cex9 + (cd + be)x® + (bd + ae)x® + ad)\/ex3 +d, x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~3+d)~(3/2)*(c*x~6+b*x~3+a),x, algorithm="fricas")

[Out] integral((c*e*x”9 + (c*xd + b*e)*x"6 + (b*d + axe)*x™3 + a*xd)*sqrt(e*xx”3 + d

), x)

Sympy [A] time = 5.8478, size = 257, normalized size = 0.72

1 4

3 i 3 -, =
exde ] bdix4r(§)zp1( 223
3

4
ex 3

1
5/

3 1 _1 1 3
adixf(g)zFl[ 23 ]

y ;in) avdex*T (%) ,F1 [
3T (‘35) ' 3T (g) ' 3T (g) ' 3T (13—0)

Verification of antiderivative is not currently implemented for this CAS.

ex3einJ b\/ﬁ€x7r (57,) Zpl(

1

2

10
3

7
3

[In] integrate((exx**3+d)**(3/2)* (ckx*x*6+b*x**3+a) ,x)

[Out] axd*x(3/2)*x*gamma(1/3)*hyper((-1/2, 1/3), (4/3,), e*x**3*exp_polar(I*pi)/d
)/ (3*xgamma (4/3)) + a*xsqrt(d)*exx**4xgamma(4/3)*hyper ((-1/2, 4/3), (7/3,), e
*xx**3xexp_polar (Ixpi)/d)/(3xgamma(7/3)) + b*xd**(3/2)*xx*4*xgamma (4/3)*hyper (
(-1/2, 4/3), (7/3,), exx**3*exp_polar(Ixpi)/d)/(3*xgamma(7/3)) + bxsqrt(d)x*e
xx*xx7*gamma (7/3) *hyper ((-1/2, 7/3), (10/3,), exx**3*exp_polar(Ixpi)/d)/(3*g

amma (10/3)) + c*d**(3/2)*x**7+gamma (7/3) *hyper ((-1/2, 7/3), (10/3,), e*x**3
xexp_polar (Ixpi)/d)/(3xgamma(10/3)) + cxsqrt(d)*exx**x10*gamma (10/3)*hyper ((

-1/2, 10/3), (13/3,), e*x**3*exp_polar(I*pi)/d)/(3*gamma(13/3))

Giac [F] time = 0., size = 0, normalized size = 0.

3
f (cx + bx® + a) (ex® + d)? dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x”3+d)~(3/2)*(c*x"6+b*x~3+a),x, algorithm="giac")
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[Out] integrate((c*x~6 + bxx~3 + a)*(e*x~3 + d)~(3/2), x)
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3.37 f Vd + ex3 (a + bxd + cx6) dx

Optimal. Leaf size=316

3/4 3 3 42—/ Yex-+e2Bx2 2 o .. . 1 ((1-V3) Y+ Yex o
2 3%44/2 + V3d (Vd + ex) J —((1+\/§) . %X)Z (187a¢? - 34bde +16¢d?) EllipticF (sin Tt 7 - 43

Va3 3ex
935¢7/3 My/d.,_w@
((l+\/§)§/c_i+\3/2x)

[Out] (2% (16*cxd™2 - 34xbkxdxe + 187*axe”2)*x*Sqrt[d + e*x73])/(935%xe”2) - (2x(8*c
xd — 17xbxe)*x*x(d + e*x73)7(3/2))/(187*e”2) + (2*c*xx"4x(d + exx~3)7(3/2))/(

17*xe) + (2%37(3/4)*Sqrt[2 + Sqrt[3]]1*d*x(16*c*d™2 - 34xbxd*xe + 187xaxe”2)*(d
“(1/3) + e7(1/3)*x)*Sqrt [(d™(2/3) - d7(1/3)*e”(1/3)*x + 7 (2/3)*x72)/((1 +
Sqrt[3]1)*d~(1/3) + e~ (1/3)*x) 2]*EllipticF[ArcSin[((1 - Sqrt[3])*d~(1/3) +

e~ (1/3)*x)/((1 + 8qrt[3])*d~(1/3) + e~ (1/3)*x)], -7 - 4*Sqrt[3]])/(935*e~ (7
/3)*3qrt [(d~(1/3)*(d~(1/3) + e~ (1/3)*x))/((1 + Sqrt[3])*d~(1/3) + e~ (1/3)*x
)"2]*Sqrt[d + e*x~3])

Rubi [A] time = 0.246214, antiderivative size = 316, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 24, number of rules _

0.167, Rules used = {1411, 388, 195, 218}

373
2 3942 + V3 (Vi + Jfex) J PO VINE 2 (18706 — 34bde + 160d2) F (s

integrand size

2xVd + ex3 (1871162 — 34bde + 16cd2) ((1+\/§) Y+ \3/Ex)2
+
935¢2 V(s Vex
935¢7/3 (—+)2Vd + ex3
((1+3) Y+ )

Antiderivative was successfully verified.

[In] Int[Sqrt[d + e*x"3]*(a + b*x~3 + c*x76),x]

[Out] (2%(16xcxd~2 - 34*b*d*e + 187*axe”2)*x*Sqrt[d + e*x"3])/(935*%e”2) - (2% (8%c
*d — 17+bke)*x*(d + exx”3)7(3/2))/(187*e”2) + (2xc*x"4*(d + e*x"3)7(3/2))/(
17xe) + (2%37(3/4)*Sqrt[2 + Sqrt[3]]*d*x(16*%c*d~2 - 34*bxdxe + 187*axe”2)*(d
“(1/3) + e7(1/3)*x)*Sqrt [(d~(2/3) - d7(1/3)*e”(1/3)*x + e~ (2/3)*x72)/((1 +
Sqrt[31)*d~(1/3) + e~ (1/3)*x)"2]*EllipticF[ArcSin[((1 - Sqrt[3])*d~(1/3) +
e~ (1/3)*x)/((1 + Sqrt[3])*d~(1/3) + e~ (1/3)*x)], -7 - 4*Sqrt[3]])/(935*e~ (7
/3)*8qrt [(d~(1/3)*(d~(1/3) + e~ (1/3)*x))/((1 + Sqrt[3])*d~(1/3) + e~ (1/3)*x
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)"2]1*Sqrt[d + exx~3])

Rule 1411

Int[((d) + (e_)*(x )" (0 )) (g *((a) + (b_)*x)"(n_ ) + (c_)*x(x_)"(n2_
)), x_Symbol] :> Simp[(c*x"(n + 1)*(d + exx™n)"(q + 1))/(ex(n*x(q + 2) + 1))
, x] + Dist[1/(ex(nx(q + 2) + 1)), Int[(d + exx"n) gx(axex(n*x(q + 2) + 1) -
(cxd*(n + 1) - bxex(nx(q + 2) + 1))*x"n), x], x] /; FreeQ[{a, b, c, 4, e,
n, q}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxdxe + axe
~2, 0]

Rule 388

Int[((a ) + (b_)*x )" (@ )~ (p)*((c) + (d_)*(x_)"(n_)), x_Symbol] :> Si

mp[(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(a*d - bxc*(n*(
p+ 1)+ 1)/ (bx(nx(p + 1) + 1)), Int[(a + b*x™n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] && NeQ[b*c - a*xd, 0] && NeQ[n*(p + 1) + 1, 0]

Rule 195

Int[((a ) + (b_)*(x )" (n_))"(p_), x_Symbol] :> Simp[(x*x(a + b*x"n) p)/(n*p
+ 1), x] + Dist[(a*n*p)/(n*p + 1), Int[(a + b*xx™n)"(p - 1), x], x] /; Free

Ql{a, b}, x] && IGtQ[n, 0] && GtQ[p, 0] && (IntegerQ[2*p] || (EqQ[n, 2] &&

IntegerQ[4*pl) || (EqQ[n, 2] &% IntegerQ[3x*p]) || LtQ[Denominator([p + 1/n],
Denominator [p]])

Rule 218

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],

s = Denom[Rt[b/a, 311}, Simp[(2*Sqrt([2 + Sqrt[3]]*(s + r*x)*Sqrt[(s™2 - r*s
*x + r72*%x72)/((1 + Sqrt[3])*s + r*x)"2]*EllipticF[ArcSin[((1 - Sqrt[3])*s

+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]])/(3~(1/4)*r*Sqrt[a + b*x"3
I1*xSqrt[(s*x(s + r*x))/((1 + Sqrt[3])*s + r*x)~2]), x]] /; FreeQl[{a, b}, x] &
& PosQ[al

Rubi steps
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3/2 3 17ae 17be\ 3
20x4(d+ex3) Zf\/d+ex (T—(ﬁlcd—T)x )dx
2, 3 3 6 _
f d+ ex (a+bx +cx)dx 7 + 7

32 32
2(8cd — 17be)x (d + ex3) 2 et (d + ex3) ! 1 2d(8cd — 17be)
=- + — (1870 - LT f
187¢2 17e 187 ( e? )
2 2d(8cd — 17be) Vitor 2(8cd —17be)x (d + ex3)3/2 2cxt (d + e
= 2 (187q 4 AT 5
935 ( 870+ ——5 )x d+ex 18722 T 1%
2 2d(8cd — 17be) Vit 2(8cd —17be)x (d + ex3)3/2 2cxt (d + e
=— 1870+ ——— 3 —
935 ( 870+ ——5 )x d+ex 1872 T 1%

Mathematica [C] time = 0.133707, size = 98, normalized size = 0.31

114 od
zpl(_zlg;g;—%)(17@(11ae—2bd)+16cd2)

-2 (d + ex3) (—17be + 8cd - 1lcex3)

xVd + ex3

3
ex
T+1

18762

Antiderivative was successfully verified.

[In] Integrate[Sqrt[d + e*xx"3]x(a + b*xx~3 + c*x"6),x]

[Out] (x*Sqrtl[d + e*x~3]*(-2x(d + exx"3)*(8*%cxd - 17*xbxe - 1lxcke*xx~3) + ((16%cxd
"2 + 17*xex(-2xbxd + ll*axe))*Hypergeometric2F1[-1/2, 1/3, 4/3, -((e*x73)/d)

1)/S8qrt[1 + (exx~3)/d]))/(187*e"2)

Maple [B] time = 0.027, size = 956, normalized size = 3.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx"3+d)~(1/2)*(c*x~6+b*x"3+a),x)
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[Out] c*x(2/17*x"7*(e*xx~3+d) ~(1/2)+6/187*d/e*x"4* (exx~3+d) ~(1/2)-48/935*%d"2/e” 2*x*
(exx"3+d) ~(1/2)-32/935%I*d"3/e”3*37(1/2) % (-d*e~2) " (1/3) * (I*(x+1/2/e*(-d*e"2
)" (1/3)-1/2xI%37(1/2) /ex(~d*e”~2) ~(1/3))*37(1/2) *e/ (-d*e~2) " (1/3))~(1/2)*((x
-1/ex(-d*e”2)"(1/3))/(-3/2/ex(-d*e"2) ~(1/3)+1/2%I*x3~(1/2) /ex(-d*xe~2) " (1/3))
)~ (1/2) % (~Ix(x+1/2/e*x(-d*xe”~2) ~(1/3)+1/2xI*3~(1/2) /ex(-d*e~2) ~(1/3))*3~(1/2)
xe/(-d*e”2) " (1/3))"(1/2)/(e*x~3+d) ~(1/2)*E11lipticF (1/3%3~(1/2) * (I*(x+1/2/e*
(-d*e~2)~(1/3)-1/2%I*3~(1/2) /ex(-d*xe~2)~(1/3))*3~(1/2)*e/(-d*e~2) ~(1/3))~ (1
/2), (I*3~(1/2) /ex(-d*xe~2)~(1/3)/(-3/2/e*x(-d*e~2) ~(1/3)+1/2%I*3"(1/2) /ex (-d*
e”2)7(1/3)))7(1/2)))+b* (2/11*x"4* (e*xx~3+d) ~ (1/2)+6/55%d/exx* (e*x~3+d) ~(1/2)
+4/55%I%d~2/e~2%3~ (1/2) * (~d*e~2) " (1/3) * (Ix(x+1/2/ex (-d*e~2) ~ (1/3) -1/2%I*3~(
1/2) /ex(-d*e~2)~(1/3))*3~(1/2)*e/(-d*e~2)~(1/3)) ~(1/2) * ((x-1/e*(-d*e~2) ~(1/
3))/(=3/2/ex(-d*e~2)~(1/3)+1/2xI*37(1/2) /ex(-d*e~2)~(1/3))) " (1/2) % (-I* (x+1/
2/ex(-d*e~2) " (1/3)+1/2xI*3"(1/2) /ex(-d*e~2) ~(1/3))*3~(1/2)*e/ (-d*e~2) ~(1/3)
)~ (1/2)/ (exx™3+d) ~(1/2)*E11lipticF (1/3*37 (1/2) * (I*(x+1/2/ex(-d*e”2)~(1/3)-1/
2%I%37(1/2) /ex(=d*e”2) " (1/3))*3~(1/2) *e/(=d*xe~2)~(1/3))~(1/2), (I*37(1/2) /e*
(-d*xe~2)~(1/3)/(-3/2/ex(-d*xe”~2) ~(1/3)+1/2xI*37(1/2) /ex(-d*e~2)~(1/3)))~(1/2
)) ) +ax(2/5*%x* (exx”3+d) ~(1/2)-2/5*%I1*d*3~(1/2) /ex(-d*e~2) ~(1/3) * (I* (x+1/2/ex*(
-d*e™2) " (1/3)-1/2*%I*3~(1/2) /ex(-d*e~2)~(1/3))*3~(1/2) *e/ (-d*xe~2)~(1/3))~(1/
2)* ((x-1/e* (~d*e~2)~(1/3))/(~3/2/e* (~d*e~2) ~(1/3)+1/2%I*3~(1/2) /ex (-d*e~2) "
(1/3)))~(1/2) % (~I*(x+1/2/ex(-d*e~2) " (1/3)+1/2*xI*37 (1/2) /ex (-d*e~2) " (1/3) ) *3
~(1/2)*e/(-d*e~2)~(1/3))~(1/2) / (exx~3+d) ~(1/2) *E11lipticF (1/3*3~(1/2) * (I*(x+
1/2/ex(-dxe”2) " (1/3)-1/2%I%37(1/2) /ex(-d*e~2) ~(1/3))*3"~(1/2) *e/(-d*e~2) ~(1/
3))7(1/2), (I¥37(1/2) /ex(~d*e~2)~(1/3)/ (~3/2/ex(-d*e™~2) " (1/3)+1/2+I*3~(1/2) /
ex(-d*e”2)7"(1/3)))"(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

f(cx6 +bx3 + a)\/ex3 +ddx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x~3+d)~(1/2)*(c*x~6+b*x~3+a),x, algorithm="maxima")

[Out] integrate((c*x~6 + b*x~3 + a)*sqrt(e*x”3 + d), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral ((cx6 + b3 + a)\/ex3 +d, x)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((exx~3+d)~(1/2)*(c*x"6+b*x~3+a),x, algorithm="fricas")

[Out] integral((c*x"6 + b*x~3 + a)*sqrt(e*xx~3 + d), x)

Sympy [A] time = 3.11466, size = 124, normalized size = 0.39

11 4
273 3

d

oo (3% ) ar()on %
I T O

Verification of antiderivative is not currently implemented for this CAS.

ex3eiﬂ] b\/ﬁx‘ll" (‘3}) ,F; [

[In] integrate((exx**3+d)**(1/2)* (ckx*x*6+b*x**3+a) ,x)

[Out] axsqrt(d)*xxgamma(1/3)*hyper((-1/2, 1/3), (4/3,), exx*x3*exp_polar(I*pi)/d)

/(3xgamma (4/3)) + bxsqrt(d)*x**4*xgamma(4/3)*hyper ((-1/2, 4/3), (7/3,), exxx
*x3%xexp_polar(I*pi)/d)/(3*gamma(7/3)) + c*sqrt(d)*x**7*gamma (7/3)*hyper ((-1/
2, 7/3), (10/3,), exx*x3xexp_polar (I*pi)/d)/(3*gamma(10/3))

Giac [F] time = 0., size = 0, normalized size = 0.

f(cx6 +bx® + a) Vex3 + ddx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx~3+d)~(1/2)*(c*x"6+b*x~3+a),x, algorithm="giac")

[Out] integrate((c*x”6 + b*x"3 + a)*sqrt(exx”3 + d), x)
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a+bx3+cx®
3.38  [———d

Optimal. Leaf size=278

3 3 d2/3- \/_\/Ex+32/3x _ 2 (1—‘/3) ‘3/‘_1"' %x e
242+ \/g(\/a + \/Ex) J —((1+\/') . ) (55ae 22bde + 16cd )ElhptlcF (sm (—(H\@) T )’ 7 — 443

Zx\/a

%( Va+ %x)

55+/3¢7/3 > Vd + ex3
((1+3) 362+ Jex)

[Out] (-2%(8*cxd - 11*b*e)*x*Sqrt[d + e*x”3])/(55%e”2) + (2%c*x"4*Sqrt[d + e*xx”3]
)/ (11*xe) + (2*Sqrt[2 + Sqrt[3]]*(16*c*d”2 - 22xbxd*e + 5b5*axe”2)*(d~(1/3) +
e”(1/3)*x)*Sqrt [(d7(2/3) - d7(1/3)*e"(1/3)*x + e~ (2/3)*x"2)/((1 + Sqrt[3])
*d~(1/3) + e7(1/3)*x) 2] *EllipticF[ArcSin[((1 - Sqrt[3]1)*d~(1/3) + e~ (1/3)*
x)/((1 + Sqrt[3])*d~(1/3) + e~ (1/3)*x)], -7 - 4*Sqrt[3]1]1)/(55%37(1/4)*e”(7/
3)*Sqrt [(d~(1/3)*(d~(1/3) + e~ (1/3)*x))/((1 + Sqrt[3])*d~(1/3) + e~ (1/3)*x)
~2]*Sqrt[d + exx"3])

Rubi [A] time = 0.182336, antiderivative size = 278, normalized size of antiderivative =
1., number of steps used = 3, number of rules used = 3, integrand size = 24, number of rules _

0.125, Rules used = {1411, 388, 218}

3 423 3 Yex-+e2/3x2 . -1 %’H'( \/_)
22+ V3 (Vd + Jex) J W (55a¢2 ~ 22bde +16cd?) F (sm (W |-7-443

integrand size

_ 2xvd + ex3 (!

S 55¢
)
((1+3) 3+ )

55<‘/§e7/3J

Antiderivative was successfully verified.

[In] Int[(a + b*x"3 + c*x76)/Sqrtld + e*x"3],x]

[Out] (-2%(8xcxd - 11*b*e)*x*Sqrt[d + e*x~3])/(55%e”2) + (2%c*x"4*Sqrtl[d + e*xx”3]
)/ (11xe) + (2%Sqrt[2 + Sqrt[3]]1*(16%xc*d™2 - 22xb*dxe + 5b5*xaxe”2)*(d~(1/3) +

e~ (1/3)*x)*Sqrt[(d~(2/3) - d~(1/3)*e~(1/3)*x + e~ (2/3)*x~2)/((1 + Sqrt[3])
*d~(1/3) + e~ (1/3)*x)"2]*EllipticF[ArcSin[((1 - Sqrt[3]1)*d~(1/3) + e~ (1/3)*
x)/((1 + Sqrt[3])*d~(1/3) + e~ (1/3)*x)], -7 - 4*Sqrt[3]1]1)/(65%37(1/4)*e”(7/
3)*Sqrt [(d~(1/3)*(d~(1/3) + e~ (1/3)*x))/((1 + Sqrt[3]1)*d~(1/3) + e~ (1/3)*x)
~2]*Sqrt[d + e*x"3])
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Rule 1411

Int[((d_) + (e_)*x(x_)"(n_)) (g )*((a_) + (b_.)*(x_)"(n_) + (c_.)*(x_)"(n2_
)), x_Symbol] :> Simp[(c*x"(n + 1)*(d + exx™n)"(q + 1))/(ex(n*x(q + 2) + 1))
, x] + Dist[1/(ex(nx(q + 2) + 1)), Int[(d + exx"n) g*x(axex(n*x(q + 2) + 1) -
(c*¥dx(n + 1) - bkex(nx(q + 2) + 1))*x"n), x], x] /; FreeQ[{a, b, c, d, e,
n, qr, x] && EqQ[n2, 2+*n] && NeQ[b~2 - 4*axc, 0] &% NeQ[c*d"2 - bxd*e + axe
=2, 0]

Rule 388

Int[((a_) + (b_)*xx_)"(m_ )" (p_)*x((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp [(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(axd - bxc*(n*(
p+ 1)+ 1))/ (bx(nx(p + 1) + 1)), Int[(a + b*x™n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] &% NeQ[b*c - axd, 0] && NeQ[n*(p + 1) + 1, 0]

Rule 218

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],

= Denom[Rt[b/a, 311}, Simp[(2*Sqrt[2 + Sqrt[3]]1*(s + r*x)*Sqrt[(s”2 - r*s
*x + ro2*%x72)/((1 + Sqrt[3])*s + r*x)~2]*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4%Sqrt[3]])/(3~(1/4)*r*Sqrt[a + b*x"3
1#Sqrt[(s*(s + r*x))/((1 + Sqrt[3])*s + r*x)"2]), x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rubi steps
—
fa+bx3+cx6d 2cxt d+ex3 2 [ —r—— Vited dx
X =
Vd + ex3 11e 11e
_2(8cd —11be)xVd + ex? Zcx4\/d +ex® 1 - 2d(8cd — 11be)
= - —[-55a -
55¢2 11e 55 e? \/d n ex3
24/2+3 (16cd2 - 22bde + 55ae2) (\3/3 + %x)
_2(8cd —11be)xVd + ex? Zcx4\/d +ex3 .
55¢2 11e ¥
553¢7/3 ‘

((1+\/
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Mathematica [C] time = 0.0905538, size = 98, normalized size = 0.35

ex3 11 4 ex3

x( . (5, 3 —7) (11e(5ae — 2bd) +16cd?) - 2 (d + ex®) (~11be + 8cd — 5cex3))

d
55e2Vd + ex3

Antiderivative was successfully verified.

[In] Integrate[(a + b*x"3 + c*x76)/Sqrt[d + exx~3],x]

[Out] (xx(-2*%(d + exx"3)*(8%c*d - 1lxbxe — bkxcxexx"3) + (16*%c*d™2 + 1lxex(-2%bxd
+ bxaxe))*Sqrt[1 + (e*x~3)/d]*Hypergeometric2F1[1/3, 1/2, 4/3, -((e*x~3)/d)
1))/ (55*%e~2*xSqrt[d + exx"3])

Maple [B] time = 0.028, size = 907, normalized size = 3.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"6+b*xx"3+a)/(exx~3+d)~(1/2),x)

[Out] c*x(2/11/exx"4*(exx~3+d) ~(1/2)-16/55*d/e” 2*x* (exx~3+d) ~(1/2)-32/165*xI*d"2/e”
3*37(1/2)*(-d*e”2) " (1/3) % (I*(x+1/2/ex(-d*e”2) " (1/3)-1/2*xI*3"(1/2) /ex(-d*e~2
)7(1/3))*37(1/2)*e/ (-d*e”2)~(1/3)) " (1/2)*((x-1/e*x(-d*xe~2)~(1/3) )/ (-3/2/ex (-
d*e”2) " (1/3)+1/2xIx37(1/2) /ex(-d*e”2) " (1/3)) )~ (1/2)*(-I* (x+1/2/e* (-d*e~2) ~(
1/3)+1/2xI*37(1/2) /ex(-d*xe~2)~(1/3))*37(1/2)*e/(-d*e~2)~(1/3))~(1/2) / (e*xx~3
+d) " (1/2)*E11lipticF(1/3*37(1/2) % (I*(x+1/2/ex(~d*e~2) " (1/3)-1/2*xI*37(1/2) /ex*
(-d*e~2)~(1/3))*37(1/2)*e/(-d*e”2)~(1/3))~(1/2),(I*x37(1/2) /ex(-d*e~2)~(1/3)
/(=3/2/ex(-d*e”2) " (1/3)+1/2xI*37(1/2) /ex(-d*xe~2)~(1/3)))~(1/2)) ) +b*x(2/5/e*xx
*(exx~3+d) " (1/2)+4/15%xI*d/e~2x37 (1/2) *(-d*e~2) "~ (1/3) * (I* (x+1/2/ex (-d*e~2) ~(
1/3)-1/2xI*37(1/2) /ex(-d*xe~2)~(1/3))*37(1/2)*e/(-d*e~2)~(1/3))~(1/2)*((x-1/
ex(-d*e~2)7(1/3))/(-3/2/ex(-d*e~2)~(1/3)+1/2*Ix3"(1/2) /ex(-d*e~2)~(1/3)))"(
1/2) % (-Ix(x+1/2/ex(-d*e”2) " (1/3)+1/2*I*3~(1/2) /e*x(-d*e”~2) " (1/3))*37(1/2) *e/
(~d*e~2)~(1/3))~(1/2) /(exx~3+d) ~(1/2) *E11lipticF (1/3%37 (1/2) * (I*(x+1/2/e*(-d
*xe”2) 7 (1/3)-1/2%I%37(1/2) /ex(-d*e~2)~(1/3))*37(1/2) *e/(-d*e~2)~(1/3))~(1/2)
, (I*x37(1/2) /ex(-d*e”2) " (1/3)/(-3/2/ex(-d*e~2) " (1/3)+1/2*I*3"(1/2) /ex(-d*e”2
)7(1/3)))7(1/2)))-2/3*xI*a*x3" (1/2) /ex(-d*e~2) ~(1/3) * (I*(x+1/2/ex(-d*e~2) " (1/
3)-1/2xI*%37(1/2) /ex(-d*xe”2)~(1/3))*3~(1/2)*xe/(~d*xe”2)~(1/3)) " (1/2) * ((x-1/ex*
(-d*e~2)~(1/3))/(-3/2/e*x(-d*e~2) " (1/3)+1/2*I*37(1/2) /ex(-d*e~2)~(1/3)))~(1/
2)x (-Ix(x+1/2/ex(-d*e”2) " (1/3)+1/2%I*37 (1/2) /ex(-d*e™2) ~(1/3) ) *37(1/2) *e/ (-
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d*e”~2)"(1/3))7(1/2)/ (exx~3+d) ~(1/2) *E1LipticF (1/3*37(1/2)* (I*(x+1/2/ex (~d*e
~2)7(1/3)-1/2%Ix37(1/2) /ex(-d*e~2) " (1/3))*3~ (1/2)*e/(-d*e"2) " (1/3))~(1/2), (
Ix37(1/2) /ex(-d*e™2)"(1/3)/(-3/2/ex(-d*e”2) " (1/3)+1/2xI*37(1/2) /e*x(-d*e”2) "~
(1/3)))7(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.
f ex® + bx® + a,
Vex® +d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~6+b*x~3+a)/(e*x~3+d)~(1/2),x, algorithm="maxima")

[Out] integrate((c*x~6 + b*x~3 + a)/sqrt(e*x”3 + d), x)

Fricas [F] time = 0., size = 0, normalized size = 0.
cx® +bx3 +a )
—_— X

Vex3 +d

Verification of antiderivative is not currently implemented for this CAS.

integral (

[In] integrate((c*x~6+b*x~3+a)/(exx~3+d)~(1/2),x, algorithm="fricas")

[Out] integral((c*x"6 + b*x~3 + a)/sqrt(e*xx”3 + d), x)

Sympy [A] time = 2.62862, size = 119, normalized size = 0.43

11
1 =, =l ex3ei™ 4
axI’ (g) 2F1 (3é2 exde ) bx4f (5) 2F1 [
3 +

(] () (Y]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ckx**6+b*x**3+a)/ (e*x**3+d)**(1/2),x)
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1/2), (4/3,), exx*x3%exp_polar (I*pi)/d)/(3*sqrt(
(7/3,), exx*x3%exp_pol
(1

[Out] a*x*gamma (1/3)*hyper((1/3,
d) *gamma (4/3)) + bxx**x4*xgamma(4/3)*hyper ((1/2, 4/3),
ar (I*pi)/d)/(3*sqrt(d)*gamma(7/3)) + c*x**7xgamma(7/3)*hyper((1/2, 7/3),

0/3,), exx**x3%exp_polar (I*pi)/d)/(3*sqrt(d)*gamma(10/3))

Giac [F] time = 0., size = 0, normalized size = 0.

fcx + b +a

Vex3 +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*xx~6+b*xx~3+a)/(exx~3+d)~(1/2),x, algorithm="giac")

[Out] integrate((c*x”6 + b*x"3 + a)/sqrt(exx”3 + d), x)
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6

3 39 f a+bx3+cx

(d+ex3)3/2

dx

Optimal. Leaf size=289

3 - i+ Yex
24/2 + V3 (Vi + Jex) J A ViNexre? (16cd2 — 5e(ae + 2bd)) EllipticF (sm‘l (M) , =7 — 4«/5)

((1+3) ¥ 3] (1+V3) Var Yox 2
— + JES—
15+/3de7/3 M‘/d +ex3 c

((1+3) Vit Jex)

[Out] (2%(c*xd"2 - b*d*xe + axe”2)*x)/(3*dxe”2*xSqrt[d + e*x"3]) + (2%c*x*Sqrt[d + e
*x73])/(5%e”2) - (2#Sqrt[2 + Sqrt[3]1*(16%c*d™2 - 5xex(2xbxd + axe))*(d”~(1/

3) + e7(1/3)*x)*Sqrt [(d~(2/3) - d~(1/3)*e~(1/3)*x + e~ (2/3)*x72)/((1 + Sqrt
[31)%d~(1/3) + e~ (1/3)*x)"2]*EllipticF[ArcSin[((1 - Sqrt[3])*d~(1/3) + e~ (1
/3)xx)/((1 + Sqrt[3]1)*d~(1/3) + e~ (1/3)*x)], -7 - 4xSqrt[3]]1)/(15*%37(1/4)*d

*e~ (7/3)*8qrt [(d™(1/3)*(d~(1/3) + e~ (1/3)*x))/((1 + Sqrt[3])*d~(1/3) + e~ (1
/3)*x) 2] *Sqrt [d + e*xx~3])

Rubi [A] time = 0.189006, antiderivative size = 289, normalized size of antiderivative =
1., number of steps used = 3, number of rules used = 3, integrand size = 24, number of rules _

0.125, Rules used = {1409, 388, 218}

3 Yex+(1-v3)A
22+ V3 (Vi + ex) J PONIVE (3 6042 — Se(ae + 2bd)) F (sin‘1 (M) 1-7-

integrand size

2x (aez — bde + cdz) ((1+\/@ Vi+ %x)z Yex+(1+V3)
3de2Vd + ex3 Ya( Y+ Yex
15+/3de/3 (—)2\151 +ex3
((1+3) 362 Jex)

Antiderivative was successfully verified.

[In] Int[(a + b*x"3 + c*x76)/(d + exx~3)~(3/2) ,x]

[Out] (2%(c*d™2 - b*d*e + a*e”2)*x)/(3xdxe”2xSqrt[d + e*x73]) + (2xc*xx*Sqrtld + e
*xx73])/(6%e”2) - (2+Sqrt[2 + Sqrt[3]]1*(16*c*xd~2 - L*xex(2xbxd + axe))*(d~(1/

3) + e (1/3)*x)*Sqrt[(d™(2/3) - d~(1/3)*e~(1/3)*x + e~ (2/3)*x72)/((1 + Sqrt
[3]1)*xd~(1/3) + e~ (1/3)*x)"2]*E1llipticF[ArcSin[((1 - Sqrt([3])*d~(1/3) + e~ (1
/3)*x)/((1 + Sqrt[3]1)*d~(1/3) + e~ (1/3)*x)], -7 - 4xSqrt[3]1])/(15%37(1/4)*d

*xe” (7/3)*3qrt [(d~(1/3)*(d"(1/3) + e~ (1/3)*x))/((1 + Sqrt[3])*d~(1/3) + e~ (1
/3)*x)"2]*Sqrt[d + exx"3])
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Rule 1409

Int[((d_) + (e_.)*(x_ )" (n_))"(q)*((a_) + (b_)*(xD)"(n_) + (c_.)*(x_)"(n2_
)), x_Symbol] :> -Simp[((c*d"2 - b*d*e + axe”2)*xx(d + exx"n) (q + 1))/ (dx*e
“2%n*x(q + 1)), x] + Dist[1/(nx(q + 1)*d*e”2), Int[(d + e*x"n)~(q + 1)*Simp[
c*d”2 - bxd*e + axe”2*x(n*(q + 1) + 1) + c*d*exn*(q + D)*x"n, x], x], x] /;
FreeQ[{a, b, c, d, e, n}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc, 0] && NeQ[
c*d”2 - bxd*e + axe”2, 0] && LtQ[q, -1]

Rule 388

Int[((a_) + (b_)*xx_)"(m_ )" (p_)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Si
mp[(d*x*(a + b*x™n) " (p + 1))/ (b*x(n*x(p + 1) + 1)), x] - Dist[(axd - bxc*(n*(
p+ 1)+ 1))/ (bx(nx(p + 1) + 1)), Int[(a + b*x™n)"p, x], x] /; FreeQ[{a, b,
c, d, n}, x] && NeQ[b*c - axd, 0] && NeQ[n*x(p + 1) + 1, 0]

Rule 218

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],

s = Denom[Rt[b/a, 311}, Simp[(2*Sqrt[2 + Sqrt[3]]*(s + r*x)*Sqrt[(s™2 - r*s
*x + ro2*%x72)/((1 + Sqrt[3])*s + r*x)"2]*EllipticF[ArcSin[((1 - Sqrt[3])*s

+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4%Sqrt[3]])/(3"(1/4)*r*Sqrt[a + b*x"3
1#Sqrt[(s*(s + r*x))/((1 + Sqrt[3])*s + r*x)"2]), x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rubi steps

2cd2—e(2bd+ae))— ; cdex®

1
al
fa+m@+m6x:2@¥—mk+wﬂx_2f2 Vit dx
(d + ex3)3/2 3de?Vd + ex3 3de?
1
2(c — bde + ae?) x  2exyd T e (16cd* — 5e(2bd + ac)) [ —— dx
3de?Vd + ex3 " 5¢? ) 15de?

22+ V3 (16cd? - 5e(2bd + ae)) (Vd + Vex)

28

2 (ccl2 — bde + aez) X 2cxVd + ex3 ((1+\/§) Y
+ —
3de2\d + ex3 5e? \3/171( i+ %/Ex]

15+/3de7/3

((1+\r3) Yir Ve
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Mathematica [C] time = 0.105869, size = 102, normalized size = 0.35

X ( 4 ,F; (%/ %,- ;f,- _§) (Se(ae +2bd) - 16cd2) +2 (5€(ﬂ€ —bd) +cd (851 + 36x3)))

d
15de?Vd + ex3

Antiderivative was successfully verified.

[In] Integrate[(a + b*x"3 + c*x76)/(d + exx"3)"(3/2),x]

[Out] (x*(2x(5xex(—(bxd) + axe) + c*d*(8*d + 3*exx"3)) + (-16*c*d™2 + B*xex(2*xbx*xd
+ axe))*Sqrt[1 + (e*x”3)/d]*Hypergeometric2F1[1/3, 1/2, 4/3, -((exx~3)/d)]1)
)/ (15%d*e~2+Sqrt[d + e*xx~3])

Maple [B] time = 0.038, size = 934, normalized size = 3.2

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"6+b*xx"3+a)/(exx~3+d) " (3/2),x)

[Out] c*x(2/3/e " 2*xd*x/((x~3+d/e)*xe) " (1/2)+2/5/e” 2*xx* (exx~3+d) ~(1/2)+32/45*I*d/e” 3%
37(1/2) % (=d*xe”2) ~(1/3) *(I*(x+1/2/ex(-d*e”2) ~(1/3)-1/2*I*37(1/2) /e*x(-d*e"2)~
(1/3))*37(1/2)*e/ (=d*xe”2)~(1/3)) " (1/2) * ((x-1/ex(-d*xe~2)~(1/3) )/ (-3/2/ex (-d*
e”2) " (1/3)+1/2%I%37(1/2) /ex(~d*e™2) 7 (1/3))) " (1/2)x (-I*(x+1/2/ex(-d*xe~2) " (1/
3)+1/2%I%x37(1/2) /ex(-d*e~2)~(1/3))*37(1/2) *e/(-d*e~2)~(1/3))~(1/2) / (exx~3+d
)~ (1/2)*E11ipticF(1/3%37(1/2) x (I*x(x+1/2/e*x(-d*e~2)~(1/3)-1/2*Ix3~(1/2) /ex (-
d*e”2)7(1/3))*37(1/2)*e/(~d*xe”2)~(1/3))~(1/2) , (I*37(1/2) /ex(-d*e”2)~(1/3) /(
-3/2/ex(-d*e”2) " (1/3)+1/2%xI*37(1/2) /ex(-d*e~2)~(1/3)))~(1/2)) ) +b*x(-2/3/e*xx/
((x73+d/e)*e) " (1/2)-4/9*%1/e"2x37 (1/2) % (-d*e~2) " (1/3) * (I* (x+1/2/ex (-d*e~2) ~(
1/3)-1/2xI*37(1/2) /ex(-d*xe~2)~(1/3))*37(1/2)*e/(-d*e~2)~(1/3))~(1/2)*((x-1/
ex(-d*e~2)7(1/3))/(-3/2/ex(-d*e~2)~(1/3)+1/2*Ix3~(1/2) /ex(-d*e~2)~(1/3)))~(
1/2) % (~Ix(x+1/2/e*x(-d*xe”2) " (1/3)+1/2%I*37(1/2) /ex(-d*e~2) " (1/3))*3~(1/2) *xe/
(-d*e~2)~(1/3))~(1/2) /(exx~3+d) ~(1/2) *E11lipticF (1/3%3~ (1/2) % (I*(x+1/2/e*(-d
*xe”2) 7 (1/3)-1/2%I%37(1/2) /ex(-d*e~2)~(1/3))*3~(1/2) *e/(-d*e~2)~(1/3))~(1/2)
, (I*x37(1/2) /ex(-d*e"2) " (1/3)/(-3/2/ex(-d*e~2) " (1/3)+1/2*I*3"(1/2) /ex(-d*e”2
)=(1/3)))°(1/2)))+ax(2/3/d*xx/ ((x~3+d/e) *e) ~(1/2)-2/9*%1/d*3~(1/2) /ex (-d*e~2)
T(1/3) % (I*(x+1/2/e*x(-d*e”2) " (1/3)-1/2%I*37(1/2) /ex(-d*xe~2) ~(1/3))*37(1/2) *e
/(=d*e”2)"(1/3)) " (1/2)*((x-1/ex(-d*e~2)~(1/3)) /(-3/2/ex(-d*e~2) " (1/3)+1/2%1I
*37(1/2) /ex(-d*xe”2) " (1/3))) " (1/2) * (-Ix(x+1/2/ex(-d*xe~2) " (1/3)+1/2*xI*3~(1/2)



264

/ex(-dxe”2)~(1/3))*37(1/2)*e/(-d*e~2)"(1/3))~(1/2)/ (exx~3+d) " (1/2)*Elliptic
F(1/3%37(1/2) % (I*(x+1/2/ex(-d*e”2) " (1/3)-1/2%I*37(1/2) /e*x(-d*e”2)~(1/3))*3"
(1/2)*e/(-d*e”2)~(1/3))~(1/2) , (I*37(1/2) /ex(-d*e~2)"(1/3)/ (-3/2/e*x(-d*e”~2)~
(1/3)+1/2%I%37(1/2) /ex(-d*e”2)"(1/3)))~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.
cx® +bx3 +a
——dx
(ex3 + d) 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~6+b*x~3+a)/(e*xx~3+d)~(3/2),x, algorithm="maxima"

[Out] integrate((c*x~6 + b*x~3 + a)/(e*xx”3 + d)~(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(cx6 +bx3 + a)\/ex3 +d

integral
& e2x6 4+ 2 dex® + d?

X
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((c*xx~6+b*x~3+a)/(exx~3+d)~(3/2),x, algorithm="fricas")

[Out] integral((c*x”6 + b*x~3 + a)*sqrt(e*x”3 + d)/(e”™2*%x"6 + 2*d*e*xx"3 + d72), x
)

Sympy [A] time = 18.6978, size = 119, normalized size = 0.41

LTI 43 37 .
1 YA o 4 275 i 7 PYAY i
axl"(g)zpl (3é2 exde ) bx41" (é)ZFl [322 é’xde ] Cx71- (g)ZFl [2_03 exde ]
3 3 3
sdar ' 3zt ' sdar (2
3 3 3

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((c*x**6+b*xx*3+a)/ (e*x**3+d)**(3/2),x)

[Out] axx*gamma(1/3)*hyper((1/3, 3/2), (4/3,), exxx*x3*exp_polar (I*pi)/d)/(3*xd**(3
/2)*gamma (4/3)) + bxx**4*xgamma(4/3)*hyper((4/3, 3/2), (7/3,), exx**3*exp_po
lar(I*pi)/d)/ (3*d**(3/2)*gamma(7/3)) + c*x*x7xgamma(7/3)*hyper((3/2, 7/3),
(10/3,), exx*x3*exp_polar (I*pi)/d)/(3*%d**(3/2)*gamma(10/3))

Giac [F] time = 0., size = 0, normalized size = 0.

cx® +bxd+a
3

(ex3 + d)i

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~6+b*x~3+a)/(exx~3+d)~(3/2),x, algorithm="giac")

[Out] integrate((c*x”6 + b*x~3 + a)/(e*x~3 + d)~(3/2), x)
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6

3 40 f a+bx3+cx

(d+ex3)5/2

dx

Optimal. Leaf size=309

3 - i+ Yex
24/2 + V3 (Vi + Jex) J w (e(7ae + 2bd) + 16cd?) EllipticF (sin_l (M) , 7 — 4«/5)

((1+3) 3 ¥ex) (1+3) Vi + Jex 2x(-7.
Y[ Y+ Jex 2
273d2¢7/3 (—+)2\/d +ex3
((1+3) Y6t Jex)

[Out] (2*(cxd”™2 - b*dxe + axe”2)*x)/(9*d*e”2*x(d + e*x73)7(3/2)) - (2x(11xc*d"2 -
2xbxd*e - T*xaxe~2)*x)/(27*d"2%e”2xSqrt[d + e*x~3]) + (2+Sqrt[2 + Sqrt[3]]*(
16%cxd™2 + ex(2*bxd + 7xaxe))*(d~(1/3) + e~ (1/3)*x)*Sqrt[(d~(2/3) - d~(1/3)
xe”(1/3)*x + e7(2/3)*x72)/((1 + Sqrt[3])*d~(1/3) + e~ (1/3)*x)~2]*EllipticF[
ArcSin[((1 - Sqrt[3]1)*d~(1/3) + e~ (1/3)*x)/((1 + Sqrt[3])*d~(1/3) + e~ (1/3)
*x)], -7 - 4xSqrt[31])/(27*37(1/4)*d"2*e” (7/3)*Sqrt [(d~(1/3)*(d~(1/3) + e~ (
1/3)*x))/((1 + Sqrt[3]1)*d~(1/3) + e~ (1/3)*x) 2]*Sqrt[d + exx"3])

Rubi [A] time = 0.210659, antiderivative size = 309, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 24, e -

0.125, Rules used = {1409, 385, 218}

integrand size

373
22+ V3 (Vd + Yex) J PANINE 0 (o(7ae + 2bd) +160d%).

2x (—7{162 —2bde + 11cd2) 2x (aez — bde + cdz) ((1+\/§) Y+ %/Ex)
- + +
27d?%e>Nd + ex3 9de2 (d 4 ex3)3/ 2 27 e %( i+ \3/Ex)
((1+3) ¥ 3]

Antiderivative was successfully verified.

[In] Int[(a + b*x"3 + c*x76)/(d + exx~3)~(5/2) ,x]

[Out] (2x(c*d™2 - b*d*e + axe”2)*x)/(9*dxe”2x(d + e*x73)7(3/2)) - (2x(1lxcxd~2 -
2xb*xdxe - Txa*xe”2)*x)/(27+xd"2%e"2*Sqrt[d + e*x"3]) + (2xSqrt[2 + Sqrt[3]]x*(
16xc*d”™2 + ex(2xb*xd + T*xaxe))*(d~(1/3) + e~ (1/3)*x)*Sqrt[(d~(2/3) - d~(1/3)
xe”(1/3)*x + e7(2/3)*x72)/((1 + Sqrt[3])*d~(1/3) + e~ (1/3)*x)"2]*EllipticF[
ArcSin[((1 - Sqrt[3])*d~(1/3) + e~ (1/3)*x)/((1 + Sqrt[3]1)*d~(1/3) + e~ (1/3)
xx)], =7 - 4xSqrt[3]1]1)/(27x3~(1/4)*d"2*e” (7/3)*Sqrt [(d~(1/3)*(d~(1/3) + e~ (
1/3)*x))/((1 + Sqrt[3]1)*d~(1/3) + e~ (1/3)*x)"2]*Sqrt[d + exx"3])
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Rule 1409

Int[((d_) + (e_.)*(x_ )" (n_))"(q)*((a_) + (b_)*x)"(n_) + (c_.)*(x_)"(n2_
)), x_Symbol] :> -Simp[((c*d"2 - b*d*e + axe”2)*xx(d + exx"n) (q + 1))/ (d*e
“2#n*x(q + 1)), x] + Dist[1/(nx(q + 1)*d*e”2), Int[(d + e*x"n)~(q + 1)*Simp[
c*d”2 - bxd*e + axe”2*x(n*(q + 1) + 1) + c*d*exn*(q + L)*x"n, x], x], x] /;

FreeQ[{a, b, c, d, e, n}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc, 0] && NeQ[
c*d”2 - bxd*e + axe”2, 0] && LtQ[q, -1]

Rule 385

Int[((a_) + (b_)*x(x_)"(n_))"(p_)*((c_) + (d_.)*x(x_)"(n_)), x_Symbol] :> -8
imp[((b*c - axd)*x*(a + bxx"n) (p + 1))/(a*xb*n*(p + 1)), x] - Dist[(axd - b
xcx(nx(p + 1) + 1))/(a*xb*n*x(p + 1)), Int[(a + b*x™n) " (p + 1), x], x] /; Fre
eQl{a, b, c, d, n, p}, x] && NeQ[b*c - axd, 0] && (LtQ[p, -1] || ILtQ[1/n +
p, 01)

Rule 218

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[(2#Sqrt[2 + Sqrt[3]]*(s + r*x)*Sqrt[(s”2 - r*s
*x + r72*%x72)/((1 + Sqrt[3])*s + r*x)"2]*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4%Sqrt[3]1]1)/(37(1/4)*r*Sqrt[a + b*x~3
1*Sqrt [(s*(s + r*x))/((1 + Sqrt[3])*s + r*x)~21), x]1] /; FreeQ[{a, b}, x] &
& PosQ[al

Rubi steps

2cd?—e(2bd +7ae))— ; cdex®

f a+ bx3 + cx® 2 (cd2 — bde + aez) X (d+ex3)”

(d + ex3)5/2 T 9de? (d + ex3)3/2 9de?

2 (cd2 — bde + aez) x 2 (11ccl2 —2bde — 7an) X (4 (_ngze + ie (2Cd2 —e(2bd + 7ae)))) f N

9de? (d + ex?) 27RANd + ex® 27

24/2 + V3 (16cd? + e(2bd + 7ae)) (Vd + /e

2 (cd2 — bde + aez) x 2 (11ch — 2bde - 7(162) x

942 (d " ex3)3/2  7ReVdted

273d2¢7/3

~
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Mathematica [C] time = 0.139048, size = 129, normalized size = 0.42

x (d + ex3) w/% +1,F (%, %,‘ g; —%) (e(7ae +2bd) + 16cd2) - 2x (e (bd (d - 2@x3) - ae (10d + 7ex3)) + cd? (801 +11ext
30

27d2¢? (d + ex3)
Antiderivative was successfully verified.

[In] Integratel[(a + b*x~3 + c*x76)/(d + exx~3)~(5/2),x]

[Out] (-2*x*x(cxd™2%(8%d + 1l%xe*x~3) + ex(bxdx(d — 2%exx~3) - a*e*x(10*d + T7T*xexx"3)
)) + (16%c*xd™2 + ex(2%bxd + Txaxe))*x*(d + e*xx"3)*Sqrt[l1 + (exx”3)/d]x*Hyper
geometric2F1[1/3, 1/2, 4/3, -((exx~3)/d)])/(27*d"2*xe"2x(d + exx~3)~(3/2))

Maple [B] time = 0.042, size = 1005, normalized size = 3.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"6+b*xx"3+a)/(e*xx~3+d) "~ (5/2),x)

[Out] c*(2/9%d*x/e"4*(exx~3+d) " (1/2)/(x"3+d/e)"2-22/27/e"2xx/ ((x~3+d/e)*e) " (1/2) -
32/81x1/e73%37(1/2)*(~d*e~2) "~ (1/3) * (I* (x+1/2/e*x(-d*xe”~2) " (1/3)-1/2*xI*3"(1/2)
/ex(—d*e”2)~(1/3))*37(1/2)*e/(-d*e~2)~(1/3))~(1/2)*((x-1/ex(-d*e~2)~(1/3))/
(-3/2/ex(-d*e~2) " (1/3)+1/2xI*37(1/2) /ex(-d*e~2) " (1/3))) ~(1/2) * (-I*(x+1/2/e*
(-d*e~2)~(1/3)+1/2%I*37(1/2) /ex(-d*e~2)~(1/3))*3"(1/2)*e/(-d*xe~2)~(1/3))~ (1
/2)/(exx~3+d) ~(1/2)*E1lipticF (1/3*37(1/2) % (I*(x+1/2/ex(-d*e~2) ~(1/3)-1/2*Ix
37(1/2)/ex(-d*e~2)"(1/3))*37(1/2)*e/ (-d*e~2)~(1/3))~(1/2), (I*37(1/2) /ex(-dx*
e”2)7(1/3)/(-3/2/e*x(-d*e~2) " (1/3)+1/2xI*37(1/2) /ex(-d*e~2)~(1/3)))~(1/2)))+
b*x(-2/9*%x/e"3*(exx~3+d) ~(1/2)/(x~3+d/e) "2+4/27/e/d*x/ ((x~3+d/e)*xe) " (1/2)-4/
81xI/e~2/d*37(1/2)*x(~d*xe~2) "~ (1/3) * (I*(x+1/2/e*(-d*e~2)~(1/3)-1/2*I*37(1/2)/
ex(-d*e”2)7(1/3))*37(1/2)*e/(-d*e~2)~(1/3)) " (1/2)*((x-1/ex(-d*e~2)~(1/3)) /(
-3/2/ex(=d*e”2) " (1/3)+1/2xIx37(1/2) /ex(-d*e”2) " (1/3))) " (1/2)*(-I* (x+1/2/e*(
-d*e”2) 7 (1/3)+1/2xIx37(1/2) /ex(-d*e~2)~(1/3))*37(1/2)*e/(-d*xe~2)~(1/3))~(1/
2)/(e*xx”73+d) " (1/2)*E11lipticF(1/3%37 (1/2)*(I*(x+1/2/ex(-d*e~2) ~(1/3)-1/2%I*3
~(1/2)/ex(-d*e~2)~(1/3))*37(1/2)*e/(-d*e~2)~(1/3))~(1/2), (I*37(1/2) /ex(-d*e
~2)7(1/3)/(=3/2/ex(=d*xe”2) " (1/3)+1/2¥I*3"(1/2) /ex(-d*e~2)~(1/3)))~(1/2)))+a
*(2/9/d*x/e” 2% (exx”3+d) ~(1/2)/ (x~3+d/e) "2+14/27/d"2*xx/ ((x~3+d/e)*xe) " (1/2)-1
4/81*1/d"2*%37(1/2) /ex(-d*xe~2) " (1/3) * (Ix(x+1/2/ex(-d*e~2) " (1/3)-1/2*I*3"(1/2
)/ex(=d*e~2)~(1/3))*37(1/2)*e/(-d*e~2)~(1/3))~(1/2) * ((x-1/ex(-d*e~2)~(1/3))
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/(=3/2/ex(-d*e”2) " (1/3)+1/2*%Ix37(1/2) /ex(-dxe~2)~(1/3))) " (1/2) x (-Ix(x+1/2/e
*x(=d*e”2) " (1/3)+1/2%Ix37(1/2) /ex(=d*e~2)~(1/3))*3~(1/2) *e/(~d*xe”2)~(1/3)) " (
1/2)/ (e*xx~3+d) " (1/2) *E11lipticF (1/3%37(1/2) * (I* (x+1/2/e*x(-d*e~2) " (1/3)-1/2x1
*37(1/2) /ex(~d*e~2)~(1/3))*37(1/2)*xe/(-d*e”2) " (1/3))~(1/2), (I*37(1/2) /ex(-d
*e"2)7(1/3)/(-3/2/ex(=d*e~2) "~ (1/3)+1/2*xI*3~(1/2) /ex(-d*e”2)~(1/3)))~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

cx® +bx® +a
5

(ex3 + al)E
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~6+b*x~3+a)/(e*xx~3+d)~(5/2),x, algorithm="maxima"

[Out] integrate((c*x”6 + bxx"3 + a)/(e*x”3 + d)~(5/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(cx6 +bx3 + a)Vex3 +d

e3x + 3de2x® + 3 d%ex3 + d3’

integral
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((c*x~6+b*x~3+a)/(exx~3+d)~(5/2),x, algorithm="fricas")

[Out] integral((c*x”6 + b*xx"3 + a)*sqrt(e*xx”™3 + d)/(e™3*x™9 + 3*d*e™2%x"6 + 3*d~2
*exx~3 + d73), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x**6+b*xx*3+a)/(exx**3+d)**(5/2),x)



[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

cx® +bxd+a
5

(ex3 + cl)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*xx~6+b*xx~3+a)/(exx~3+d)~(5/2),x, algorithm="giac")

[Out] integrate((c*x”6 + bxx"3 + a)/(e*x"3 + d)~(5/2), x)
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6

a+bx3+cx
3.41 ‘[‘E;ZZ;;;;ZE-CLX

Optimal. Leaf size=349

353 _ 3 3
24/2 + V3 (Vi + Jex) J w (91ae? + 14bde + 16¢d?) EllipticF (sm‘l (M) , =7 — 4«/5)

((1+\/§) %/t_i+ %x) (1+\/§) %4— {’/Ex 2x
+ JE—
Ya( i+ Yex
405+/3d3¢7/3 (—+)2\/d + ex3
((1+3) Y6t Jex)

[Out] (2%(c*xd"2 - b*d*xe + axe”2)*x)/(15*xd*e”2*x(d + e*x"3)7(5/2)) - (2%(17xc*d"2 -
2xbxd*e - 13*a*xe”2)*x)/(135%d"2*%e"2*(d + e*x”"3)7(3/2)) + (2x(16%c*xd”2 + 14
*xbxd*e + 9lkaxe”2)*x)/(405*%d"~3*%e"2xSqrt[d + e*x~3]) + (2xSqrt[2 + Sqrt[3]]x
(16%c*d”™2 + 14*bxd*e + 9lkxaxe”2)*(d~(1/3) + e~ (1/3)*x)*Sqrt[(d~(2/3) - 4~ (1
/3)*%e”(1/3)*x + e~ (2/3)*x72)/((1 + Sqrt[3])*d~(1/3) + e~ (1/3)*x)"2]*Ellipti
cF[ArcSin[((1 - Sqrt[3])*d~(1/3) + e~ (1/3)*x)/((1 + Sqrt[3])*d~(1/3) + e~ (1
/3)*x)], -7 - 4*Sqrt[3]]1)/(405%37(1/4)*d"3%e~(7/3)*Sqrt [(d~(1/3)*(d~(1/3) +

e (1/3)*x))/((1 + Sqrt[3])*d~(1/3) + e~ (1/3)*x)"2]*3qrt[d + e*x~3])

Rubi [A] time = 0.324033, antiderivative size = 349, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 24, L

0.167, Rules used = {1409, 385, 199, 218}

integrand size

2\ﬁ;;?y§(€&5+‘@5x) PP Na3

2x (915!62 + 14bde + 16cd2) 2x (—131162 — 2bde + 17cd2) 2x (aez — bde + cdz) ((1+\/§)%
405d3e2Vd 3 - 2,2 3\ " 2 3\7? "
e +ex 135d2%e (d + ex ) 15de (d + ex ) A

Antiderivative was successfully verified.

[In] Int[(a + b*x"3 + c*x76)/(d + exx~3)"(7/2) ,x]

[Out] (2*(c*xd™2 - bxd*e + a*e”2)*x)/(156xd*e”2*x(d + exx~3)7(5/2)) - (2%(17*c*d"2 -
2%b*d*e - 13*a*xe”2)*x)/(135%d"2%e"2*%(d + e*xx~3)7(3/2)) + (2%(16*c*d"2 + 14
xb*d*e + 9lkaxe”2)*x)/(4056%d"3*e”2*xSqrt[d + e*x"3]) + (2xSqrt[2 + Sqrt[3]]*
(16%xc*d”2 + 14*bxd*e + 9lxaxe”2)*(d~(1/3) + e~ (1/3)*x)*Sqrt[(d~(2/3) - 4~ (1
/3)*e”(1/3)*x + e~ (2/3)*x72)/((1 + Sqrt[3]1)*d~(1/3) + e~ (1/3)*x)"2]*Ellipti
cF[ArcSin[((1 - Sqrt[3]1)*d~(1/3) + e~ (1/3)*x)/((1 + Sqrt[3])*d~(1/3) + e~ (1
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/3)*x)], -7 - 4%Sqrt[3]])/(405%37(1/4)*d"3*e~(7/3)*Sqrt [(d~(1/3)*(d~(1/3) +
e (1/3)*x))/((1 + Sqrt[3])*d~(1/3) + e~ (1/3)*x)"2]*Sqrt[d + e*x~3])

Rule 1409

Int[((d_) + (e_.)*x(x_)"(n_))"(q)*x((a_) + (b_)*xx_D"(n_) + (c_.)*x(x_)"(n2_
)), x_Symbol]l :> -Simp[((c*d™2 - bxd*e + axe”2)*xx(d + exx™n)~(q + 1))/(d*e
~2#«n*x(q + 1)), x] + Dist[1/(n*(q + 1)*d*e”2), Int[(d + exx"n) " (q + 1)*Simp[
c*d”2 - bxd*e + axe”2*x(n*(q + 1) + 1) + c*d*xexn*x(q + 1)*x"n, x], x], x] /;
FreeQ[{a, b, c, d, e, n}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc, 0] && NeQ[
c*d”2 - bxd*xe + a*e”2, 0] && LtQ[q, -1]

Rule 385

Int[((a_) + (b_)*(x_)" (0 ))"(p)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> -S
imp[((b*c - a*d)*x*(a + b*xx™n) (p + 1))/(axb*nx(p + 1)), x] - Dist[(axd - b
xck(nx(p + 1) + 1))/(a*xb*n*(p + 1)), Int[(a + b*x™n)"(p + 1), x], x] /; Fre
eQl{a, b, ¢, d, n, p}, x] & NeQ[b*c - axd, 0] && (LtQlp, -11 || ILtQ[1/n +
p, 01)

Rule 199

Int[((a_) + (b_)*x_ )" (@ ))"(p_), x_Symbol] :> -Simp[(x*(a + b*x™n) (p + 1
))/(axnx(p + 1)), x] + Dist[(nx(p + 1) + 1)/(a*n*(p + 1)), Int[(a + b*x"n)~
(p + 1), x]1, x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && LtQ[p, -1] && (Integer
Q[2xp] || (n == 2 && IntegerQ[4*pl) || (n == 2 && IntegerQ[3*p]) || Denomin
ator[p + 1/n] < Denominator[p])

Rule 218

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],
s = Denom[Rt[b/a, 311}, Simp[(2%Sqrt[2 + Sqrt[3]]1*(s + r*x)*Sqrt[(s™2 - r*s
xx + r72*%x72)/((1 + Sqrt[3])*s + r*x) 2]*EllipticF[ArcSin[((1 - Sqrt[3])*s
+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4%Sqrt[3]]1)/(37(1/4)*r*Sqrt[a + b*x~3
1xSqrt[(s*(s + r*x))/((1 + Sqrt[3])*s + r*x)~2]), x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rubi steps
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2cd%—e(2bd +13ae))— 12—5 cdex®
)5/2

[ 3
f 4+ bx3 + cx® 2 (cd2 —bde + aez) X (d+ex®

(d + ex3)7/2 15de? (d + ex3)5/2 15de?
1
2 (cd2 — bde + aez) x 2 (17cd2 — 2bde — 13an) x (16Cd2 + 14bde + 91{162) f (d +€x3)3/2 dx
) W 7o 135d%¢2
15de? (d + ex3) 135d2¢2 (d + ex3)
2 (cd2 — bde + aez) x 2 (17cd2 — 2bde — 13an) x 2 (16cd2 + 14bde + 91an) x (16Cd2 +14
= - + +
15de2 (d + ex®)” 1354262 (d + ex3) 40532 Vd + ex?
24/2+ V3
2 (cd2 — bde + aez) x 2 (17cd2 — 2bde - 13an) x 2 (16ccl2 + 14bde + 91an) X
+

= - +
15de? (d + ex3)5/2 13542¢2 (d + ex3)3/2 405d%e2Vd + ex3

Mathematica [C] time = 0.191137, size = 166, normalized size = 0.48

2x (¢ (e (1572 + 221dex® + 916%) + bl (~7d2 + 34dex® + 1462x%)) + cd? (-8 — 19dex® +166%x°)) + 3/ = +1(d

405d3¢2 (d + ex3)5/2

Antiderivative was successfully verified.

[In] Integrate[(a + b*x"3 + c*x76)/(d + exx"3)~(7/2),x]

[Out] (2*x*(c*xd™2*(-8*d"2 - 19*d*e*x"3 + 16*%e”2*x"6) + ex(b*xd*(-7+*d"2 + 34x*xd*xe*xx”
3 + 14%e”2%x76) + akxex(157+d”~2 + 221*d*xe*x”3 + 91%e”2*xx"6))) + (16%cxd”2 +

Txex (2%bxd + 13xaxe))*x*(d + exx"3)72xSqrt[1 + (exx"3)/d]*Hypergeometric2F1

[1/3, 1/2, 4/3, -((exx~3)/d)])/(405%d"3*e"2*x(d + exx~3)~(5/2))

Maple [B] time = 0.043, size = 1095, normalized size = 3.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((c*x~6+b*xx"3+a)/(e*xx~3+d) "~ (7/2),x)

[Out] c*(2/15*%d*x/e"5* (exx~3+d) ~(1/2)/(x"3+d/e) ~3-34/135*x/e"4* (e*xx~3+d) " (1/2)/(x
~3+d/e) "2+32/405/e"2/d*xx/ ((x"3+d/e) *e) ~(1/2)-32/1215%I/e”~3/d*3" (1/2) *(-d*e”
2) " (1/3) % (Ix(x+1/2/ex(~d*e~2) ~(1/3)-1/2xI*37(1/2) /ex(-d*e~2)~(1/3))*37(1/2)
xe/(-d*e”2)~(1/3)) " (1/2)*((x-1/e*x(-d*e”2) " (1/3))/(-3/2/e*x(-d*e”~2) " (1/3)+1/2
*I*x37(1/2) /ex(-d*xe™2)~(1/3))) " (1/2) * (-I*(x+1/2/ex(-d*xe~2)~(1/3)+1/2%I*3"(1/
2) /ex(-d*e~2)~(1/3))*37(1/2)*e/(-d*e~2)~(1/3))~(1/2) / (exx~3+d) ~(1/2) *E1llipt
icF(1/3%37(1/2) *(I*(x+1/2/ex(-d*e~2) " (1/3)-1/2xI*3"(1/2) /ex(-d*e~2)~(1/3))*
37(1/2)xe/(-d*e~2)"(1/3))~(1/2),(I*x37(1/2) /ex(-d*e~2)~(1/3) /(-3/2/ex(-d*e~2
)T (1/3)+1/2%I*37(1/2) /ex(-d*e~2) " (1/3)))~(1/2)) ) +b*x (-2/15*x/e~4* (exx~3+d) " (
1/2)/(x~3+d/e) "3+4/135/d*x/e"3* (exx~3+d) ~(1/2) / (x"3+d/e) "2+28/405/e/d"2*x/ (
(x73+d/e)*e)~(1/2)-28/1215%x1/e"2/d"2*3" (1/2) *(-d*e~2) ~(1/3) * (I*(x+1/2/ex(-d
*xe”2) 7 (1/3)-1/2%I%37(1/2) /ex(-d*e~2)~(1/3))*37(1/2) *e/(-d*e~2)~(1/3))~(1/2)
*((x-1/ex(-d*xe~2)~(1/3))/(-3/2/ex(-d*e~2) ~(1/3)+1/2%I*37(1/2) /ex(-d*e~2)~ (1
/3))) " (1/2)* (-I*x(x+1/2/ex(-d*e”2) " (1/3)+1/2*xI*37(1/2) /ex(-d*xe”~2) ~(1/3))*37(
1/2)*xe/(-d*e~2)~(1/3))~(1/2)/(e*x~3+d) ~(1/2)*E1llipticF(1/3%37(1/2) * (I*(x+1/
2/ex(-d*e”2)~(1/3)-1/2%Ix37(1/2) /ex(-d*xe~2)~(1/3))*3(1/2) *e/ (-d*e~2) ~(1/3)
)~ (1/2),(Ix37(1/2) /ex(-d*e~2)~(1/3)/(-3/2/ex(-d*e”~2)~(1/3)+1/2xI*37(1/2) /e*
(-d*e~2)"(1/3)))"(1/2)))+a*x(2/15/d*x/e"3* (e*x"3+d) ~(1/2) / (x~3+d/e) ~3+26/135
/A" 2%x/e” 2% (exx"3+d) ~(1/2)/ (x~3+d/e) "2+182/405/d"3*x/ ((x~3+d/e) *e) ~(1/2)-18
2/1215%1/d73%37(1/2) /ex(-d*e~2) " (1/3) * (I*(x+1/2/ex(-d*e~2) ~(1/3)-1/2%I*3~ (1
/2)/ex(=d*e”2) " (1/3))*37(1/2)*e/(-d*e"2) " (1/3)) " (1/2)*((x-1/e*x(-d*e"2) " (1/3
))/(=3/2/ex(-d*e”2) " (1/3)+1/2xI*37(1/2) /ex(-d*xe”~2)~(1/3)))~(1/2) * (-I*(x+1/2
/ex(=d*e”2) " (1/3)+1/2xI*x37(1/2) /ex(-d*e”2) " (1/3))*37(1/2)*e/(-d*e"2) " (1/3))
~(1/2)/(exx~3+d) ~(1/2) *E11lipticF(1/3%37 (1/2) * (I*(x+1/2/ex(-d*e~2)~(1/3)-1/2
*Ix37(1/2) /ex(-d*e”2)~(1/3))*37(1/2)*e/(=d*e~2)~(1/3))~(1/2), (I*37(1/2) /ex(
-d*xe”2)~(1/3)/(-3/2/ex(-d*xe”2) " (1/3)+1/2xI*3"(1/2) /ex(-d*e~2)~(1/3)))~(1/2)
))

Maxima [F] time = 0., size = 0, normalized size = 0.
cx® +bx3 +a
——dx

(ex3 +-d)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~6+b*x~3+a)/(e*xx~3+d)~(7/2),x, algorithm="maxima")

[Out] integrate((c*x"6 + b*x~3 + a)/(exx~3 + d)~(7/2), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

(cx6 +bx3 + a)Vex3 +d

X
e4x12 + 4.de3x® + 6 d%e2x6 + 4 d3exd + d*’

integral
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((c*x~6+b*x~3+a)/(e*xx~3+d)~(7/2),x, algorithm="fricas")

[Out] integral((c*xx"6 + b*x~3 + a)*sqrt(exx™3 + d)/(e”4*x"12 + 4*xd*e”3*x~9 + 6*d~
2%e"2%x"6 + 4*d"3*exx”3 + d74), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx**6+bxx**3+a)/ (e*xx*x*3+d)**(7/2),%)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

cx® +bx+a
7

(ex3 + d)E

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~6+b*x~3+a)/(exx~3+d)~(7/2),x, algorithm="giac")

[Out] integrate((c*x”6 + bxx~3 + a)/(exx"3 + d)~(7/2), x)
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6

342  [UEE g

(d+ex3)9/2

Optimal. Leaf size=389

353 _ 3 3
24/2 + V3 (Vd + Jex) J ek (A ol (247ae? + 26bde + 16cd?) EllipticF (sin_l (M) ,—7 - 4\/5)

((1+3) ¥+ ) (1+3) N+ Jex

5’/3( Ji+ %x)

1215+/3d4¢73 ~Vd + ex3
((1+3) 3+ )

[Out] (2*(c*d™2 - bxd*xe + a*e”2)#*x)/(21*xd*e”2x(d + exx~3)7(7/2)) - (2*%(23*c*d"2 -
2%b*d*e - 19*%a*xe”2)*x)/(315%d"2%e"2*%(d + e*xx"3)"(5/2)) + (2*x(16*c*d"2 + 26
*b*xd*e + 247*axe”2)*x)/(2835%d"3*xe"2%(d + e*xx"3)7(3/2)) + (2%(16*c*d"2 + 26
xbkxdxe + 247*axe”2)*x)/(1215*%d"4*e"2xSqrt[d + e*xx~3]) + (2%Sqrt[2 + Sqrt[3]
1x(16%cxd™2 + 26%bxd*e + 247*xa*xe”2)*(d~(1/3) + e~ (1/3)*x)*Sqrt[(d~(2/3) - d
“(1/3)*xe”(1/3)*xx + e7(2/3)*x72)/((1 + Sqrt([3])*d~(1/3) + e~ (1/3)*x) "2]*E11li
pticF[ArcSin[((1 - Sqrt([3]1)*d~(1/3) + e~ (1/3)*x)/((1 + Sqrt[3])*d~(1/3) + e
“(1/3)*x)], -7 - 4*Sqrt[3]1]1)/(1215%37(1/4)*d"4*e~(7/3)*Sqrt [(d~(1/3)*(d~(1/
3) + e (1/3)*x))/((1 + Sqrt[3])*d~(1/3) + e~ (1/3)*x)~2]*Sqrt[d + e*xx~3])

Rubi [A] time = 0.394819, antiderivative size = 389, normalized size of antiderivative =
number of rules

1., number of steps used = 5, number of rules used = 4, integrand size = 24,
0.167, Rules used = {1409, 385, 199, 218}

integrand size

2+
2x (247ae2 + 26bde + 16cd2) 2x (247an + 26bde + 16cd2) 2x (—19ae2 — 2bde + 23cd2) 2x (ae2 — bde + cdz)

+ - +
1215d%e2Vd + ex3 2835.3¢2 (d + ex3)3/2 31542¢2 (d + ex3)5/2 21de? (d + ex3)7/2

+_

Antiderivative was successfully verified.

[In] Int[(a + b*x"3 + c*x76)/(d + exx~3)"(9/2) ,x]

[Out] (2x(c*xd™2 - b*xdxe + axe”2)*x)/(21*d*e”2*(d + e*x~3)~(7/2)) - (2%(23*c*d”~2 -
2%bxdxe - 19%axe”2)*x)/(315xd"2*xe"2+x(d + e*xx"3)"(5/2)) + (2*x(16*c*d™2 + 26
*bxd*e + 247*axe”2)*x)/(2835%d"3*e"2+x(d + e*xx”3)7(3/2)) + (2x(16*c*d"2 + 26
xbxd*e + 247*axe”2)*x)/(1215*%d"4*e”2xSqrt[d + e*xx~3]) + (2%Sqrt[2 + Sqrt[3]
1% (16%xc*d™2 + 26%bxdxe + 247*xaxe”2)*(d~(1/3) + e~ (1/3)*x)*Sqrt[(d~(2/3) - d
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“(1/3)*e”(1/3)*x + e7(2/3)*x72)/((1 + Sqrt[3])*d~(1/3) + e~ (1/3)*x)~2]*E11li
pticF[ArcSin[((1 - Sqrt[3])*d~(1/3) + e~ (1/3)*x)/((1 + Sqrt[3]1)*d~(1/3) + e
“(1/3)*x)], -7 - 4x3qrt[3]])/(1215%37 (1/4)*d"4*e” (7/3)*Sqrt [(d~(1/3)*(d"(1/
3) + e (1/3)*x))/((1 + Sqrt[31)*d~(1/3) + e~ (1/3)*x)"2]*Sqrt[d + e*x~3])

Rule 1409

Int[((d_) + (e_)*(x_ )" (n_)) " (q)*((a_) + (b_)*xD)"(n_) + (c_.)*(x_)"(n2_
)), x_Symbol] :> -Simp[((c*d"2 - b*d*e + axe”2)*xx(d + exx"n) (q + 1))/ (dx*e
“2xn*x(q + 1)), x] + Dist[1/(nx(q + 1)*d*e”2), Int[(d + exx"n)~(q + 1)*Simpl[
c*d”2 - bxd*e + axe”2*x(n*(q + 1) + 1) + c*d*exn*x(q + 1)*x"n, x], x], x] /;
FreeQ[{a, b, c, d, e, n}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc, 0] && NeQ[
c*d”2 - bxd*e + axe”2, 0] && LtQ[q, -1]

Rule 385

Int[((a_) + (b_.)*xx_)" (0 )) " (p_)*x((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> -8
imp[((b*c - axd)*x*(a + b*x™n) (p + 1))/(axb*nx(p + 1)), x] - Dist[(axd - b
xck(nx(p + 1) + 1))/(axb*xnx(p + 1)), Int[(a + b*x™n)~(p + 1), x], x] /; Fre
eQl{a, b, c, d, n, p}, x] && NeQ[b*c - axd, 0] && (LtQ[p, -1] || ILtQ[1/n +
p, 01)

Rule 199

Int[((a_) + (b_)*(x )" (n_))"(p_), x_Symbol] :> -Simp[(x*(a + b*x™n)~(p + 1
))/(a*xnx(p + 1)), x] + Dist[(nx(p + 1) + 1)/(a*n*x(p + 1)), Int[(a + b*x"n)~
(p + 1), x1, x] /; FreeQ[{a, b}, x] && IGtQ[n, 0] && LtQ[p, -1] && (Integer
Ql2*p] || (n == 2 && IntegerQ[4*pl) || (n == 2 && IntegerQ[3*p]l) || Denomin
ator[p + 1/n] < Denominator[p])

Rule 218

Int[1/Sqrt[(a_) + (b_.)*(x_)"3], x_Symbol] :> With[{r = Numer[Rt[b/a, 3]],

s = Denom[Rt[b/a, 311}, Simp[(2*%Sqrt[2 + Sqrt[3]]*(s + r*x)*Sqrt[(s™2 - r*s
xx + r72*%x72)/((1 + Sqrt[3])*s + r*x) 2]*EllipticF[ArcSin[((1 - Sqrt[3])x*s

+ r*x)/((1 + Sqrt[3])*s + r*x)], -7 - 4xSqrt[3]]1)/(37(1/4)*r*Sqrt[a + bxx"3
1#Sqrt[(s*(s + r*x))/((1 + Sqrt[3])*s + r*x)~2]), x]] /; FreeQ[{a, b}, x] &
& PosQ[al

Rubi steps
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% (chz —e(2bd +l9ae))— 22—1 cdex3
7/2

2]

f a+bx3 +cx® 2 (cd2 — bde + aez) X (d+exd)
92 = 75 T >
(d + ex3) / 21de? (d + ex3) ! 21de
16cd? + 26bde + 247a¢?) | ——— d
2 (cd? — bde +ae?)x 2 (23cd? — 2bde ~ 19a¢?) x (16c e+ 247a¢%) [ )
) N 72 3154262

21de? (d + ex3)

2 (cd2 — bde + aez) x 2 (23cd2 — 2bde - 19an) x 2 (160012 + 26bde + 247an) x (

315d2¢2 (d + ex3)
16cd? + 26

21de? (d + ex3)7/2

)3/2

512
31542¢2 (d + ex3) ! 2835432 (d + ex3

2 (cd2 — bde + aez) x 2 (23ch —2bde - 19an) x 2 (16ccl2 + 26bde + 247an) x 2 (16cd2 +

21de? (d + ex3)

7/2

1215d

315d2¢2 (d + ex3)5/2 2835d3¢2 (d + ex3)3/2

2 (cal2 — bde + aez) x 2 (23ccl2 — 2bde - 191162) x 2 (16cd2 + 26bde + 2471162) x 2 (16ccl2 + 2

Mathematica [C]

21de? (d + ex3)7/2

52 32
31542¢2 (d + ex3) ! 2835(3¢2 (d + ex3) / 12154

time = 0.243114, size = 200, normalized size = 0.51

2x (e (ae (7182d26x3 + 338843 + 59284¢2x6 + 1729e3x9) +bd (756d2ex3 — 9143 + 624de?x6 + 182e3x9)) +cd? (—189d2m

8505d4¢2 (d + ex?)

Antiderivative was successfully verified.

[In] Integrate[(a + b*x™3 + c*x76)/(d + e*x~3)7(9/2),x]

[Out] (2*x*(c*xd"2*x(-56*%d~3 - 189*d"2%e*x"3 + 384*xd*e”2*x"6 + 112%e"3*x79) + ex(bx*
d*(-91*d~3 + 756*d"2%e*xx"3 + 624*d*e”2*x"6 + 182*%e"3%x"9) + a*e*x(3388*d"3 +
7182%d"2*%e*xx"3 + 5928xd*e”2*x"6 + 1729%e”3*x79))) + T*x(16*c*xd™2 + 13*xe*x (2%
bxd + 19%axe))*x*(d + e*x73)73*Sqrt[1 + (e*xx~3)/d]*Hypergeometric2F1[1/3, 1

/2, 4/3, -((e*xx”~3)/d)])/(8506%xd~4*xe”2x(d + exx~3)7(7/2))

Maple [B] time = 0.048, size = 1182, normalized size = 3.

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"6+b*xx~3+a)/(exx~3+d)~(9/2),x)

[Out] c*x(2/21*d*x/e"6*(e*xx~3+d) ~(1/2)/(x"3+d/e) "4-46/315%x/e"5*(e*xx"3+d) " (1/2)/(x
~3+d/e) "3+32/2835/d*x/e"4x (exx~3+d) ~(1/2) /(x~3+d/e) "2+32/1215/e"2/d"2*x/ ((x
~3+d/e)*e) " (1/2)-32/3645%1/e~3/d"2%3" (1/2) *(-d*xe”2) ~(1/3) * (I* (x+1/2/e* (-d*e
~2)7(1/3)-1/2xI%37(1/2) /ex(-d*e~2) " (1/3))*37(1/2)*e/ (-d*e~2) " (1/3) )~ (1/2)*(
(x-1/e*x(-d*e”~2)"(1/3))/(-3/2/ex(-d*e”2) " (1/3)+1/2xI*3~(1/2) /ex(-d*e~2)~(1/3
) "(1/2)x (1% (x+1/2/e*x(-d*e~2) " (1/3)+1/2xI*37(1/2) /e*x(-d*e~2) " (1/3))*3~(1/
2)*xe/(-d*xe”2)"(1/3))~(1/2)/ (e*xx~3+d) " (1/2) *E1lipticF (1/3%*37 (1/2)* (I*(x+1/2/
ex(-d*e”2) " (1/3)-1/2xI*37(1/2) /ex(-d*e~2) " (1/3))*3"(1/2)*e/ (-d*e~2)~(1/3)) "~
(1/2),(I*37(1/2) /ex(-d*e”2)"(1/3)/(-3/2/e*(-d*e"2) " (1/3)+1/2*%I*3"(1/2) /ex (-
d*e~2)7(1/3)))"(1/2)))+b*x(-2/21*x/e" 5% (exx~3+d) ~(1/2) / (x~3+d/e) ~4+4/315/d*x
/e"4*(exx"3+d) " (1/2)/(x~3+d/e) ~3+52/2835/d"2*x/e"3* (exx~3+d) ~(1/2) / (x~3+d/e
)~"2+52/1215/e/d"3*x/ ((x"3+d/e) *e) " (1/2)-52/3645%1/e~2/d"3*37 (1/2) *(-d*e~2) "~
(1/3) % (I*(x+1/2/ex(-d*e~2)~(1/3)-1/2xI*37(1/2) /ex(-d*e~2) " (1/3))*37(1/2) *xe/
(-d*xe”2)"(1/3))~(1/2) *((x-1/ex(-d*e~2)~(1/3))/(-3/2/ex(-d*e”~2) " (1/3)+1/2xI*
37(1/2)/ex(-d*e~2)"(1/3)))~(1/2) * (-I*(x+1/2/e*x(-d*e”2) " (1/3)+1/2xIx3~(1/2)/
ex(-d*xe”2)7(1/3))*37(1/2)*e/(-d*e~2)~(1/3))~(1/2) / (exx~3+d) ~(1/2) *EllipticF
(1/3%37(1/2) * (Ix(x+1/2/ex(-d*e~2) " (1/3)-1/2*%I*37(1/2) /ex(-d*e~2) " (1/3))*37(
1/2)*xe/(-d*e~2)~(1/3))"(1/2),(I*37(1/2) /ex(-d*e~2)~(1/3)/(-3/2/ex(-d*xe”~2) ~(
1/3)+1/2xI*37(1/2) /ex(-d*e”2)~(1/3)))~(1/2)))+a*x(2/21/d*x/e"4* (exx~3+d) " (1/
2)/(x~3+d/e) ~4+38/315/d"2xx/e" 3* (e*xx"3+d) " (1/2) /(x~3+d/e) ~3+494/2835/d"3*x/
e 2x(exx"3+d) " (1/2)/(x"3+d/e) "2+494/1215/d"4*xx/ ((x~3+d/e)*e) ~(1/2)-494/3645
*1/d"4*37(1/2) /ex(-d*e~2) " (1/3) * (I* (x+1/2/e*(-d*e”~2) " (1/3)-1/2*xI*3"(1/2) /ex*
(-d*e~2)~(1/3))*37(1/2)*e/(-d*e”2)~(1/3) )~ (1/2) *((x-1/ex(-d*e~2)~(1/3)) /(-3
/2/ex(~d*e™2) 7 (1/3)+1/2%I*37(1/2) /ex(-d*xe~2)~(1/3))) " (1/2) *(-I*(x+1/2/ex(-d
xe”2) 7 (1/3)+1/2%I%x37(1/2) /ex(-d*e~2)~(1/3))*37(1/2) *e/(-d*e~2)~(1/3))~(1/2)
/(exx~3+d) " (1/2)*E1lipticF (1/3*37(1/2) * (I*(x+1/2/ex(-d*e~2)~(1/3)-1/2xI*3"(
1/2) /ex(-d*xe~2)~(1/3))*3"~(1/2)*e/(-d*e~2)~(1/3))~(1/2), (I*3~(1/2) /ex(-d*e~2
)~(1/3)/(-3/2/ex(-d*e~2)~(1/3)+1/2%xI*3(1/2) /ex(-d*xe~2)~(1/3)))~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

cxb +bx® +a
9

(ex3 +-d)5

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x™6+b*x~3+a)/(e*x”3+d)~(9/2),x, algorithm="maxima")
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[Out] integrate((c*x"6 + bxx"3 + a)/(e*x”3 + d)~(9/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(cx6 +bx3 + a)\/ex3 +d

X
e>x15 + 5detx12 +10d2e3x° + 10 d3e?x6 + 5 d4ex3 + d°

integral
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((c*xx~6+b*xx~3+a)/(exx~3+d)~(9/2),x, algorithm="fricas")

[Out] integral((c*x”6 + bxx~3 + a)*sqrt(e*x”~3 + d)/(e"5*x~15 + bxd*e~4*x~12 + 10%
d"2%e”3%x79 + 10%d"3*e"2%x"6 + bxd"4*exx"3 + d75), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x**x6+b*x**3+a)/(exx**3+d)**(9/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

cx® +bx® +a
9

(ex3 + al)E

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x”6+b*x"3+a)/(exx"3+d)~(9/2),x, algorithm="giac")

[Out] integrate((c*x~6 + b*x~3 + a)/(exx~3 + d)~(9/2), x)
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x4 ex4
343 [t g

a+bx*+cx8
Optimal. Leaf size=433

2(_ 44 2_ 454 2_
(2uce+b (—e)+bcd —be+ Cd) tan_l \/E\/Ex (_2ace+b (—e)+bcd —be+ Cd) tan_l \/E\/Ex (2ace+b (—e)+bcd s
Vb2—4ac 4—VF:IE% Vb2 —4ac 4VFZZE% Vb2 —4ac

3/4 - 3/4 -
2+/2c5/4 (—Vbz —4ac - b) 2+/2c5/4 (\/ b2 — 4ac — b) 2+/2c5/4 |

[Out] (exx)/c - ((c*d - bxe + (bxc*d - b~2xe + 2*axcxe)/Sqrt[b~2 - 4*axc])*ArcTan
[(27(1/4)*c™(1/4)*x)/(-b - Sqrt[b~2 - 4xa*xc])~(1/4)]1)/(2%27(1/4)*c~(5/4)* (-

b - Sqrt[b~2 - 4*axc])~(3/4)) - ((cxd - bxe - (b*cxd - b~2%e + 2%axc*e)/Sqr
t[b~2 - 4xaxc])*ArcTan[(27(1/4)*c”(1/4)*x)/(~-b + Sqrt[b~2 - 4xaxc])~(1/4)]1)
/(2x27(1/4)*c~(5/4)*(-b + Sqrt[b~2 - 4xaxc])~(3/4)) - ((c*d - b*xe + (b*cxd

- b"2xe + 2*axcxe)/Sqrt[b~2 - 4xaxc])*ArcTanh[(27(1/4)*c~(1/4)*x)/(-b - Sqr

t[b™2 - 4xaxc])~(1/4)]1)/(2%27(1/4)*c”(5/4)*(-b - Sqrt[b~2 - 4+*axc])~(3/4))

- ((c*d - bxe - (b*cxd - b~2%e + 2*axc*e)/Sqrt[b~2 - 4*axc])*ArcTanh[(27(1/
4)*xc~(1/4)*x)/(-b + Sqrt[b~2 - 4xaxc])~(1/4)]1)/(2%x27(1/4)*c~(5/4)*(-b + Sqr
t[b™2 - 4*xaxc])~(3/4))

Rubi [A] time = 1.13232, antiderivative size = 433, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 5, integrand size = 25, e -

0.2, Rules used = {1502, 1422, 212, 208, 205}

integrand size

(2ace+b2(—e)+bcd —be+ Cd) tan_l %%x (_ 2ace+b%(—e)+bed —be + Cb‘l) tan_l é/i%ﬁx (2ace+b2(—e)+bcd _b
Vb2-4ac NN Vb2—4ac NN Vb2—4ac
3/4 B 3/4 h
2+/2c5/4 (—Vbz — 4ac - b) 2+/2c5/4 (Vbz — 4ac - b) 2+/2c5/4 |

Antiderivative was successfully verified.

[In] Int[(x"4%(d + e*x"4))/(a + b*x"4 + c*x78),x]

[Out] (exx)/c - ((c*d - b*xe + (b*cxd - b~2%e + 2*axc*e)/Sqrt[b~2 - 4*axc])*ArcTan
[(27(1/4)*c™(1/4)*x) /(b - Sqrt[b~2 - 4xaxc])~(1/4)]1)/(2*27(1/4)*c™(5/4)* (-

b - Sqrt[b~2 - 4xaxc])~(3/4)) - ((c*d - b*xe - (bxcxd - b~2%e + 2*a*c*e)/Sqr

t[b72 - 4*axc])*ArcTan[(27(1/4)*c~(1/4)*x)/(-b + Sqrt([b~2 - 4x*xaxc])~(1/4)]1)
/(2%x27(1/4)*c~(5/4)*(-b + Sqrt[b~2 - 4x*axc])~(3/4)) - ((c*d - b*xe + (b*cxd

- b"2%e + 2%axc*e)/Sqrt[b”2 - 4*axc])*ArcTanh[(27(1/4)*c~(1/4)*x)/(-b - Sqr

t[b™2 - 4xaxc])~(1/4)])/(2%27(1/4)*c™(5/4)*(-b - Sqrt[b~2 - 4xa*xc])~(3/4))
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- ((cxd - bxe - (b*cxd - b~2%e + 2*axc*e)/Sqrt[b™2 - 4*axc])*ArcTanh[(27(1/
4)*c~(1/4)*x) /(b + Sqrt[b~2 - 4xa*xc])~(1/4)1)/(2%27(1/4)*c~(56/4)*(-b + Sqr
t[b~™2 - 4xaxc])~(3/4))

Rule 1502

Int [((E_)*(x_)) " (m_.)*((d_) + (e_)*x(x_)"(n_))*((a_) + (b_)*x(x_)"(n_) + (
c_)*(x_)"(m2_))"(p_), x_Symbol] :> Simp[(exf~(n - 1)*(f*x)"(m - n + 1)*(a

+ b*x"n + cxx”(2%n)) " (p + 1))/(ck(m + nx(2*p + 1) + 1)), x] - Dist[f n/(c*(
m+ nx(2%p + 1) + 1)), Int[(f*x)"(m - n)*(a + b*x™n + c*x~(2+%n)) “p*xSimp [a*e
*(m - n + 1) + (bxex(m + n*xp + 1) - cxd*(m + nx(2%p + 1) + 1))*x"n, x], x],
x] /; FreeQ[{a, b, c, d, e, f, p}, x] & EqQ[n2, 2*n] && NeQ[b~2 - 4xaxc,

0] && IGtQ[n, 0] &% GtQ[m, n - 1] && NeQ[m + n*x(2*p + 1) + 1, 0] && Integer
Qlp]

Rule 1422

Int[((d) + (e_)*x(x_)"(n_))/((a_) + (b_.)*x(x_)"(n_) + (c_.)*(x_)"(n2))), x
_Symbol] :> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2xc*d - bx*e)/(2*q),

Int[1/(b/2 - q/2 + c*x"n), x], x] + Distl[e/2 - (2*%cxd - bxe)/(2*q), Int[1/(
b/2 + q/2 + cxx"n), x], x]] /; FreeQ[{a, b, c, d, e, n}, x] && EqQ[n2, 2xn]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxdxe + axe”2, 0] && (PosQ[b~2 - 4x*a
xc] || 1IGtQ[n/2, 0])

Rule 212

Int[((a_) + (b_.)*(x_)"4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[-(a/b),
2]], s = Denominator[Rt[-(a/b), 2]]1}, Distlr/(2*xa), Int[1/(r - s*x72), x],
x] + Distl[r/(2*xa), Int[1/(r + s*x~2), x], x]] /; FreeQ[{a, b}, x] && !GtQ
[a/b, 0]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl[{a, b}, x] && NegQ[a/b]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]

Rubi steps
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4 4 7
f * (d+ex ) _ ex f a+bx*+cx®
a+ bx* + cx8 c c
bed—b%e+2ace bed—b2e+2ace
cd — be — ) dx (cd —be + ) dx
ex ( Vi?—dac f Z_; 12— dnotcxt Vb2-4ac f Z ;mwx‘l
= — + +
c 2c 2c
bed—b2e+2ace bed—b2e+2 1
(cd—be - 26 ac) dx (cd—be— Cx/z_m)f
_ex Vi2—4ac \-b+Vb2- V2 —4ac—2 24/ex? b*~4ac =0+ Vb2—4ac+/?
C
—b + Vb2 - 4ac c\-b + Vb2 - 4ac
(Cd _be+ bcd—b2e+2ace) tan_l %%/Ex (Cd _be— bcd—bze+2uce) tan_l %%x
\/H2 4 Vh2 4
ex b%~4dac —b-Vb%2—4ac b*~4dac —b+Vb2—4ac
C

34
2+/2c5/4 (—b — Vb2 - 4ac)

Mathematica [C] time = 0.07527, size = 88, normalized size = 0.2

34
2+/2c5/4 (—b + Vb2 - 4ac)

RootSum [#1419 +#15% + u&, 3 >
#1%p+2417c

ex

#4 belog(x—#1)+#1 (—c)d log(x—#1)+ae log(x— #1)&

|

c 4c
Antiderivative was successfully verified.

[In] Integrate[(x74*(d + e*x"4))/(a + b*x™4 + c*x78),x]

[Out] (e*xx)/c - RootSum[a + b*#174 + c*#17°8 & , (axexLoglx - #1] - c*d*xLogl[x - #1

1x#174 + bxexLoglx - #11*#174)/(b*#173 + 2xcx#177) & ]/(4*c)

Maple [C] time = 0.004, size = 67, normalized size = 0.2
er 1 ((~be + cd) _R* - ae) In (x - _R)
<t ) > Rer R

_R=R00tOf(_ZSC+_Z4b+a)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"4*(e*xx~4+d)/(c*x"8+b*x"4+a) ,x)
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[Out] exx/c+1/4/c*sum(((-b*e+cxd)* R~4-axe)/(2*_R™7*c+_R73*b)*1n(x-_R), R=Root0f(
_Z78%c+_Z"4%b+a))

Maxima [F] time = 0., size = 0, normalized size = 0.

(cd—be)x*—ae
g_ f cx8+bxt+a dx

c c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(exx~4+d)/(c*x~8+b*x"4+a),x, algorithm="maxima"

[Out] e*x/c - integrate(-((cxd - b*e)*x"4 - axe)/(c*x"8 + b*x"4 + a), x)/c

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(exx~4+d)/(c*x~8+b*x"4+a),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**4* (exx**4+d)/(cxx**8+b*x**4+a) ,x)

[Out] Timed out
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Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~4*(exx~4+d)/(c*x~8+b*x~4+a),x, algorithm="giac")

[Out] Exception raised: TypeError
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x3 ex4
344 [ g

a+bx*+cx8
Optimal. Leaf size=72

1 { b+2cxt
elog (a + bx* + cx®) B (2¢d — be) tanh (m)
8¢ 4cVb? - 4ac

[Out] -((2xc*d - bxe)*ArcTanh[(b + 2*c*x"4)/Sqrt[b~2 - 4xa*xc]])/(4*c*Sqrt[b”2 - 4
xaxc]) + (exLogla + b*x™4 + c*x78])/(8%c)

Rubi [A] time = 0.0721409, antiderivative size = 72, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 25, e =

integrand size
0.2, Rules used = {1468, 634, 618, 206, 628}

-1 ( b+2ext
elog (a -+ bx* + cx®) B (2¢d — be) tanh (\/&)
8¢ 4cVb? — 4ac

Antiderivative was successfully verified.

[In] Int[(x"3%(d + exx"4))/(a + b*x"4 + c*xx78),x]

[Out] -((2xc*d - bxe)*ArcTanh[(b + 2*c*x~4)/Sqrt[b~2 - 4xa*xc]])/(4*c*Sqrt[b”2 - 4
xaxc]) + (exLogla + b*x™4 + c*x78])/(8%c)

Rule 1468

Int[(x_)"(m_.)*((a_) + (c_)*(x_)"(m2_.) + (b_)*(x_)"(m_ D)) (p_.)*((d_) + (
e_)*(x )" (n_))"(q_.), x_Symbol] :> Dist[1/n, Subst[Int[(d + e*x) g*(a + bx
X + ¢c*x"2)7p, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q}, x] & E
qQ[n2, 2*n] && EqQ[Simplify[m - n + 1], O]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*d - bxe)/(2*xc), Int[1/(a + b*x + c*xx"2), x], x] + Distl[e/(2*%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618
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Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xa*c - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 628

Int[((d) + (e_)*(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*xx~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rubi steps

23 (d + ext) 1 d +ex
A ) gy = = Subst f—d, 3t
fa+bx4+cx8 * 4Su i ( a+ bx + cx? xxx)

b+2
) e Subst ( f ﬁ dx, x, x4) X (2cd — be) Subst ( f ——dxx, x4)
B 8c 8c
elog (,1 + bt + cx8) (2cd — be) Subst (f m dx,x,b+ 2cx4)
B 8c - 4c
1 b+2cx*
~ (2cd~be)tanh (—bz_m) elog(a+ e+
4cVb? - 4ac 8c

Mathematica [A] time = 0.0555689, size = 71, normalized size = 0.99

2(be—2cd) tan_l(

Vdac—b?

b+2cx )
Viac-b?

elog (a + bx* + ng) -

8c

Antiderivative was successfully verified.

[In] Integrate[(x"3*(d + e*x”4))/(a + b*x"4 + c*xx78),x]
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[Out] ((-2%(-2*c*d + b*e)*ArcTan[(b + 2%c*x74)/Sqrt[-b~2 + 4*xaxc]])/Sqrt[-b"2 + 4
xaxc] + exLogla + b*x"4 + c*xx78])/(8*c)

Maple [A] time = 0.003, size = 99, normalized size = 1.4

eln(cx® +bx*+a) 4 1 1 b 1 1
( ) + —arctan ((2 cx* +b) _ % arctan (2cx* +b) )
8¢ 2 Vaac-12) Vaac-1p?2 4c Vdac-1b2) Vaac - b2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"3*(e*x~4+d)/(c*x~8+b*xx"4+a) ,x)

[Out] 1/8%ex1ln(c*xx~8+b*x~4+a)/c+1/2/(4xa*xc-b~2) " (1/2)*arctan((2xc*x"4+b)/(4*xaxc-b
~2)"(1/2))*d-1/4/ (4*xa*xc-b~2) " (1/2) xarctan((2xc*x"4+b) / (4d*xaxc-b~2) ~(1/2) ) *ex
b/c

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(exx~4+d)/(c*x~8+b*x~4+a),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 2.22427, size = 481, normalized size = 6.68

22842 bexA+12 -2 ac+ (2 oxt +b) Vbh2—-4 ac

cx8+bxt+a

) (b2 - 4ac)elog (cx8 +b

7

(bz -4 ac)elog (cx8 +bxt + a) — Vb2 —4ac(2cd - be) log (

8 (bzc -4 acz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(exx~4+d)/(c*x~8+b*x~4+a),x, algorithm="fricas")
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[Out] [1/8x((b~2 - 4xaxc)*exlog(c*x™8 + b*x"4 + a) - sqrt(b™2 - 4xaxc)*(2xcxd - b
xe)*x1og ((2%xc™2*%x"8 + 2%bkc*xx™4 + b72 - 2%a*xc + (2%c*x™4 + b)*sqrt(b™2 - 4xa
xc))/(cxx™8 + b*x"4 + a)))/(b~2*%c - 4xaxc”2), 1/8+%((b72 - 4xax*c)*exlog(c*x”

8 + b*x"4 + a) - 2*xsqrt(-b~2 + 4*axc)*(2xc*d - b*e)*arctan(-(2*c*x~4 + b)x*s
qrt(-b~2 + 4x*xaxc)/(b~2 - 4xa*xc)))/(b~2%c - 4*axc™2)]

Sympy [B] time = 7.51907, size = 287, normalized size = 3.99

+\/ —16ac £ _ Nodac+bA(be-2cd) + 2ae + 4b? £ _ N-tactbi(be-2cd) —bd
e —4ac + b2 (be — 2cd) ] 1 4 8¢ 8C(4M_bz) » ” (4ac_b2)
og|x

— - + +| =+
8¢ 8¢ (4ac - b2) be — 2cd [SC

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**3* (e*xx**4+d)/(c*xx**8+bxx**4+a) ,x)

[Out] (e/(8*c) - sqrt(-4*a*xc + bxx2)*(b*e - 2xc*d)/(8xcx(4dxaxc - b**2)))*log(x**4
+ (-16xaxcx(e/(8*c) - sqrt(-4xaxc + b**2)*(b*e - 2*c*d)/(8*c*(dxaxc — b**2

))) + 2%axe + 4xb*x*2%(e/(8*c) - sqrt(-4*xaxc + b**2)*(b*xe - 2%cxd)/(8xc*(4*a

xC — b**2))) - bxd)/(b*xe - 2*cxd)) + (e/(8*c) + sqrt(-4*a*xc + b**2)*(b*xe -
2%c*d) / (8*c* (dxaxc — b*x2)))*log(x*x4 + (-16*a*xc*(e/(8*c) + sqrt(-4*a*c + b

*x*%2)k (bkxe — 2xc*xd)/(8*cx(4dxaxc — b**2))) + 2*axe + 4xb**x2*(e/(8*c) + sqrt(-

dxaxc + bxx2)x(bke - 2xc*d)/(8*cx(d*xaxc — b**2))) - b*d)/(bxe - 2xc*d))

Giac [A] time = 6.16674, size = 95, normalized size = 1.32

2cxt+b
elog (st bt + a) . (2 cd — be) arctan (\/ﬁ)

8c 4V-b%+4acc

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(exx~4+d)/(c*x~8+b*x~4+a),x, algorithm="giac")

[Out] 1/8*exlog(c*x”8 + bxx"4 + a)/c + 1/4%(2xcxd - b*e)*arctan((2*c*x"4 + b)/sqr
t(-b"2 + 4x*axc))/(sqrt(-b~2 + 4*axc)*c)
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x2 ex4
345 [t g

a+bx*+cx

Optimal. Leaf size=375

_ 4= 4 _ 4= 4 _ _ 4= 4 _
(e— 2cd-be ) tan-L V2 Yex ( 2cd-be e) fanl V2 Yex (e— 2cd—be ) tanh~) V2 Vex ( 2cd-be
Vb2-4ac 4—VEEZ£¢ Vb2—4ac 4ngzz47 Vh2—4ac NN Vb2-4ac

+ — —_
4 4 4
2 23/4c3/4|—Vb2 — 4ac - b 2 234344\ Vb2 — dac — b 2 2%/4c3/4|—Vb2 — dac - b 225

[Out] ((e - (2xcxd - bxe)/Sqrt[b~2 - 4*axc])*ArcTan[(27(1/4)*c”(1/4)*x)/(-b - Sqr
t[b™2 - 4xaxc])~(1/4)])/(2%27(3/4)*c™(3/4)*(-b - Sqrt[b~2 - 4xaxc])~(1/4))

+ ((e + (2%c*d - bxe)/Sqrt[b~2 - 4xaxc])*ArcTan[(27(1/4)*c~(1/4)*x)/(-b + S
qrt[b72 - 4*a*xc])~(1/4)]1)/(2x27(3/4)*c”~(3/4)*(-b + Sqrt[b~2 - 4xaxc])~(1/4)

) - ((e - (2xcxd - b*e)/Sqrt[b~2 - 4xaxc])*ArcTanh[(27(1/4)*c~(1/4)*x)/(-b

- 8Sqrt[b72 - 4xaxc])~(1/4)])/(2%27(3/4)*c~(3/4)*(-b - Sqrt[b~2 - 4xa*xc])~ (1

/4)) - ((e + (2%cxd - bxe)/Sqrt[b~2 - 4xa*xc])*ArcTanh[(27(1/4)*c”(1/4)*x)/(

-b + Sqrt[b~2 - 4xaxc])~(1/4)]1)/(2*%27(3/4)*c~(3/4)*(-b + Sqrt[b~2 - 4xaxc])
~(1/4))

Rubi [A] time = 0.455776, antiderivative size = 375, normalized size of antiderivative =
1., number of steps used = 7, number of rules used = 4, integrand size = 25, number of rules _

0.16, Rules used = {1510, 298, 205, 208}

4= 4 4= 4 415 4
2cd-b - 2y/ex 2cd-b - 2y/ex 2cd-b - 24Jex 2cd-b
(- 20 a2 | (2 | | (o R | | (2
b%—4ac D2—4ac—b b%—4ac VD2 —4ac—b bs—4ac D2—4ac—b b%—4ac

+ — —_
4 4 4
2 23/4c3/4|—\b2 — 4ac - b 2 234344\ Vb2 — dac — b 2 28434 —Vb2 — dac - b 225

Antiderivative was successfully verified.

integrand size

[In] Int[(x"2%x(d + exx"4))/(a + b*x"4 + c*xx78),x]

[Out] ((e - (2%c*d - b*e)/Sqrt[b~2 - 4*axc])*ArcTan[(27(1/4)*c~(1/4)*x)/(-b - Sqr
t[b™2 - 4xaxc])”(1/4)]1)/(2%27(3/4)*c”(3/4)*(-b - Sqrt[b~2 - 4+*axc])~(1/4))

+ ((e + (2xcxd - bxe)/Sqrt[b~2 - 4xaxc])*ArcTan[(27(1/4)*c”(1/4)*x)/(-b + S
qrt[b™2 - 4xaxc])~(1/4)]1)/(2%x27(3/4)*c”™(3/4)*(-b + Sqrt[b~2 - 4x*xaxc])~(1/4)

) - ((e = (2%c*d - b*e)/Sqrt[b~2 - 4xaxc])*ArcTanh[(27(1/4)*c~(1/4)*x)/(-b

- Sqrt[b”2 - 4kaxc])~(1/4)]1)/(2%27(3/4)*c™(3/4)*(-b - Sqrt[b~2 - 4*axc])”~ (1

/4)) - ((e + (2xc*xd - b*e)/Sqrt[b~2 - 4xaxc])*ArcTanh[(27(1/4)*c™(1/4)*x)/(

-b + Sqrt[b”2 - 4*xaxc])~(1/4)]1)/(2%27(3/4)*c~(3/4)*(-b + Sqrt[b~2 - 4x*axc])
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~(1/4))

Rule 1510

Int[CCCE_D*(x_ )" (m_.)*((d) + (e_.)*x(x_)"(n_)))/((a_) + (b_)*x(x_)"(n_) +
(c_)*(x_)"(m2_)), x_Symbol] :> With[{q = Rt[b™2 - 4xaxc, 2]}, Dist[e/2 +
(2%c*d - b*xe)/(2xq), Int[(f*x)"m/(b/2 - q/2 + c*x"n), x], x] + Distl[e/2 - (
2xckd - b*xe)/(2%q), Int[(f*x)"m/(b/2 + q/2 + c*x"n), x], x]] /; FreeQ[{a, b

, ¢, d, e, £, m}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4xa*c, 0] && IGtQ[n, O]

Rule 298

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[-(a/b
), 211, s = Denominator[Rt[-(a/b), 2]1}, Dist[s/(2xb), Int[1/(r + s*x"2), x
1, x] - Dist[s/(2xb), Int[1/(r - s*x~2), x], x]] /; FreeQ[{a, b}, x] & !G
tQ[a/b, 0]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 208
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/

Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

2

fxz(d+ex4)d 1( 2cd—be)f x2 p +1(+ 2cd—be)f x p
————dx=-|e- x+ = |e :
a + bxt + cx® 2 Vb? — 4ac g+%\/b2—4ac+cx4 2 Vb2 - 4ac g—%\/bz—4ac+cx4

(e _ 2cd—be )f 1 dx (6 _ 2cd-be ) 1 dx (e + 2cd—be )
B Vb2—4ac NS N . N \/_b_m N Vb —4ac
2v2+/c 2V2e

(6 _ 2cd—be )tan_l %/Eé/zx (E + 2cd—be )tan_l é/ﬁ%/zx (6 _ 2cd—be )tanh_l
_ Vb2-4ac N = o Vb2—4ac Vb2 —amc Vb2-4ac

+
4 4 4
2 234344/ —b — Vb2 — dac 2 234344 =b + Vb? - dac 2 28/4c344[-b — -
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Mathematica [C] time = 0.0474342, size = 59, normalized size = 0.16

#1%log(x — #1) + d log(x — #1) «
2#1°c + #1b

1

ZRootSum #1% + #1%c + a&,
Antiderivative was successfully verified.
[In] Integrate[(x"2*(d + e*x”4))/(a + b*x"4 + c*xx78),x]

[Out] RootSum[a + b*#174 + c*x#17°8 & , (d*xLoglx - #1] + exLoglx - #1]1*#174)/(b*#1
+ 2%cx#175) & 1/4

Maple [C] time = 0.003, size = 51, normalized size = 0.1

(LR + _R*)In(x- _R)
2_R7c+ R

; Y

_R=RootOf(_z%c+_7Z*b+a)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*(e*x"4+d)/(c*x~8+b*x"4+a) ,x)

[Out] 1/4*sum((_R™6*e+ R™2xd)/(2*% R~7*c+ R™3*b)*1n(x-_R), R=Root0f( Z~8*c+ Z 4x*b+
a))

Maxima [F] time = 0., size = 0, normalized size = 0.

4 2
f (ex +d)x 0

cx® +bxt +a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(exx~4+d)/(c*x~8+b*x~4+a),x, algorithm="maxima"

[Out] integrate((exx™4 + d)*x72/(c*x”8 + b*xx"4 + a), x)
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Fricas [B] time = 97.8058, size = 26996, normalized size = 71.99

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(exx~4+d)/(c*x~8+b*x~4+a),x, algorithm="fricas")

[Out] -sqrt(sqrt(1/2)*sqrt(-(bxc~3*d"4 - 8xa*xc~3*d"3xe + 6G*axbxc™2*xd"2*e”2 - 4x*(a
*Db72%c - 2*a”2*xc”2)*d*e”3 + (a*b”3 - 3*a"2*b*c)*e”4 - (axb"4xc”3 - 8*a~2*b”
2%c™4 + 16%a”3*%c7b)*sqrt((c™6+d™8 - 12*a*xc”b*xd"6*e”2 + 8xaxbkxc~4*d"b*e”3 -
48%a" 2xbxc"3*%d"3%e”5 - 2% (axb”2*c”3 - 19%a"2*c74)*d"4*e”4 + 4x(Txa"2xb"2xc”
2 - 3*%a”3*c”3)*d"2*e”6 — 8x(a"2*¥b"3*c - a " 3*b*c"2)*d*e”7 + (a”2*¥b"4 - 2*a”3
*b72%c + a"4xc”2)*e"8)/(a"2%b"6*c”6 - 12%¥a”3*b"4*c”7 + 48*a~4*b"2xc”8 - 64%
a~5%c”9)))/(a*b~4*c™3 - 8%a”~2%b"2%c"4 + 16%a”3*c”5)))*arctan(1/2*((2x(axb~4
*¥cT4 - 8*%a"2x%b"2*%c”5 + 16*a”3*c"6)*d - (a*b"bxc”3 - 8*a"2*xb"3*c”4 + 16*a~3*
b*c”5) *e) *xx*xsqrt ((c™6xd~8 - 12%a*xc”b*d~6%e”2 + 8*axb*c~4*xd"5xe”3 - 48%a”2xb
*c"3%d"3%e”5 - 2% (axb"2*xc”3 - 19%a"2+c"4)*d"4*e"4 + 4x(7*a"2xb"2%c”2 - 3*a”
3*kc"3)*d"2*e”6 — 8x(a"2%b"3*c - a"3*bkc"2)*d*e”7 + (a"2*%b"4 - 2%a"3*b"2*c +
a~4xc”2)*e”8)/(a"2xb"6*c”6 - 12*%a”3*b"4*c”7 + 48*a~4*xb”2*c”8 - 64*a”5%c”9)
) + ((b72%c™3 - 4*axc™4)*d"4d*xe - 6x(a*xb™2%c”2 - 4*a”2*xc”3)*d"2xe"3 + 4x(axb
“3%c - 4*%a"2%bxc”2)*d*e”4 - (axb”4 - b*a"2%b"2xc + 4*a”~3xc”2)*e"b)*x - sqrt
(1/2)*((b™2%c™3 - 4*xaxc”™4)*d"4xe - 6% (a*xb™2*%c™2 - 4*a”~2*xc~3)*d"2%e”3 + 4x*(a
*b73%c - 4*a " 2xbkxc"2)*d*e”4 - (a*b”4 - 5*a"2*b"2*%c + 4*xa~3*xc"2)*e”5 + (2*(a
*b~4*c”4 - 8*%a”"2%bT2xc”5 + 16%a~3*%c”6)*d - (a*b"5xc”3 - 8*xa"2xb"3%c”4 + 16%
a”~3*bxc~5)*e) *sqrt ((c"6*d"8 - 12xaxc”5*d"6*e”2 + 8*axbxc 4*d"5*e”3 - 48xa~2
*b*c”3*%d"3*%e”5 - 2x(axb"2*xc”3 - 19%a"2*c”4)*d"4*e”4 + 4x(T*xa"2%b"2%c”2 - 3%
a~3*%c"3)*d"2*%e”"6 - 8x(a"2*%b"3%c - a~3*b*c”2)*kd*e”7 + (a"2*%b"4 - 2*a~3*b"2*c
+ a"4*xc”2)*e”8)/(a"2*%b"6*c”6 - 12*%a”"3*b"4*xc”7 + 48%a~4*b"2%c”8 - 64*a”~5*xc”
9)))*sqrt ((2*(c™5%d"8 - 2%b*xc~4*d"7xe + 14*a*b*c”3*d"5*e”3 + (b™2xc™3 - 4*a
*CT4)*d"6%e”2 — Bk (3*axb"2xc”2 + 2%a"2%c”3)*d"4*e”"4 + 6x(axb"3xc + 3*xa~2*bx*
c"2)*d"3%e”5 - (a*b™4 + 9*a"2xb"2xc + 4*a~3*c”2)*d"2*e”6 + 2x(a"2*%b"3 + a~3
xb*xc)*d*e”7 - (a”3*b"2 - a"4*c)*e”8)*xx"2 - sqrt(1/2)*((b~3*c”™4 - 4xaxb*c”b)
*d"6 - 4*(axb”™2*c”4 - 4*xa~2xc”5)*d"5*e - 5k (axb"3*c”3 - 4*xa~2xb*xc”4)*d"4*e”
2 + 4dx(a*b”™4xc”2 + 2%a”2*xb"2*%c”3 - 24*a~3*c”4)*d"3*e”3 - (axb”5*xc + 17*xa" 2%
b~3%c”2 - 84*a”3%b*c”3)*d"2*xe"4 + 4x(2*a"2%b"4*xc - 9*a~3*%b"2*xc"2 + 4xa~4xc”
3)*d*e”5 - (a"2*b~5 - 5*a~3*b"3*c + 4*a~4dxbxc"2)*xe”6 + ((a*b”6*c”4 - 12*%a”2
*¥b"4*xc”5 + 48%a”3%b"2%c”6 - 64*xa~4*c”7)*d"2 - (aT2*%b"6*c”3 - 12*a"3*b"4xc"4
+ 48%a”4xb"2%c”5 - 64xa”bxc"6)*e”2)*sqrt ((cT6*d"8 - 12xa*xc”5xd"6xe”2 + 8*a
*bxc~4*%d"5%e”3 - 48%a”2%bxc”3xd"3*e”5 - 2% (axb"2*%c”3 - 19%a~2*c”"4)*d"4*xe"4
+ 4% (7*a”"2*xb"2*c"2 - 3%a~3%c”3)*d"2*e”"6 - 8x(a"2xb"3*c - a~3*b*c”2)*d*e”7 +
(a™2*%b™4 - 2*a~3*%b”"2xc + a~4*c”2)*e"8)/(a"2*b"6*c”6 — 12%a”~3%b"4*xc”7 + 48x%
a~4xb"2xc”8 - 64xa”5xc”9)))*sqrt(-(b*xc"3*%d"4 - 8*axc”3*d"3*e + Bkaxb*xc”2xd”
2%e”2 - 4*x(axb"2*xc — 2*%a"2xc"2)*d*e”3 + (axb”3 - 3*a"2xbxc)xe”4 - (axb”4*c”
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3 - 8%a"2%b72%c"4 + 16*a~3*c”5)*sqrt((cT6*d"8 - 12%a*xc”5xd"6%e”2 + 8*axb*c”
4xd"5*e”3 - 48%a”2%b*c”3*d"3*e”5 - 2x(axb"2xc”3 - 19%a"2*c”4)*d"4*xe"4 + 4x(
T*a"2*b72*%c"2 — 3%a~3%c”3)*d"2*%e”6 - 8% (a"2*xb"3xc - a~3*b*c”2)*d*e”7 + (2”2
*b~4 - 2%a”3*b72*%c + a~4xc"2)*e”8)/(a"2*bT6*c”6 — 12*xa~3xb"4*c”7 + 48*a”4x*b
~2%c”8 - 64%a~b*c”9)))/(a*b"4*c”3 - 8%a~2%b~2%c”4 + 16%a~3%c”5)))/(c"5*d"8
- 2%bxc”4*xd"Txe + 14*axbxc”3*d"5%e”3 + (b"2*c”3 - 4*xaxc”4)*d"6*e”2 - 5x(3*a
*b72%c72 + 2%xa”2%c”3)*d"4*e”"4 + 6% (axb"3*kc + 3*xa"2xbxc”2)*d"3*e”5 - (axb”4
+ O*%a”2%bT2%c + 4*a~3%c”2)*d"2*%e”6 + 2% (a"2*%b"3 + a~3*b*c)*d*e”7 - (a"3*b”2
- a"4x*xc)*e”8)))*sqrt(sqrt(1/2)*sqrt (- (b*c™3*xd"4 - 8*axc~3*d"3*e + 6Gkaxb*c”
2%d"2%e"2 - 4*x(axb"2xc — 2*xa"2%c"2)*d*e”3 + (axb”3 - 3*xa"2xbxc)*e”4 - (a*xb”
4%c”3 - 8%a"2%b"2%c”4 + 16%a”3*c”5)*sqrt((cT6*xd"8 - 12xa*xc”b*xd"6%e”2 + 8*ax
b*cT4*xd"5*xe~3 - 48%a”2%b*c”3*d"3*%e”5 - 2x(axb"2%c”3 - 19*a"2*c”4)*d"4*xe"4 +
4x (T*a~2*b"2xc™2 - 3%a~3*c”3)*d"2*e”6 — 8*(a"2*%b"3xc - a~3*b*c”2)*d*e”7 +
(a™2%b~4 - 2*a~3*b"2%c + a~4*xc”2)*e"8)/(a"2*b"6*c”6 — 12*a~3*%b"4*xc”7 + 48*a
“4xb"2%c”8 - 64*a~b*xc”9)))/(axb"4*xc”3 - 8*%a"2xb"2xc"4 + 16*a~3*c”5)))/(c"4x
d"6 - b*c~3*%d"5%e - 5xaxc”3xd"4*e”2 + 10*axb*c”2*xd"3*e”3 - 5x(axb”2%c + a”2
xc"2)*xd"2%e"4 + (a*b”3 + 3*a”2xbkxc)*d*e”5 - (a"2*b"2 - a"3*c)*xe”6)) + sqrt(
sqrt (1/2) *sqrt (- (b*c™3*%d™4 - 8*a*c~3*d"3*%e + 6xa*xbxc”2*xd"2*e”2 - 4x(axb”2*c
- 2*%a”2*xc”2)*d*e”3 + (a*b”3 - 3*a " 2*b*c)*e”4 + (axb"4*xc”3 - 8*a"2*b"2*c”4
+ 16%a”3*%c”5) *sqrt ((c~6+d™8 - 12*a*c”b*d"6*e”2 + 8xaxbxc~4*d"b*e”3 - 48*a”~2
xbxc~3%d"3%e”5 - 2x(a*xb"2xc”3 - 19%a”2xc"4)*xd"4*xe”4 + 4x(7xa"2*b"2%c”2 - 3%
a~3%c”3)*d"2*%e”6 - 8*(a"2xb"3xc - a~3*b*c”2)*d*e”7 + (a"2xb"4 - 2%a~3*b"2x*c
+ a~4*xc”2)*e78)/(a”"2*b"6*c"6 — 12*a”3*%b"4*xc”7 + 48%a~4*b”2%c”8 - 64*a”5*xc”
9)))/(axb™4*c™3 - 8%a~2xb"2xc”4 + 16%a”3%c”5)))*arctan(l/2*(sqrt(1/2)*((b~2
*Cc73 - 4*axc”4)*d"4d*e — 6x(axb"2%c”2 - 4*a”2*xc”3)*d"2*e”3 + 4x(axb"3*xc - 4%
a~2xb*c”2)*d*e"4 - (axb"4 - 5xa"2*%b"2%c + 4*a”3*xc”"2)*e”5 - (2x(axb"4*c"4 -
8*a~2%b”2*c”5 + 16%a”3*c”6)*d - (axb~5*xc”3 - 8*a"2%b"3*c"4 + 16%a”3*xb*xc”5)*
e)*sqrt ((c76+xd~8 - 12*axc”5*d"6*e”2 + 8*axbxc 4*d 5*e”3 - 48*a~2*xbxc”3*d"3x*
e”5 - 2*x(a*xb”2*c”3 - 19*%a"2xc"4)*d"4*xe”4 + 4k (T*a"2xb"2xc"2 - 3%a~3*c”3)*d”
2%e”6 - 8*%(a”2*b"3*c — a~3xb*c”2)*d*e”7 + (a72%b"4 - 2*xa~3*%b"2%c + a~4*c”2)
*e78) /(2" 2*b"6*c”6 - 12xa”3*b"4xc”7 + 48*a"4*b"2*c”8 - 64*a"5xc”9)))*sqrt(s
qrt (1/2)*sqrt (-(b*xc”™3*d"4 - 8*axc~3*d"3*e + 6*axb*c™2%d"2xe”2 - 4*(a*xb~2*c
- 2%a"2%c”2)*d*e”3 + (axb”3 - 3*a"2xb*c)*e”4 + (axb"4xc”3 - 8*a"2%b"2*c”4 +
16*%a~3%c™5)*sqrt ((c™6*d"8 - 12%axc™b*d~6%e”2 + 8*xaxbkc~4*d 5*e”3 - 48*a”2%
b*c"3*xd"3*e”5 - 2% (a*b”2%c”3 - 19*%a”"2xc"4)*d"4*e”4 + 4% (T*a"2xb"2*xc"2 - 3*a
~3%c73)*d"2*%e”6 - 8% (a"2*xb"3*c - a~3*b*xc”2)*d*e”7 + (a"2%b"4 - 2xa~3*b"2*c
+ a"4%c”2)*e”8)/(a"2*b"6%c”6 — 12*%a”~3%b"4*xc”7 + 48%a"4*xb"2%c”8 - 64*a~5*c”9
)))/(a*b™4*c™3 - 8*a~2*%b”2*c”4 + 16*a~3*c”5)))*sqrt ((2+¢(c™5*d™8 - 2*b*c~4x*d
“Txe + 14*axbxc”3*d"5*e”3 + (b72%c”3 - 4*axc”4)*d"6*xe”2 — 5x(3xaxb”2*c”2 +
2%a"2%c”3) *d"4*e"4 + 6x(axb"3*c + 3*xa"2*b*c”2)*d"3*e”5 - (axb”4 + 9*a"2*b"2
*C + 4*a”3*%c”2)*d"2*xe”6 + 2x(a"2%b"3 + a"3*bxc)*d*e”7 - (a"3*%b"2 - a"4*c)*e
“8)*x72 - sqrt(1/2)*((b~3*%c™4 - 4*a*xbxc”5)*d"6 - 4*(axb~2*%c™4 - 4*a”~2%c”5)x*
d"b*e - 5*x(a*xb~3*c”3 - 4*a"2xb*c”4)*d"4*e”2 + 4x(axb"4*c”2 + 2*a”2*b"2*c”3
- 24%a"3*%c”4)*d"3*e"3 - (axb”5*c + 17*a"2*b”"3*c”2 — 84*a~3%b*c”3)*d"2*e”4 +
4 (2%a”~2*b"4xc - 9%a~3*b"2%c”2 + 4*a”4*xc”3)*d*xe”5 - (a”2%b”5 - 5*a~3*b”"3*c
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+ 4*a~4xbxc”2)*e"6 - ((axb”6%c”4 - 12*%a”2*b"4*c”5 + 48*a~3xb"2*%c”6 - 64*a”
Axc”T7)*d"2 - (a72%b76xc”3 - 12%a”3*b"4*c"4 + 48*%a~4*b"2%c”5 - 64*a~5*xc”6)*e
"2)*xsqrt ((c™6%d"8 - 12%a*xc”b*d"6%e”2 + 8kaxbkc~4*d"5xe”3 - 48%a”2xb*c~3%d"3
*e”5 - 2% (axb”2*c”3 - 19*%a"2xc"4)*d"4*e”4 + 4k (T*a"2xb"2*xc"2 - 3%a~3*c”3)*d
"2%e76 - 8*%(a"2*b"3*c — a~3xb*xc”2)*d*e”7 + (a72%b"4 - 2*xa~3%b"2%c + a"4*c”2
)*¥e78)/(a"2%b~6xc”6 - 12*%a”3*b74*c”7 + 48*a"4xb"2xc”8 - 64%a”5*c”9)))*sqrt(
-(b*c™3*%d"4 - 8*axc~3*d"3xe + B*axb*c”2*d"2*e”2 - 4x(axb"2xc - 2%a"2%c”2)*d
*e”3 + (a*b”3 - 3*a"2xbxc)*xe”4 + (ax¥b”4*c”3 - 8*a"2xb"2*xc"4 + 16%a~3*c”5)*s
qrt ((c™6*d~8 - 12xa*c~b5*xd"6xe”2 + 8*axb*c~4*xd"5xe”3 - 48%a”2xb*c~3*d"3xe”5
- 2% (a*xb”2%c”3 - 19*%a”"2*xc"4)*d"4*e"4 + 4% (T*a"2*b"2*c"2 — 3*a~3*c”3)*d"2%e”
6 - 8x(a"2*b~3*c — a"3*b*xc"2)*d*e”7 + (a"2*b"4 - 2*a~3*b"2xc + a~4*xc”2)*e”8
)/ (a"2xb"6%c™6 - 12%xa”3%b~4*c”7 + 48%a”4*xb"2%c”8 - 64%a~5*xc”~9)))/(a*b"4*c"3

- 8*%a”"2*b”2*c”4 + 16*a~3%c”5)))/(c”5*d"8 - 2*b*cT4*xd"7*xe + 14xaxb*c”3*d"5*
e”3 + (b72*%c™3 - 4*xaxc™4)*d"6%e”2 - 5k (3*kaxb"2xcT2 + 2*xa"2xc"3)*d"4*e"4 + 6
*(axb”3*c + 3*a"2xbxc"2)*d"3*e”5 - (a*b”4 + 9*ka"2xb"2*xc + 4*xa~3*%c"2)*d"2%e”
6 + 2%(a”2*%b"3 + a"3*xbxc)*d*xe”7 - (a”3*%b"2 - a"4*c)*e”8)) + ((2x(axb"4*xc”4
- 8%a"2*%b”2*c”5 + 16*a~3*xc”6)*d - (a*b”b*c”3 - 8*a"2*xb"3xc”4 + 16*a”3*b*c”5
)ke)*xx*sqrt ((c™6+d™8 - 12%axc™bxd"6*e”2 + 8kaxbkc™4xd"b*e”3 - 48%a”2xb*c”3x
d"3*e”5 - 2x(axb"2xc”3 - 19*a”2*c"4)*d"4*xe"4 + 4x(T*a"2%b"2%c”2 - 3*a~3*c”3
)*d"2%e”6 - 8*(a”2*b"3*c - a"3*bxc”2)*d*e”7 + (a”2%b"4 - 2*%a"3*b"2xc + a~4*
c"2)*%e78)/(a"2*%b"6*c”"6 - 12*a”~3*b"4*xc”7 + 48*a”4*b"2*c”8 - 64*xa~5xc”9)) - (
(b™2%c™3 - 4*a*c”4)*d"4d*xe — 6x(axb”2%c”2 - 4*a”2*c”3)*d"2*xe”3 + 4x(a*xb~3*c
- 4xa”2xb*xc”2)*d*e”4 - (a*b”4 - 5xa”2%b~2%c + 4*a~3*c”2)*e”5)*x)*sqrt (sqrt(
1/2) *sqrt (- (b*c~3*%d"4 - 8*a*xc~3xd"3*%e + 6xa*xbxc”2*d"2%e”2 - 4x(axb™2*xc - 2%
a~2xc”2)*d*e”3 + (a*xb”3 - 3*xa"2%b*c)*e”4 + (axbT4*xc”3 - 8xa"2x%b"2%c”4 + 16%
a~3*%c75)*sqrt ((c"6*d~8 - 12xaxc”b*d"6%e”2 + 8*axbxc~4*d~5*xe”3 - 48*a~2xb*c”
3*d"3%e”5 - 2*%(axb”2*c”3 - 19*%a"2*c”4)*d"4*xe"4 + 4x(7*a"2%b"2*%c”2 - 3*a~3*c
“3)*d"2%e”6 - 8% (a"2*xb"3xc - a~3*b*c”2)*d*e”7 + (a"2*b"4 - 2xa~3%b"2%c + a”
4xc”2)*e”8) /(a"2%b"6xc”6 - 12%a”3*b~4*c”7 + 48*%a~4*b”"2*xc”8 - 64*a~5xc”9)))/
(a*xb~4*c™3 - 8*a™2*b"2*c"4 + 16*a~3%c”5))))/(c"4*d"6 — b*xc~3*xd"5*e - bBkxaxc”
3xd~4*e”2 + 10*axb*c™2*xd"3*e”3 - 5x(a*xb”2%c + a"2xc"2)*d"2*%e"4 + (axb”3 + 3
*xa”~2xb*c)*d*e”5 - (a”2%b”"2 - a"3*c)*e”6)) - 1/4*sqrt(sqrt(1/2)*sqrt(-(b*c”3
*d"4 - 8*axc”~3*d"3*xe + B6xaxbxcT2*%d"2%e”2 - 4x(axbT2xc - 2*%a"2xc"2)*d*e”3 +
(a*xb™3 - 3*%a~2*bxc)*e”4 + (axb"4xc”3 - 8*%a~2*b"2xc”4 + 16*a~3*c”5)*sqrt((c”
6%d"8 - 12*%axc”5xd"6*e”2 + 8kaxbxc"4xd"5*xe”3 — 48*a~2xb*xc”3*%d"3*e”5 - 2x(ax
b"2*c”3 — 19%a”2%c”4)*d"4*e"4 + 4x(T*a"2xb"2%c”2 - 3*a”3*c”3)*d"2*e”6 — 8x(
a~2xb”"3%c - a~3xbxc”2)*d*e”7 + (a"2%b"4 - 2*a”3*%b"2xc + a~4xc”2)*e”8)/(a"2x*
bT6%c”6 — 12*%a”~3%b"4*xc”7 + 48%a"4*xb"2%c”8 - 64*a~5%c”9)))/(axb”4*c”3 - 8*a”
2¥b~2%c"4 + 16%a~3%c”5)))*log(1/2xsqrt(1/2)*x((b"4*c™5 - 8*a*xb”™2xc”6 + 16%*a”
2%c77)*dA77 - 9k (axb"4*xcT4 - 8*a"2%b"2%c”5 + 16*%a”~3*c”6)*d"5xe”2 + 5x(axb”5*
c”3 - 8%a"2*b~3*%c”4 + 16*a”~3*b*xc”5)*d"4*xe"3 - (axb”"6xc”2 - 27*a"2xb"4*c”3 +

168*a"3%xb~2%c"4 - 304*xa~4*c~5)*d"3*xe"4 - 18*x(a"2x%b"5%xc”2 - 8%a~3*b~3%c”3 +

16*xa~4*xbxc~4)*d"2%e”5 + (7*a"2%b~6*xc - 59*%a~3*b~4*c”2 + 136*a~4*xb~2*c~3 -
48xa~5*xc"4)*d*e”6 - (a~2%b”7 - 9*a"3*%b"5*xc + 24*a~4*b"3%c”2 - 16*a”5xb*c”3)
*e77 - ((a*b”7*c”™5 - 12*a"2*xb~5*c”6 + 48*a”3*b"3*c”7 - 64*a~4*xbxc”8)*d"3 -
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6% (a"2%b"6*%c”5 - 12%a"3*b"4*c”6 + 48*%a~4xb”2*xc”7 - 64%a”5xc”8)*d"2xe + 3x(a
“2*%b7TT*cT4 - 12*%a”3%b75*%c”5 + 48%a”4*xb"3*%c”6 - 64*a~5xbxc”7)*d*e”2 - (a"2*b
“8%c”3 - 14*a”3*b"6%c”4 + T2*%a"4xb"4xc”5 - 160*%a”5xb"2%c”6 + 128*%a”6*c”7)*e
~3)xsqrt ((c™6%d~8 - 12%a*xc~b*d~6%e”2 + 8*axbk*c~4*xd"5xe”3 - 48%a”2xb*c~3%d"3
*e”5 - 2% (axb”"2*c”3 - 19%a"2xc"4)*d"4*e"4 + 4k (7T*a"2xb"2*xc"2 - 3*a~3*c”3)*d
“2%e”6 - 8x(a"2*b"3%c - a"3*b*c"2)*d*e”7 + (a"2%b”"4 - 2*a~3%b"2%c + a~4xc”2
)*e”8)/(a”2%b~6*c”6 - 12*%a”3*b”4*c”7 + 48*a~4xb"2xc”8 - 64*a”5*c”9)))*sqrt(
sqrt(1/2) *sqrt (- (b*c™3*%d"4 - 8*a*xc~3*d"3*%e + 6xa*xbxc”2*xd"2*e”2 - 4x(axb”2*c
- 2%a”2*xc”2)*d*e”3 + (a*b”3 - 3*a”"2*b*c)*e”4 + (axb"4*%c”3 - 8*a"2*b"2*c”4
+ 16*%a”~3*c75)*sqrt ((c™6*d~8 - 12%a*c”5*d"6xe”2 + 8*xaxbxc~4*d"5xe”3 - 48%a”2
*b*c"3*%d"3*e”5 - 2x(a*b”2*xc”3 - 19%a”2xc"4)*d"4*e”4 + 4*x(7*a"2*b"2%c”2 - 3%
a~3%c”3)*d"2*%e”6 - 8*(a"2xb"3xc - a~3*b*c”2)*d*e”7 + (a"2xb"4 - 2%a~3*b"2x*c
+ a"4xc”2)*e”8) /(a"2*%b"6xc”6 — 12%a”3xb"4*xc”7 + 48%xa~4*b"2%c”8 - 64*a”bxc”
9)))/(axb™4*c™3 - 8*a~2xb"2xc”4 + 16%a”3*c”5)))*sqrt(-(bxc~3*d"4 - 8*axc”3x
d"3*e + 6*axbxc”2xd"2%e”2 - 4*(axb”2*xc - 2*a"2*xc"2)*d*e”3 + (a*b”3 - 3*a”"2x*
bxc)*e”4 + (axb”4*c”™3 - 8%a”2*%b"2xc”4 + 16%a”3*%c”5)*sqrt((c"6*d"8 - 12*xaxc”
5xd"6*e”2 + 8xaxbxc 4*d"5xe”3 - 48%a~2xbxc”3*d"3*e”5 - 2% (axb”2*c”3 - 19*a”
2%c”4)*d"4*xe"4 + 4x(T*a”"2xb"2*%c”2 - 3*a~3*c"3)*d"2*xe”6 - 8x(a"2*b"3*c - a~3
*b*xc”2) *d*e”7 + (a"2%b74 - 2xa~3%b"2%c + a"4*xc”2)*e”8)/(a"2xb"6*c”6 - 12*a”
3*b74*c”7 + 48*a~4xb"2%c”8 - 64*a”5*c”9)))/(axb"4*xc”3 - 8*a"2%b"2*c”4 + 16%
a~3*%c”5)) + (c76xd"10 — 3*bxc”5+%d"9*e + 3*%(b"2*c"4 - a*xc~5)*d"8*e"2 - (b~ 3%
C”3 - 16%axb*c”4)*d"7*e”3 - 14x(2*xaxb~2%c”3 + a"2*c”4)*d"6*e”4 + 21x(axb~3%
CT2 + 2%a”2%b*c”3)*d"5*e”5 - Tx(axb~4xc + 6%a”2%b"2*c”2 + 2*%a”~3*c"3)*xd " 4xe”
6 + (a*b”b + 17*a”2*xb"3*c + 24*a~3*b*c”2)*d"3*e”7 - 3*(a"2*%b"4 + 4*a~3*b” 2%
C + a~4%c”2)*d"2%e”8 + (3*a"3*b"3 + a~4xb*c)*d*e”9 - (a"4*xb"2 - a~5xc)*e”10
)*x) + 1/4*%sqrt(sqrt(1/2)*sqrt(-(bxc~3*d™4 - 8xaxc~3*d"3*e + BG*axbkxc™2%d” 2%
e”2 - 4x(axb"2%c - 2¥a”2*xc"2)*d*e”3 + (a*b”3 - 3*a"2xb*c)*e”4 + (axb"4*xc”3
- 8%a”2xb"2%c74 + 16%a”3*%c”B)*sqrt((c76+d"8 - 12*axc”bxd"6*e”2 + 8xaxbkxc 4
d"5*e”3 - 48*a"2xbxc”3*%d"3%e”5 - 2k (axb"2xc”3 - 19*a"2*c"4)*d"4*e”4 + 4x(Tx*
a~2%¥b"2%c”2 - 3*%a"3*c"3)*d"2%e”6 - 8*%(a"2*b"3*c - a~3*bxc”2)*d*e”7 + (a”2x*b
4 - 2%a”3*b"2*%c + a~4*xc"2)*e”8)/(a"2*%b"6*c”6 - 12*a~3*b"4xc”7 + 48*a"4*b"2
*C™8 - 64*a”5xc”9)))/(axb"4*c”3 - 8*a"2*b"2xc"4 + 16%a”3xc”5)))*log(-1/2*sq
rt(1/2)*((b~4*c™5 - 8*a*xb™2xc™6 + 16%a”~2*c”7)*d~7 - 9x(a*xb~4*c™4 - 8xa~2%b”
2%c”5 + 16*a”3*c”6)*d"5*e"2 + 5x(a*b”5*xc”3 - 8*a"2*xb"3*c"4 + 16%a”3*b*c”5)*
d"4xe"3 - (a*b”6xc”2 — 27*a"2xb"4*c”3 + 168*a"3*b"2%c”4 — 304*a~4*c”5)*d 3%
e”4 - 18*%(a”2*b"5*c”2 — 8*a~3%b"3*c”3 + 16*a”4xbkxc"4)*d"2xe”5 + (7*a"2%b" 6%
c - 59*%a”3*xb"4xc”2 + 136*a"4*xb"2xc”3 - 48*a~bxc"4)*d*e”6 - (a"2*b~7 - 9*a”3
*b75kc + 24%a"4xb73*%c”2 - 16*%a”b*b*c”3)*e”7 - ((axb~7*c”5 - 12*xa”~2*b~5%c”6
+ 48%a”3*b"3%c”7 - 64*a~4xb*c”8)*d"3 - 6*x(a"2*%b"6xc”5 - 12*%a”"3*b"4*xc"6 + 48
*a"4xb"2%c”7 - 64*xa”b*c"8)*d"2xe + 3*x(a"2*b"7*c”"4 - 12*%a”"3*%b"5xc”5 + 48%a"4
*b"3%c”6 — 64*a”5xbxc”7)*xd*e”2 - (a"2*%b"8*c”3 - 14*xa~3*b"6%c”4 + 72*%a"4xb"4
*C”5 - 160*a”bxb~2%c”6 + 128%a”6%c”7)*e”3)*sqrt((c"6*d"8 - 12xaxc”5xd"6xe”2
+ 8xaxbxc”4*d"5xe”3 - 48%a”2xbxc”3*d"3*e”5 - 2% (a*b"2*xc”3 - 19*a~2xc”4)*d”
dxe”4 + Ax(T*a”2%b"2%c”2 - 3*a”~3*c"3)*d"2xe”6 - 8+(a"2*%b"3*c - a~3*b*xc~2)*d
*e77 + (a”2*%b74 - 2*a"3*b"2xc + a~4*c”2)*e”8)/(a"2xb"6xc”6 - 12%a”3*b"4*c”7
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+ 48xa~4xb~2xc”8 - 64*a”5*c”9)))*sqrt(sqrt(1/2)*sqrt(-(b*c™3*d"4 - 8*a*xc™3
*d"3%e + 6G*axbxcT2xd"2xe"2 - 4x(axb”2*c - 2*a”"2*c”2)*d*xe”3 + (a*b”3 - 3*a”2
xb*xc)*e”4 + (axb~4*c”3 - 8%a”"2xb"2xc”4 + 16%a”3*%c”5)*sqrt((c”6+xd"8 - 12*axc
“5xd"6%e”2 + 8kxaxbxc 4*xd"5*e”3 — 48%a"2xb*c”3*%d"3*e”5 - 2*x(axb”"2*xc”3 - 19%a
"2%cT4) *d74*e” 4 + 4x(7T*a"2xb"2%c”2 - 3*%a”3*c”3)*d"2*e”6 - 8x(a"2*%b"3*c - a”
3*xbkc"2) *kd*xe”7 + (a”2%b"4 - 2%a"3*b"2*c + a"4*xc"2)*e"8)/(a"2%¥b"6*c”6 - 12*a
“3*%b~4*c”7 + 48%a”4xb"2*c”8 - 64*a”5xc”9)))/(axb"4*c”3 - 8*a"2xb"2%c”4 + 16
*a”~3%c75)) ) *sqrt (- (b*xc™3*d"4 - 8xa*xc~3*d"3*e + 6*axbxc"2xd"2%e”2 - 4x(axb”2
*C — 2%a”2*%c”2)*d*e”3 + (axb”3 - 3*a"2*b*c)*e”4 + (axb"4*xc”3 - 8*a"2%b"2%c”
4 + 16*%a~3*c”"5)*sqrt((c™6*d"8 - 12xa*c~5*xd"6xe”2 + 8*axb*c~4xd"5xe”3 - 48xa
“2*%bxc”3*%d"3%e”5 - 2% (axb"2%c”3 - 19*%a"2*c”4)*d"4*e"4 + 4x(T*a"2*xb"2*c”"2 -
3*a~3*c”3)*d"2*xe"6 - 8*(a"2%b"3*c - a”3*bxc"2)*xdxe”7 + (a"2*%b”4 - 2*a”~3*b”2
*C + a”4*xc”2)*e78)/(a"2xb"6xc”6 - 12%a”3*b"4*c”7 + 48*a~4*xb"2xc”8 - 64*a”b*
c”9)))/(a*¥b”4*c”3 - 8*a"2*xb"2xc"4 + 16%a~3%c”5)) + (c76*d"10 - 3*xbxc~5xd"9*
e + 3x(b72*%c”4 - axc”h5)*d"8xe”2 - (b"3*%c”3 - 16*axbxc”4)*d"Txe”3 - 14*(2*ax*
b~2%c”3 + a"2%xc"4)*d"6xe”4 + 21*x(axb"3*c”2 + 2%a~2*bxc~3)*d"bxe”5 - Tx(axb”
dxc + 6%a”2*%b"2%c”2 + 2¥a”3*c"3)*d"4*xe”6 + (axb”5 + 17*a"2*b"3%c + 24%a”3*b
*c72)*d"3*%e”7 - 3*x(a"2*b"4 + 4*xa~3*b"2xc + a~4xc”2)*d"2*e”8 + (3*%a"3*b"3 +
a~4xb*xc)*d*xe”9 - (a”4*b"2 - a"bkxc)*e”10)*x) - 1/4xsqrt(sqrt(1/2)*sqrt(-(b*c
~3%d"4 - 8*xaxc”3xd"3*e + 6xaxbxc”2xd"2xe”2 - 4x(axb"2*c - 2*a"2%c”2) *xd*xe”3
+ (a*b”3 - 3*a”2*bxc)*e"4 - (axb”4*c”3 - 8xa"2*b”2%c"4 + 16%a~3*c”5)*sqrt ((
cT6xd"8 - 12*axc”5*xd"6xe”2 + 8*axbxc”4*d"5*e”3 - 48*a”2%b*c”3*d"3*e”5 - 2%(
axb"2xc”3 - 19*a”2xc"4)*d"4*xe”4 + 4x(7*a"2*b"2%c”2 - 3*a"3%c”3)*d"2*%e”6 - 8
*(a”2+%b"3*%c - a"3*bxc"2)*xd*xe”7 + (a”2%b"4 - 2*a”3*b"2xc + a~4xc"2)*e"8)/(a”
2%b"6xc”6 — 12%a”3%b"4*xc”7 + 48%a~4*b"2%c”8 — 64*a~bxc”9)))/(axb"4*xc”3 - 8%
a"2*b"2xc”4 + 16%a”3*c”5)))*Llog(1/2*sqrt(1/2)*((b~4xc™5 - 8*axb~2*c™6 + 16%
a"2xc"7)*d"7 - 9*x(axb”4*xc”4 - 8*xa"2*b"2%c”5 + 16*a~3%c”6)*d"5*e”2 + 5*x(axb”
5%c”3 - 8*%a”2*b”"3*c"4 + 16*a~3%b*c”5)*d"4*e”3 - (axbT6xc”2 - 27*a"2%b"4*c”3

+ 168*a”3*%b"2*c"4 - 304*a"4*xc”5)*d"3*%e”4 - 18%(a"2%b"5*c”2 - 8%a~3*b~3*c”3

+ 16*a"4*xb*xc”4)*d"2*e”5 + (7*a”2*b"6%c — 59*a”3*xb~4*c”2 + 136%a"4*xb"2%c”3
- 48*%a~b*xc"4)*d*e”6 - (a"2%b"7 - 9*%a”~3xb"5*xc + 24*a~4xb"3%c”2 - 16%a"5xbxc”
3)*xe”7 + ((a*b”7*c”5 - 12%a”2*b~5*xc™6 + 48*a~3*b~3%c”7 - 64*a~4xb*c”8)*d"3
- 6%(a"2*%b"6xc”5 — 12%a”3*b"4*c”6 + 48*a~4*bT2%c”7 - 64*a~b*xc”8)*d"2%e + 3%
(a™2%b~7*c™4 - 12*%a”3*b~5*xc”™5 + 48*a~4*b~3*%c”6 - 64*a”5xbxc”~7)*d*xe”2 - (a”2
*b"8%c”3 - 14%a”3*b"6*c”4 + T72xa"4*b"4xc”5 — 160*a~5xb"2%c”6 + 128*a”6*xc”7)
*xe”3)*xsqrt ((c™6*d™8 - 12xa*xc”5*xd"6xe”2 + 8kaxbxc~4*d"5*xe”3 - 48%a”2*b*c”3xd
~3%e”5 - 2*%(axb"2*xc”3 - 19%a"2*c"4)*d"4*e”4 + 4*x(7*xa"2xb"2%c"2 - 3*a”3*c”3)
*d"2*%e”"6 - 8x(a"2*b”3*c - a"3*b*c”2)xd*e”7 + (a"2xb"4 - 2%a~3*b"2*c + a~4xc
"2)*e78)/(a"2xb"6*c”6 - 12%xa”3%b~4*c”7 + 48%a”4*b"2%c”8 - 64*%a~b*c”9)))*sqr
t(sqrt(1/2)*sqrt (- (b*c™3*%d"4 - 8%axc~3*d"3%e + Gxaxbkxc™2*d"2%e”2 - 4x(axb~2
*C — 2%a”2*%c”2)*d*e”3 + (axb”3 - 3*a"2xb*c)*e”4 - (axb"4*xc”3 - 8*a"2%b"2%c”
4 + 16*%a~3*c”5)*sqrt((c™6*d"8 - 12xa*c~5*xd"6xe”2 + 8*axb*c~4xd"5xe”3 - 48xa
“2%b*c”3*%d"3*%e”5 - 2% (axb"2xc”3 - 19%a"2*c”4)*d"4*e”4 + 4x(7*xa"2xb"2%c"2 -
3*a~3*%c”3)*d"2*e"6 - 8x(a"2*b"3%c - a~3*b*c"2)*d*e”7 + (a"2*b"4 - 2*%a~3%b"2
*C + a”4*xc”2)*e78)/(a"2*xb"6xc”6 - 12%a”3*b"4*c”7 + 48*a"4*xb"2xc”8 - 64*a”b*
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c"9)))/(axb™4xc™3 - 8xa”2xb"2xc”4 + 16%a”3*c”5)))*sqrt(-(b*xc"3*d"4 - 8xaxc”
3*d"3*e + 6xaxbxc”2xd"2%e”2 - 4*(axb”T2*xc - 2*a"2xc"2)*d*e”3 + (a*b”3 - 3*a”
2xbxc)*e”4 - (a*b"4*c”3 - 8*%a”2*%b"2*c”4 + 16%a~3*c”5)*sqrt((cT6%d"8 - 12x*ax
c"5*d"6*e”2 + 8kxaxbxc 4xd"5*xe”3 — 48*a~2%b*c”3*%d"3*e”5 - 2x(axb"2xc”3 - 19%
a~2xc”4)*d"4*e"4 + 4x(7*a"2xb"2%c”2 - 3*a”3*c”3)*d"2*e”6 — 8x(a"2*%b"3*c - a
“3*b*xcT2) *d*e”7 + (a"2*b"4 - 2*a~3*%b"2xc + a~4*c”2)*e”8)/(a"2*b"6xc”6 - 12%
a"3*b"4*c”7 + 48%a”4*b"2*xc”8 - 64*a”5*%c”9)))/(axb”4*c”3 - 8xa"2xb"2*c"4 + 1
6*%a~3*%c”5)) + (c76xd"10 — 3xb*c”5+%d"9*e + 3*(b"2*c”4 - a*xc~5)*d"8%e”2 - (b~
3*%c”3 - 16*%axbxc”4)*d"T*e"3 - 14*(2*a*xb”™2*c”3 + a~2xc"4)*d"6*e"4 + 21*x(axb”
3kCcT2 + 2*%a"2xbxc”3)*d"5%e”5 - T*x(axbT4d*xc + 6*xa"2xb"2%c”2 + 2%a”3*c”3)*d"4x*
e”6 + (a*b”™5 + 17*a"2*b”3xc + 24%a"3*bxc”2)*d"3*e”7 - 3*(a"2%b"4 + 4*a”~3%b”
2%Cc + a”4*c”2)*d"2*e”8 + (3*%a~3%b"3 + a~4*b*c)*d*e”9 - (a"4xb"2 - a~b*c)*e”
10)*x) + 1/4xsqrt(sqrt(1/2)*sqrt(-(b*c™3*d"4 - 8*a*xc~3xd"3*%e + Gxa*xbkxc~2*d~
2%e”2 - 4*x(axb”"2*xc — 2*xa"2xc"2)*d*e”3 + (axb”3 - 3*a"2xbxc)*xe”4 - (axb”4*c”
3 - 8*%a"2+b"2%c”4 + 16*a~3*c”5)*sqrt((c”6*d"8 - 12%a*xc”5xd"6*e”2 + 8*axbxc”
4xd"b*xe”3 — 48%a~2*b*c”3*d"3*e”5 - 2x(a*xb"2*%c”3 - 19%a"2*c"4)*d"4*e"4 + 4x(
T*a~2*b"2*c"2 - 3%a~3%c”3)*d"2%e”6 - 8% (a"2*xb"3xc - a~3*b*c”2)*d*e”7 + (a”2
*b74 - 2%a”3%b"2*%c + a"4xc"2)*e"8)/(a"2%b"6xc”6 - 12%¥a”3*b"4*c”7 + 48*%a~4x*b
T2%c”8 - 64*%a”b*c”9)))/(a*b"4*c”3 - 8*%a"2*b"2%c”4 + 16%a~3*c”5)))*log(-1/2%*
sqrt(1/2)*((b~4*c”™5 - 8xa*b™2+c™6 + 16*a~2+c”7)*d~7 - 9*(a*xb"4xc”4 - 8*a 2%
b~2%c”5 + 16*a”3%c”6)*d"5*xe”2 + bk (a*b”5*c”3 - 8*a"2%b"3*c”"4 + 16*a”~3*b*c”5
)*d"4xe”3 - (a*b”6*c”2 - 27*a"2xb"4xc”3 + 168*a”3*b"2*%c”4 - 304*a~4*xc”5)*d”
3*e"4 - 18x(a”2xb~5*c”2 - 8*%a~3*%b"3*c”3 + 16%a"4dxbxc”4)*d"2*%e”5 + (7*xa"2%b”
6%c — 59*%a”3xb"4*xc”2 + 136%a"4*xb"2%c”3 - 48*a~5xc”4)xd*e”6 - (a"2x%b”7 - 9*a
“3%b75*c + 24*a”4*b"3*c”2 — 16%a~5*b*xc”3)*e”7 + ((axb"7*xc”5 - 12%a”2%b"5*c”
6 + 48%a”3*b"3*c”7 - 64*a~4xb*c"8)*d"3 - 6*%(a"2*b"6*xc”5 - 12*xa~3%b"4*c”6 +

48%a”~4*b"2*%c”7 - 64xa”b*xc”8)*d " 2*xe + 3*%(a"2*b"7*xc"4 - 12%a”~3%b"5*xc”5 + 48%a
“4xb"3%c”6 — 64*a~bxb*xc”7)*d*e”2 - (a"2%b"8*%c”3 - 14%a”3*b"6*c”4 + 72*xa~4x*b
“4xc”5 - 160*%a”5*b”"2%xc”6 + 128*%a”6*xc”7)*e”3)*sqrt((cT6*d"8 - 12%axc”5xd"6*e
2 + 8xaxbxc~4*d"bxe”3 — 48%a”2xb*c”3*xd"3*%e”5 - 2% (axb”"2*c”3 - 19%a"2*c"4)*
d"4*xe”4 + 4x(7*a"2xb"2%c”2 - 3*a”3*c"3)*d"2*e”6 — 8x(a"2%b"3*c - a 3*b*c”2)
*d*e”7 + (a"2*b74 - 2*a~3*b"2xc + a"4*c”2)*e”8)/(a"2*xb"6xc”6 - 12*a~3*b"4*c
“7 + 48%a”4xb"2%c”8 - 64*a”b*c”9)))*sqrt(sqrt(1/2)*sqrt(-(bxc~3xd"4 - 8*axc
~3%d"3%e + 6*axbxcT2xd"2xe"2 - 4x(axb”2*c - 2*a”"2*xc”2)*d*e”3 + (a*b”3 - 3*a
“2%bxc)*e”4 - (axb”4xc”3 - 8*%a"2%b"2xc”4 + 16*a~3*c”5)*sqrt((cT6*d"8 - 12%a
*c"bxd"6*%e”2 + 8kxaxbkxcT4xd"5*xe”3 - 48%a~2%bxc”3*d"3%e”5 - 2% (axb~2%c”3 - 19
*a"2xc"4) *d"4*e”4 + 4*x(T*a"2*%b"2%c”2 - 3*a”3*c"3)*d"2%e”6 - 8*%(a"2%b"3*c -

a~3*bxc”"2)*d*e”7 + (a”2*b"4 - 2*xa”3%b"2*c + a~4*xc”2)*e”8)/(a"2*xb"6*c”6 - 12
*a"3%b"4*c”7 + 48%a~4*xb"2x%c”8 - 64*a”~5xc”9)))/(axbT4*xc”3 - 8*a"2xb"2*xc"4 +

16%a~3*%c~5)) ) *sqrt (- (b*xc~3*d"4 - 8xa*xc~3*d"3*e + 6*axb*xc”2xd"2*xe”2 - 4x*(ax*b
"2%c - 2%a”2*xc”2)*d*e”3 + (ax*b”3 - 3*xa"2*b*c)*e”4 - (axb"4*xc”3 - 8*a"2%b" 2%
c™4 + 16*a”3*c”5)*sqrt((c™6*d"8 - 12xaxc”b*d"6*e”2 + 8*axbxc~4*d"5*e”3 - 48
*a"2%b*c”3*d"3*e”5 - 2% (axb"2xc”3 - 19*%a"2*c”4)*d"4*e”4 + 4x(Txa"2%b"2%c”2

- 3*a~3*%c”3)*d"2*e"6 - 8x(a"2*b"3*c - a~3*bxc"2)*d*e”7 + (a"2*b"4 - 2*a~3*b
T2%c + a"4*xc”2)*e78)/(a"2*xb"6%c”6 - 12%a”3*b"4*c”7 + 48*a~4xb"2%c”8 - 64*a”
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5%c”9)))/(axb™4*c”™3 - 8*a~2*xb"2*xc”4 + 16%a~3*c”5)) + (c"6*xd"10 - 3*b*xc~5xd”
9%e + 3*(b72*%c™4 - a*xc”5)*d"8%e”2 - (b73*%c”3 - 16*axbxc™4)*d"Txe”3 - 14% (2%
axb”2%c”3 + a"2*c”4)*d"6xe"4 + 21*(axb”3*c”2 + 2*%a”~2xbxc"3)*d"5*e”5 - T*(ax*
b~4xc + 6%a”2%b"2%c”2 + 2*%a"3%c"3)*d"4*e”6 + (axb”5 + 17*a"2%b"3*c + 24%a”3
*b*xc”2) *d"3*%e”7 - 3*x(a"2*%b"4 + 4%a~3*%b"2%c + a"4*xc"2)*d"2*xe”8 + (3*a~3*%b"3
+ a~4xb*xc)*d*e”9 - (a"4xb"2 - a~5*c)*e”10)*x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x**2* (e*x**4+d)/(c*xx**8+bxx**4+a) ,x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(exx~4+d)/(c*x~8+b*x"4+a),x, algorithm="giac")

[Out] Exception raised: TypeError
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X ex4
346 [ Aded)

a+bx*+cx

Optimal. Leaf size=184

( 2cd—-be + e) tan_l V2+/cx? (6 _ 2cd-be )tan_l V2+/cx?
ViP-tac N Vi?-dac NG
+

2\5«/5\/1) — Vb2 - 4ac 2V2+fc\| Vb2 — dac + b

[Out] ((e + (2xcxd - bxe)/Sqrt[b~2 - 4*axc])*ArcTan[(Sqrt[2]*Sqrt[c]*x"2)/Sqrt[b
- Sqrt[b~2 - 4xaxc]]])/(2%Sqrt[2]*Sqrt[c]l*Sqrt[b - Sqrt[b~2 - 4xaxc]]) + ((

e - (2xc*d - bxe)/Sqrt[b~2 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrt[c]l*x~2)/Sqrt[b +
Sqrt[b~2 - 4*xaxc]]])/(2+Sqrt[2]*Sqrtlc]*Sqrt[b + Sqrt[b~2 - 4*axc]])

Rubi [A] time = 0.212806, antiderivative size = 184, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 23, e o e

0.13, Rules used = {1490, 1166, 205}

( 2cd—be + 6) tan—! V2+/ex? (e _ 2cd-be )tan_l V2/ex?
T = Vi-iac Nesaces
+

2\5«/5\/1) — Vb2 - 4ac 2V2+fc\| Vb2 — dac + b

Antiderivative was successfully verified.

integrand size

[In] Int[(x*x(d + e*x"4))/(a + b*x"4 + c*x"8),x]

[Out] ((e + (2%c*d - bxe)/Sqrt[b~2 - 4*axc])*ArcTan[(Sqrt[2]*Sqrt[c]l*x~2)/Sqrt[b
- Sqrt[b~2 - 4xaxc]]])/(2xSqrt[2]*Sqrt[c]*Sqrt[b - Sqrt[b~2 - 4xaxc]]) + ((

e - (2%c*d - bxe)/Sqrt[b~2 - 4xaxc])*ArcTan[(Sqrt[2]*Sqrt[c]*x~2)/Sqrt[b +
Sqrt[b~2 - 4*axc]]])/(2+Sqrt[2]*Sqrt[c]*Sqrt[b + Sqrt[b~2 - 4*axc]])

Rule 1490

Int[(x_)"(m_.)*((a_) + (c_.)*(x_)"(m2_.) + (b_.)*(x_)"(n_))"(p_)*((d_) + (e
_D)*(x_ )" (n_))"(q_.), x_Symbol] :> With[{k = GCD[m + 1, n]}, Dist[1/k, Subs
t[Int[x~((m + 1)/k - 1)*(d + e*x~(n/k)) "g*(a + bxx~(n/k) + c*x~((2*n)/k))"p
, x1, x, x°k], x] /; k '= 1] /; FreeQ[{a, b, ¢, d, e, p, 9}, x] && EqQ[n2,
2xn] && NeQ[b~2 - 4xaxc, 0] && IGtQ[n, 0] && IntegerQ[m]
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Rule 1166

Int[((d_) + (e_.)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symboll]

> With[{q = Rt[b~2 - 4xaxc, 2]}, Dist[e/2 + (2xc*d - b*e)/(2*q), Int[1/(b/2
- q/2 + c*x72), x], x] + Dist[e/2 - (2*cxd - bxe)/(2%q), Int[1/(b/2 + q/2
+ c*xx”2), xJ, x]1] /; FreeQl{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && Ne
Qlc*xd™2 - a*e”™2, 0] && PosQ[b~2 - 4xaxc]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rubi steps

x (d + ex4) 1 d+ex2
— " dx = = Subst f—d X, X2
fu+bx4+cx8 * ZSu i ( it xx)
1 2cd — be ) 1 1 2cd — be
= —|e— ———|Subst f dx, x, x> +—(e+—) Subst
4( Vb2 - 4ac { g+%\/b2—4ac+cx2 ] 4 Vb2 - 4ac
2cd—be ) -1 «/ExﬁxZ ( 2cd—be ) _1[ V24/ex? ]
e+ ——|tan™ | ——— e— ——|tan " | —m——
( Vb2 ~4dac ( b—\/@) N Vb?~4ac \ b+ V2 —4ac

22+/c\b - VB2 - 4ac 22+/c\b + Vb2 — 4ac

Mathematica [A] time = 0.155503, size = 179, normalized size = 0.97

(e(V b2—4ac—b)+2cd) tanl[‘ﬁ—\ﬁxz) (E(MHJ) —ZCd) tanl[—‘ﬁ‘ﬁxz ]

b-Vb2—4ac + v Vb2—4ac+b
b—Vb2—4ac \ Vb2—dac+b
2v2+/cVb? - 4ac

Antiderivative was successfully verified.

[In] Integrate[(x*(d + e*x74))/(a + b*x"4 + c*x78),x]

[Out] (((2%c*d + (-b + Sqrt[b~2 - 4*axc])*e)*ArcTan[(Sqrt[2]*Sqrt[c]*x~2)/Sqrt[b
- Sqrt[b~2 - 4*axc]]])/Sqrt[b - Sqrt[b~2 - 4*axc]] + ((-2*cxd + (b + Sqrtlb

~2 - 4xaxc])*e)*ArcTan[(Sqrt [2]*Sqrt [c]*x~2)/Sqrt[b + Sqrt[b~2 - 4xaxc]l])/
Sqrt[b + Sqrt[b~™2 - 4xaxc]])/(2xSqrt[2]*Sqrt[c]*Sqrt[b~2 - 4xaxc])

b
2
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Maple [B] time = 0.022, size = 340, normalized size = 1.9

1

2 1 1 2b
ﬂ arctan | cx2V2 + V2be arctan | cx2V2

4 \/(b+m)c \/(b+m)c 4 \/(b+m)c V-4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(e*x"4+d)/(c*xx~8+b*x"4+a),x)

[Out] 1/4*%27(1/2)/((b+(-4xa*xc+b™2)~(1/2))*c)~(1/2)*arctan(c*x"2x27(1/2) / ((b+(-4*a
*xc+b"2) " (1/2))*%c) " (1/2) )*xe+1/4/ (—4*%a*xc+b~2) ~(1/2) %2~ (1/2) / ((b+(-4*a*xc+b~2) "
(1/2))*c)~(1/2)*arctan(cxx~ 227 (1/2) / ((b+(-4*xaxc+b™2) ~(1/2) )*c) ~(1/2)) *b*xe-
1/2%c/ (-4xaxc+b™2) ~(1/2)*27(1/2) / ((b+(-4*a*xc+b”2) " (1/2))*c) ~(1/2)*arctan(c*
x"2x27(1/2) / ((b+ (-4xaxc+b™2) " (1/2))*c) ~(1/2) )*d-1/4x2"(1/2) / ((-b+(-4*a*c+b”
2)~(1/2))*c)~(1/2)*arctanh (cxx~2*27 (1/2) / ((~b+(=4*a*xc+b~2) " (1/2))*c)~(1/2))
xe+1/4/ (-4xaxc+b™2) ~(1/2)*27(1/2) / ((~b+(-4*axc+b~2) ~(1/2))*c) ~(1/2)*arctanh
(cxx™2%27(1/2) / ((~b+(-4*axc+b~2) " (1/2))*xc) " (1/2) ) *bxe-1/2xc/ (-4*a*xc+b~2) ~ (1
/2)%27(1/2) / ((-b+(-4*axc+b~2) ~(1/2))*c) ~(1/2) *arctanh (c*x~2%2~(1/2) / ((-b+(-
dxaxc+b™2) " (1/2))*c) ~(1/2))*d

Maxima [F] time = 0., size = 0, normalized size = 0.

f (ex4+d)x i

e +bxt+a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(e*x”~4+d)/(c*x"8+b*x~4+a),x, algorithm="maxima"

[Out] integrate((exx~4 + d)*x/(c*x”8 + b*x"4 + a), x)

Fricas [B] time = 2.27764, size = 3077, normalized size = 16.72

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x*(e*x74+d)/(c*x"8+b*x"4+a),x, algorithm="fricas")

[Out] 1/4*sqrt(1/2)*sqrt(-(b*c*xd™2 - 4*axc*d*e + axb*e™2 + (a*b™2*c - 4*a~2*c”™2)*
sqrt((c™2+%d™4 - 2*axc*d™2%e”2 + a"2%e”4)/(a"2%b"2xc”2 - 4*a~3%c”3)))/(axb"2
*xC — 4*a”2xc”2))*log(-(c"2*%d"4 - bxc*d"3%e + axb*xd*e”3 - a”2*e”4)*x"2 + 1/2
xsqrt (1/2)*((b™2%c - 4*a*xc™2)*d"3 - (a*b™2 - 4xa”2xc)*d*e”2 - ((axb”™3*c - 4
*xa”"2xb*xc”2)kd - 2x(a”2%b72xc - 4*a”~3xc”2)*e)*sqrt((cT2*d"4 - 2%akxcxd"2*e”2
+ a”2%e"4)/(a"2*%b"2*c”2 - 4xa”3%c”3)))*sqrt(-(bxc*d"2 - 4xaxckdxe + axbkxe”2
+ (axb™2xc - 4xa”2xc”2)*sqrt((c™2*%d"4 - 2xa*xc*xd"2*e”2 + a~2*e”"4)/(a”2*b” 2%
c™2 - 4*a”3xc”3)))/(axb”2%c - 4xa”2%c”2))) - 1/4xsqrt(1/2)*sqrt(-(bxc*d"2 -
4xaxcxd*e + axbxe”2 + (axb”™2xc - 4xa”2xc”2)*sqrt((c™2+%d™4 - 2%axc*xd 2%e”2
+ a"2%e”4) /(a”2%b”2%c”2 - 4%a”3%c”3)))/(a*xb”2*c - 4*a”2%c”2))*log(-(c"2+d"4
- b*c*d"3%e + axbxd*e”3 - a"2%e”4)*x"2 - 1/2*%sqrt(1/2)*((b"2%c - 4xa*c”2)*
d™3 - (axb™2 - 4xa"2xc)*d*e”2 - ((a*b”3%c - 4*a”2%b*c”2)*d - 2%(a"2xb"2xc -
4xa~3%c”2) *e) *sqrt ((c™2xd"4 - 2*axcxd™2*e”2 + a"2*e”4)/(a"2%b"2%c"2 - 4*a”
3xc”3)) ) xsqrt (—(bxc*d™2 - 4xakxckxd*e + a*xbxe”2 + (axb”™2xc - 4xa”2%c”2)*sqrt(
(c™2%d™4 - 2%axcxd™2*%e”2 + a"2%e”4)/(a"2*%b"2%c”2 - 4*a”3*c”3)))/(axb"2*c -
4%a”2xc”2))) + 1/4xsqrt(1/2)*sqrt(-(b*xc*d™2 - 4xakxcxd*xe + a*xbxe”2 - (axb™2x%
c - 4%a”2xc”2)*sqrt((c™2*d"4 - 2xa*xcxd"2*e”2 + a"2*e”4)/(a"2*%b"2%c”2 - 4%a”
3%c73)))/(a*b™2*c - 4*a”2%c”2))*log(-(c”2%d"4 - bxc*d"3%e + axbxdxe”3 - a2
xe”4)*x72 + 1/2%sqrt(1/2)*((b"2%c - 4*a*xc”2)*d"3 - (axb™2 - 4*a”~2xc)*d*e”2
+ ((axb73*c - 4*a”2*b*xc”2)*d - 2x(a"2xb72xc - 4xa”3*c”2)*e)*sqrt((c”2*xd"4 -
2xaxckd"2%e”2 + a"2%e”4)/(a"2%b"2xc”2 - 4*%a~3%c”3)))*sqrt (- (b*cxd"2 - 4*ax
ckdxe + axb*e”2 - (axb~2*c - 4*a~2*c”2)*sqrt((cT2xd"4 - 2*axc*d"2xe”2 + a”2
xe~4)/(a"2xb"2%c”2 - 4*xa~3%c”3)))/(axb”2%c - 4xa”2%c”2))) - 1/4xsqrt(1/2)*s
grt (-(bxc*d™2 - 4xaxckxd*e + axb*e”2 - (axb™2xc - 4xa~2*xc”2)*sqrt((c”2+xd”4 -
2%axc*kd"2%e”2 + a"2%e”4)/(a”2¥b72xc”2 - 4*a"3%c"3)))/(axb”2xc - 4*a”2xc”2)
)*log(-(c™2*%d"4 - bxc*d"3xe + axbkxd*e”3 - a"2xe”4)*x"2 - 1/2*sqrt(1/2)*((b~
2%c - 4*axc”2)*d”3 - (a*xb”2 - 4%a”2xc)*d*e”2 + ((a*b"3%c - 4*a”2%b*c”2)*d -
2% (a”2%b"2xc - 4*a”3xc”2)*e)*sqrt((c”2*d"4 - 2%akxcxd"2*e”2 + a"2*xe"4)/(a"2
*b"2%c”2 - 4*a”3%c”3)))*sqrt (- (b*c*d"2 - 4*axcxd*e + axbxe”2 - (a*b”2xc - 4
*a"2%c”2) *sqrt ((c™2+%d™4 - 2xaxc*xd”"2*%e”2 + a”2%e”4)/(a”2*b"2*c”2 - 4*a~3xc”3
)))/(a*b™2xc - 4%a”2%c"2)))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(e*x**4+d)/(cxx**8+b*x**4+a) ,x)
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[Out] Timed out

Giac [C] time = 7.93858, size = 6484, normalized size = 35.24

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(e*x~4+d)/(c*x"8+b*x~4+a),x, algorithm="giac")

[Out] 1/4%(3*%((a*c”3)7(3/4)*b~2 - 4*(a*xc~3)~(3/4)*a*xc + (a*c”3)7(3/4)*sqrt(b~2 -
4xaxc)*b)*cos(5/4*pi + 1/2*real part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c)))))"2
*xcosh(1/2+imag_part(arcsin(1/2*sqrt (axc)*b/(axabs(c))))) "3*e*xsin(5/4*pi + 1
/2*real_part(arcsin(1/2*sqrt(axc)*b/(a*abs(c))))) - ((a*c™3)7(3/4)*b"2 - 4x
(axc™3)7(3/4)*a*xc + (a*xc”3)7(3/4)*sqrt (b2 - 4*axc)*b)*cosh(1/2*imag _part(a
rcsin(1/2*sqrt (a*xc)*b/(axabs(c))))) "3xe*xsin(5/4xpi + 1/2%real part(arcsin(1
/2xsqrt (a*xc)*b/ (a*xabs(c))))) "3 - 9*((a*c™3)"(3/4)*b~2 - 4x(a*c™3)~(3/4)*axc
+ (a*c”3) 7 (3/4)*sqrt(b~2 - 4*axc)*b)*cos(5/4*pi + 1/2*real part(arcsin(1/2
*xsqrt (axc)*b/ (axabs(c))))) "2*cosh(1/2*imag part(arcsin(1/2*sqrt(a*c)*b/(axa
bs(c)))) ) 2xe*xsin(5/4*pi + 1/2*real_ part(arcsin(1/2xsqrt(a*xc)*b/(a*xabs(c)))
))*sinh(1/2*imag_part(arcsin(1/2x*sqrt(axc)*b/(a*abs(c))))) + 3x((axc~3)~(3/
4)*b~2 - 4x(a*xc”3)7(3/4)*a*xc + (a*xc”3)7(3/4)*sqrt(b~2 - 4xa*c)*b)*cosh(1/2%
imag part(arcsin(1/2*sqrt(a*xc)*b/(a*abs(c))))) 2*e*xsin(5/4*pi + 1/2*real_pa
rt(arcsin(1/2*sqrt (axc)*b/(a*abs(c))))) "3*sinh(1/2*imag_part(arcsin(1/2*sqr
t(a*xc)*b/(a*xabs(c))))) + 9% ((a*xc™3)7(3/4)*b~2 - 4*(a*xc™3)~(3/4)*a*xc + (axc”
3)7(3/4)*sqrt (b2 - 4xaxc)*b)*cos(5/4*pi + 1/2xreal part(arcsin(1/2*sqrt (ax*
c)*b/ (a*abs(c))))) "2*cosh(1/2ximag part(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c))))
)*exsin(5/4*pi + 1/2*real_part(arcsin(1l/2*sqrt(a*c)*b/(a*abs(c)))))*sinh(1/
2ximag_part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c))))) "2 - 3*((a*xc™3)7(3/4)*b"2 -
4x(axc”3) 7 (3/4)*xaxc + (axc™3)7(3/4)*sqrt (b2 - 4*axc)*b)*cosh(1/2*imag_par
t(arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c)))))*exsin(5/4*pi + 1/2xreal part(arcsin(
1/2*sqrt (a*xc)*b/(a*abs(c))))) “3*sinh(1/2*imag part(arcsin(1/2*sqrt(a*c)*b/(
axabs(c))))) 2 - 3*%((a*c™3)7(3/4)*b"2 - 4x(axc”3)"(3/4)*axc + (axc”3)~(3/4)
xsqrt (b™2 - 4*axc)*b)*cos(5/4*pi + 1/2*real part(arcsin(1l/2*sqrt(axc)*b/(ax*
abs(c))))) "2*exsin(5/4*pi + 1/2*real_part(arcsin(1/2x*sqrt(axc)*b/(a*xabs(c))
)))*sinh(1/2*imag part(arcsin(1/2*sqrt(a*xc)*b/(a*abs(c)))))"3 + ((a*c™3)7(3
/4)*b~2 - 4x(axc”3)~(3/4)*axc + (a*xc”3)7(3/4)*sqrt(b~2 - 4xa*xc)*b)*exsin(5/
4*pi + 1/2*real part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c))))) 3*sinh(1/2*imag p
art (arcsin(1/2*sqrt (a*xc)*b/(a*xabs(c))))) "3 + ((a*c™3)7(1/4)*b"2xc™2 - 4x(ax*
c™3)7(1/4)*a*xc™3 + (a*xc”™3)7(1/4)*sqrt(b™2 - 4xa*c)*bxc~2)*d*cosh(1/2ximag p
art (arcsin(1/2*sqrt(a*xc)*b/(a*xabs(c)))))*sin(5/4*pi + 1/2*real part(arcsin(
1/2*sqrt (a*xc)*b/(axabs(c))))) - ((axc™3)~(1/4)*b"2%c”2 - 4x(axc™3)~(1/4)*ax
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c™3 + (axc”3)7(1/4)*sqrt (b2 - 4*axc)*bxc”2)*d*sin(5/4*pi + 1/2*real part(a
rcsin(1/2*sqrt (a*c)*b/(axabs(c)))))*sinh(1/2*imag_part(arcsin(1/2*sqrt (a*c)
xb/ (a*abs(c))))))*arctan((x"2 - (a/c)”~(1/4)*cos(5/4*pi + 1/2%arcsin(1/2*sqr
t (a*xc)*b/(axabs(c)))))/((a/c)~(1/4)*sin(5/4*pi + 1/2*arcsin(1/2*sqrt(axc)*b
/(a*xabs(c))))))/(axb™2%c™3 - 4*xa~2%c”™4) + 1/4*(3*%((a*c”3)7(3/4)*b"2 - 4x(ax
c™3)7(3/4)*xa*xc + (axc™3)7(3/4)*sqrt (b2 - 4*axc)*b)*cos(1/4*pi + 1/2*real p
art (arcsin(1/2*sqrt (a*c)*b/(a*xabs(c))))) "2*cosh(1/2*imag_part(arcsin(1/2*sq
rt(axc)*b/(a*xabs(c))))) "3*xexsin(1/4*pi + 1/2*real_part(arcsin(1/2*sqrt(a*c)
xb/ (a*xabs(c))))) - ((a*xc”™3)7(3/4)*b~2 - 4*(a*xc”3)~(3/4)*a*xc + (a*xc”3)7(3/4)
*xsqrt (b~2 - 4xaxc)*b)*cosh(1/2*imag part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c)))
)) "3*exsin(1/4*pi + 1/2xreal part(arcsin(1/2*sqrt(a*xc)*b/(a*abs(c)))))"3 -

9% ((a*c”™3)7(3/4)*b"2 - 4x(axc™3)~(3/4)*axc + (a*xc™3)7(3/4)*sqrt(b™2 - 4*axc
)*b)*cos(1/4*pi + 1/2*real_part(arcsin(1/2*sqrt(a*xc)*b/(a*abs(c))))) "2*cosh
(1/2*imag_part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c))))) "2xexsin(1/4*pi + 1/2xre
al part(arcsin(1/2*sqrt(a*c)*b/(a*xabs(c)))))*sinh(1/2*ximag part(arcsin(1/2x*
sqrt(a*xc) *b/(axabs(c))))) + 3x((a*c”3)7(3/4)*b~2 - 4*x(a*xc”3)~(3/4)*axc + (a
*xc”3) 7 (3/4)*sqrt (b™2 - 4*axc)*b)*cosh(1/2*imag_part(arcsin(1/2*sqrt(a*xc)*b/
(axabs(c)))))"2*exsin(1/4*pi + 1/2*real_part(arcsin(1l/2*sqrt(a*c)*b/ (a*xabs(
c)))))"3*sinh(1/2*imag_part(arcsin(1l/2*sqrt(axc)*b/(a*abs(c))))) + 9*x((axc”
3)7(3/4)*b~2 - 4x(axc”3)7(3/4)*a*xc + (a*xc”3)7(3/4)*sqrt(b™2 - 4xa*c)*Db)*cos
(1/4*pi + 1/2*xreal part(arcsin(1/2*sqrt(a*c)*b/(a*abs(c))))) 2xcosh(1/2*ima
g_part(arcsin(1/2*sqrt(axc)*b/(axabs(c)))))*e*sin(1/4*pi + 1/2*real part(ar
csin(1/2*sqrt (a*xc)*b/ (a*abs(c)))))*sinh(1/2*imag_part (arcsin(1/2*sqrt (axc)*
b/ (a*xabs(c))))) "2 - 3x((axc™3)"(